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‘1. 
’ 

Let V be an orientablemanifold of Cκclass ， of 2n dimensions. 

We tonsider'a set óf transformationsof V , ￦hich are in one to. one 

correspondence' with the pointsof a 'spaCe M , and We .corifíne öllltSelves 

to the case in which M is a manifold of 2r dimensions(γ르%) • 、FUf.thër

more we .assume that the set of ttansformatiohs ’fOl'm an 으1'-parameter 

compact semi-simple group, and that the folIowing conditions . are 

satisfied. Let( u l' . , •• , 짜r ì be a local coordinate system on N va1id in 

some 'neighbourhood, and let A be.any ,poit1t of this.ne~glibdurñöod" 

The 'trnnsformations T A ttansform :the ’ points of .aneighbourhccd N 찮v 

into:points ofaneighbourhood N ’ of V. If (X I1 ••• ' , 따") is .a t:cordil1äte 

system valid 'Ïn . N , and{x’l, -- --, x ’2") is a coordinate syStemva:lid ih,N ’, 
the transformation T A where A has coordinates (U I1 ., . , , 짜r) ， tlrans

formes the point P , whose coordinatt:sare(XlJ ..•. ,X: n ) into thè point 

P ’ whose coordinates (x’1> .' .. , x’2") be given by 

(1. 1) x ’ i =p.cx1, .. ", X2"; UlJ" "，μ2r) 

the functions are1real ,analytic .fUh~tiofiS of (x1, .. ", x:") ahd of(u l , ... ', 
짜r) ， and the determinant ‘ le g;>ilôxil different 'from zero at any point .:of 

N for alI positions of A. [1] 

Now, if we put ii=n+σ， z=Y+i and 

감=ιXα +'\1二Txa ， εα -xa ':v二1Xër ， (α'= 1, . " .. ,..n) 

、'S， 느 U， +ν二iμg， Et=κ-ν=iμ1 (i =1 , " ".γ) 
then we get folIowing relations instead of (1. 1) 

(1.2D ;.z’X' ， Px(Zα，Ea;SJ，￡〕 (X=1,--- ，%， i，----，꺼) 

If we "eliminate(ZlJ •••. , z"’ al, -- --jn) ‘ from equations (J" 2) and the 
equatíons 

ôZ’u .즈- = -(￠x(z， ε ;'S, s) 
'8S1 . ÕS[ 

(:1-1," ", γ， 1 ， ., ", ;0 ‘ 
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we obtain 

(1. 3) =SXA(Z. Z)AAr(S. S) (A, 1=1 •....• κI. _ .. -, f) 
If we apply the conditions of integrability of (1. 3), we obtain the 

equatíons 

(1. 4) ~y A 

where 

a~XB .... Ey a~xA 
-←~ -

fZy - “ azy 
=Cf.Pc 

(1. 5) CfB=BArBB '(쩍타一쩍뇨). where A C ,BB' =ði 
fJ S, fJ Sr-

and Z was used instead of Z' , for convenience. 

If we assume that 

gab= CadC따 ==0 (a , b,.' .'=1,.. ".1') (conl.) 
and put{*> 

gaE=C&C，양 

then, ror a semi-simple group the rank of 삼le matrix (g AB) is 2n ar펴， 

since the space is compact, the quadratic form gaEμ.ub is positive 

definite. Thus, denoting by(gaë;) the. inverse of the matrix (Uð')' we 

can use ga E and gðe for raising up and Iowing deJwn the indicies. 

