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Abstract:

This study attempts to reveal structures of two-dimensional ring polymer solutions in various

polymer concentrations ranging from dilute to concentrated regime. Polymer sizes, single molecule
structure factors, bond correlation functions and monomer density distribution functions from center of
mass are given in order to clarify the polymer structures. Our study shows that a ring in dilute solution
maintain pseudo-circular structure with self-avoiding walk (SAW) statistics, and it seems to be composed
of two connecting SAW linear chains. In semidilute solutions, ring polymers are not entangled with each
other and adopt collapsed configurations. Such assumption of collapsed structures in the semidilute regime
gives an overlap concentration of ¢"~N*2 where N is degree of polymerization. By normalizing the
polymer concentration by these overlap concentration, we find universal behaviors of polymer sizes and

structure factors regardless of N.

Keywords : Bond Fluctuation Model, ring polymer, two-dimensional polymer, overlap concentration

Introduction

Dimensional dependence of polymer structure and dynamics
has attracted great attention from polymer chemists and
physicist since most of biological macromolecules function in
confined geometries.:® Explaining behaviors of adsorbed
polymers on the flat surface in laboratories and industries also
requires knowledge for polymer physics in reduced
dimension. Decreasing space dimension, conformational
space of polymers is restricted, and novel properties not
observed in real dimension emerge.*®

One interesting example is structural difference between two-
and three-dimensional (2D and 3D) linear polymers in melt
phase. It is completely understood that concentrated long
linear polymers in 3D are entangled to each other, so that
monomer excluded volume are screened out which behave
like an ideal chain.®® Structures of 2D linear polymers have
been intensively under investigated and those are shown to be
somewhat different from 3D polymers, such that relatively
small fraction of inter-penetration is observed. In dilute
condition, a polymer follows self-avoiding walk (SAW)
characterized by v=3/4 in 2D (physics behind this will be
discussed in the next section).1%2 With increasing density, it
starts to overlap with other polymers and gives v=1/2. Even
though Flory exponents of an ideal chain and the collapsed
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globule in 2D are both v=1/2, a pair correlation function gives
an insight to be considered for 2D linear polymers as
segregated ones.*

Not only the reduced dimension but intrinsic topological
constraints of a polymer restrict the conformational space. A
ring polymer without chain end is one such example with
topological interactions. Due to the bond noncrossability,
concatenated and knotted configurations are completely
forbidden.®!* There exist many molecules with circular
morphology in nature especially in living organisms such as
circular plasmids and circular DNAs. It is not sufficient to
understand and to predict behaviors of such circular
molecules only with the knowledge for linear polymers. In
this context, structural and dynamical behaviors of rings have
been intensively studied by theories,**51¢ experiments,!"18
and simulations.'*-?* Recent works have revealed that a ring
in asymptotic regime adopts segregated structure with a very
small Flory exponent (v=1/3) and shows slow dynamics
which is decoupled to its small viscosity.?? However, all
above works are focused on 3D environment. As mentioned,
most of macromolecules in nature are subject to the confined
geometries, and observing equipment in laboratories such as
an atomic force microscopy usually dealt with the objects
adsorbed on the surface which are quasi two-dimensional 823
A few number of works have investigated physical properties
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of 2D rings,?*% one of which for the dilute ring polymer
solution made an effort to elucidate that the ring structure
depends on the intrinsic number of solvents inside the ring.?
Since the connectivity of a 2D ring completely prevents the
other molecules penetrating into and out of the ring, it is
expected that such restriction makes the concentrated ring
behave differently with linear counterpart. However, density
dependence of 2D ring polymer properties is still open
question, thus it is very worthwhile to study structures of 2D
rings with increasing density from dilute to concentrated
regime in order to address above questions.

In this article, we provide structural properties of 2D ring
polymers in athermal condition using bond-fluctuation model
(BFM) and Monte Carlo simulations.?” BFM is very a simple
but powerful model to reproduce polymer properties
especially in the reduced dimension. With increasing density
from dilute to concentrated regime, the effect of molecular
overlap to the structure is discussed. The rest of this article is
organized as follows. We first provide theoretical background
for polymer physics in 2D, and explain BFM we used in this
work. In results and discussion session, we show the size of
polymers, bond correlation functions, single molecule
structure factors, monomer’s density distribution functions to
provide a physical insight for the 2D ring polymer structures.
Concluding remark follows in the final section.

Computational Method

We use Bond Fluctuation Model (BFM) first proposed by
Cremasin?’ which is very efficient to observe and to identify
polymer structures with relatively short computing time.
Thus, we