If we put 

ga ã =ga aS' j; gaE 

and 

Sαa=gaEgaagaE 

where (!Jal ì is the inverse matrix of (gtlf/l) , then we have 

(1. 6) gaã=gζ흔aEgas ， ￡aaSaa=sg 

If r=n , we have s안용감=양， 

but if r)n, E a •ξαb ::j:::염 

We assume that the functions e A are complex analytic in this section, 
i. e. Ça b and ~a ë; are functions of zt1e only, ~ijb and g1l6 are functions of 

εa only, then we have 

g'~보얄F- -g,a 흐얄츠 =E if ε g ÍÎ ë; gcë ga b a\-~양a g'/ .. 보현c ) az, - ez, -. - u - - • _. fJ Z.. - - ez., 

but on the other hand from (1. 4) we get 

(*) In this paper we assume the self-adjointness on the all indides 
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~t' α ~pα 

흥ga1흔-b--흥Bb-rg ι =C:b흥αc+C감흥π 
ÐZß . âZß 

’ 

_Fα _ '-'0: 
ξBa 으프 b_홍Bi-Eε o ， =Ca품O:c+ c.~~α 

âZfJ âZß -" “ 

therefore we obtain 

g 't t θgαa -
δZ~ 

-g’a 
â [!O: if 
킹 =ξZεgSggcegab(C:b암c+C%b얀~) .. ~ 

and the following : [3 J 
THEOREM 1. 1 When 1’ =n, a necessary and sμfficient condition ihat 

metric iensor is C자 =0 and C%b ~ 0 , and when (1. 6) is a 1，ζaehlerian 

l' )n if C:b =0 and C따 =0 then the metric tensor (1. 6) is a ](aehlerian. 

Under the Kaehlerian condition , the Christoffel symboIs are gwen by 

â~aa r&=Fa 、효흩gf- = -홍ga 
. âZτ εZ ， 

r&=얀a종￡e-8흔Bb 
δ Z't 

흥 εeg.~gbε 

We consider only the case of r=n 10 this section, 
that 

and 

where 

~r-α 

￡￠a;1 =4느 o . +흩fJ af'α~-o 
θZ~ 

용ta;τ:g -Sta:g ;,= agaR%，홍 =0 
; indicates the covariant derivative w.r.t. 

curvature tensor constructed by r:'1 

Let z'" 二 Z씬 s) 1S a curve in V , 
브프_ /J O t::r:t 

ds ~"a 

and put 

where a e are constants, then we can obtain 

7) 
d 2

Z o. 

ds2 

.rl _ß 

+r:.τ-. as 
dz 't 

ds 
=0 

[2J 

r :i fJ't 

and we shall call (1. 7) is the equation of geodesic. 
fo I1owing : 

when γ=n 

when r)n 

we can easily see 

and R O: fJ "/Ë is the 

Hence we have the 

THEOREM 1. 9 
“ Under ihe assunψtion thai 흥XA are comPlex analytic 

functions oj Z , and 

Kaehlerian condition 

that 

then 

r=n , if meiric iensor 

the following ψroperties are 

6) satisfies the 

satisfied. 
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geodesic , zs eO흥αa zs vector tangential μIhose 

constants. are ea where 

relations on we define g'J If 

8) 

and AC. e. 1. analytic, com:Jlex are also assume and further 

then E‘ only , of functions are and ACF A'1 only , of Si functions A치 are 

we obtain 

ôACk.) 
ôs; 

二gij _. 8gk1_=AC ,( 걱ACE--
ÔSk εs- - ‘ f' Sk 

ôgij 、-3￥:흐=AC .. ( 흐4rL--?횟Æ~ ) 
ÔSk 6 증j . 、 f 흥k εξi / 

õ) we have from and 

>
ôAC, θ AC i "\ . T> 1 1") r , ôA 끼 ôAC J a .n. , _ U_~ j )+B.’Bb ’(. ô_~-r ô_~.J 
ôSj es,' . - ôSj ôS; 

C:b B.'Bμ( 

ôAIi' r 、
a증i / 

and 

ôAl! l 

a증l 

s :ltisficd ’ 

C갑 =BafBhl(딩 -
hlerian 

R쪼j .) +BjBb i ( 
ôS , 

condition is the therefore if Cμ =C따 =0 then 

ψC" s) functions g:JC(s) , that there exist the see easily can we in this case 

satisfying 
ôrþc 1' S ì 

Eδj 總-
3~i 

c 

g 
ôS. 

by putting Further-more 

gklAC1=A/ 

A A Ri 
c 

맨
 “
한
 

때
 

떼
 

，
T
ι
 

giiA= ， =A갇， 

relations we have the 

and 
r、 - - IIQ 

rJk=g'i_"..힌J_=A. ‘、 o fl. j 

ôSk - ôSk 

and 

쫓j .-AC i다 =0 Atj:k= 

the 1S and Rj jii w. r. t. nk 
ACj:k:;:-A=;:.:k= -AC,Riiki=-O 

the covariatant derivative where : Ïndicates 
• 

( i) ~α • be 

(ii) V is 

(iii) Czιrve zα =zα(s) 

M by the 

g ‘n== ?~AC‘ AC 1 

that AC 
1 
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curvature tensor constructed by r’사 

Let s ‘ =s‘(t) is a curve in M, and put 

dsi -naA i 
-딩"-;-t - ν “ a 

then we can obtain 

(1. 9) 2Si ‘ ds’ dsk 

‘「Tr+ I1’‘ 
• 1}---=O 

'" dt dt 

and we shall call it is geodesic. 

Therefore we rnay now conclude as follows: 

THEOREM 1. 3 Unde1' the assumption that AC 1 a1'e comPlex analytic 

junciions of s, if met1'ic tensof (1. 8 ,1 satisfies the ](aehlerian condition 

then the following proþe1'ties a1'e satisfied. 

( i) AC i is a pa1'allel g 1'adient vector 
\, ii M is a flat I{aehle1'ian manijold. (Rim.=O) 

iii) Cμrve 51 =5'(t) μIhose tangential vecto1' is eD A/ is geodesic. 

(iv) Metric tenso1' 01 V which is def쩌ed by (1. 6) also satisfies the 

J(aehlerian condition fo1' all l' sμch that l'늘n ， thefef01'e V holds all 

proφerties 01 Theo1'em 1. 2. 

2. 

Take a cornpact serni-sirnple group space with Maurer-Cartan equa

tions ** 

(2. 1) hB h흐깐~-hBC 
ÔZB 

• a L“ a 
k 

c --π
 

6 
--R ，

깐
 
캉
 

where 

(2. 2) 
_ 

JI. 

Cfc=AbiAcl(-으으」- -
ôSj 

ÔADj 、
εs' -’ 

whe1'e AdiA/ 81 

and 

Cκ =-cκ 

cιct. 十 c:.C{， + C:.ct, =0 

Now, if we put 
, 

• ;-Cx .. + V -1sαì=zπ ， 
, 

f 、(Xπ- ‘1-15 .. )=캉a 

- --- { 

<** In this section we assume that the all indicies !ake the ,alues 1, Z, … ., n unI~s~ 

otherwise sta ted , 
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then 

(2. 3) Xα =zo: +zo:, Sα =순i(Za -감 ) 
and h'" a and Aa i are functions of zO: and zO:, and 

‘ 
ah￠a - ah￠a 
ôX, ôz써-， 

ôAa 
il i = ‘/二1
ôSτ 

aAai 
θ Z， 

Here we shall write α， ß, 'Y ••.•. instead of i. j. k , .... and put 

hO: 
.\. z. 칸 =h암(z， :z), Aao: (z， 치 =A'\，(z， 치 ， (ii ， δ-1 ，. •••• ，찌) 

then 

h X A = (h'" a, 0 , 0, h강a) ， AAx=(Aaα ， 0, 0 , A"",) 
thus, we may obtain pure contravariantvector h치(A = 1 , -- --, %, 1, -- - -, 잠) 

and pure covariant vector AAx(A= 1 •.... , n , i , ....• 찌)， and we also 

get the following relations 

θ h'" a _ 
--

ôzτ 

ôhαa 

8Z1 
, ôh"'" 

ôz, 
ahaa 
ôZ얘 

(2. 4) ôAaα =_ ô좌눔. ôA"장 = -
8a7 eZγ ’ ôz, 

From (2. 1) and (2. 2), we get 
hα c(z，:z) _ 7. fJ í _ 

=-\ ôhO:
b ( Z, 능) h fJ b(z, 둥) ",. 

~ ~"" 
'- / _ hfJ c(z, z) 0'. b\ i<-, t.. ) 

dZ fJ ôZ fJ 

C:c= ‘
I -lA/ (z , z)Ac’ (z ,:z)( 

(i) By putting 

ôAa fJ Z , Z) 
ôZ"I 

gbc= -C￡Cc? 
(2. 10) bfJ, =hßbh/gbc 

where 

‘ 
hgb =gbcgwh7c 

we obtain 

h'" ahß a = 8': and h'" .h감 =8~ 
Further-more by putting 

(2. 11) J없 

(2. 12) E 밀깨=h￠。-R핸r . - ôZ, 

iJA" ε 
ÔZ '1 

==C:1‘ hα.(Z， 캉) (conj.) 

ôAa,(z, z) 
-ττ 

. '-) ) (conj. ) 
U

‘ g 

we may obtain 
잉0-92) 

the following relations by the same way in [3] (pp. 
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써g7} =웅(Eαg얘 +E안13) 

!2 13껴=융 (E'" 13 '1 - Eα，B) 

(b) RαB얘 =[2osP[2 P I3 α 

(b) R 13 "1 = 깊 b13 "/ 
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where (b) {:，까 are the ChristoffeI symboIs which are caIculate usually 

from bl3'1 and (b)R'" 13 이 Ö is the curvature tensor caIcuIated from (b) {:'1} • 

(ii) If we put 
(2. 20) a l3'1 = Ab /l AC"gbc 

instead of (2. 10) then by putting 

Lαg깨 =Acα흐쪼온 
r • 8 Z"/ 

(2. 21) 
φgqa=초(L'" 13"'-- DIt-tI3) 

we may obtain the fo l1owing relations by the same way in [3 J (pp. 

90 92) 

Ca) tg,} = 윷(Lα13' +L"''' I3) 

(2.22) (a)Rd: 13 ，，/ö=φqS6φ613α 

(a) Rαa깨 ö = -1-'01 /l (j ψqg6 

where (a) {,f,,/} are the Christoffel symbols which are caIculated ususlly 

from a13 " , and (a)Ræ /l-t S is the curvature tensor caIculated from (a) {웅사， 

and 

φ"' /l(j = aαp￠ g6p 

Further.more from (2. 2) , (2. 21) and the Iast of (2. 22) we may 

aIso obtain 

<a) Rg,= -4agτ 
(iii) If we put 

(2 .. 30) gαB=hα.h 닮glJb 

then we may obtain the fo l1ows by a straightforward caIculation 

g"'B =hα.hB r; g"b 

8gαS =gpaEP@τ + gallEii ãτ (EPB깨=판감) 
8 Z"/ 
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and the Kaehlerian condition 

-agta- = 3월a-
ÐZ, ÔZα 

is equivalent to 

gpiiOα1’ =gp[，EP li~1 aJ 

where the right hand members indicate 

gp,E;; ii π -gjiαE;; 8' 

If the above condition is satisfied then 

r:， =gαε 웰보」=Ear‘ ß+gα 19.얘;;E iJl ß 

C “1 

and contracting by Ci='j we get 

[값=Eπaß +EπαB 

then from (~. 4)and (2. 12) 

R η[‘따r r EI r = - -_- ,. = - l 
ôï ‘ 

an1 we may now conclude as follows: 

꺼 Ea .. s +-효-Eα .... ì 
êZ, -. ôZ, -_. 

THEOREM 2 ß까en we introdμce the metric tensor (2. 30) in OU1' 

semi-simPle grouφ space end owed μlith comPlex coordinctes (zα ， 중.) 

by (2. :~)， ij. the 1ζaehlerian condition is satisjied then the Ricci 

tensor is real. 

Oct. 1958 

MathematicaI Department, 
LiberaI Arts and Science CoIlege 

Kyungpcok Universjty 
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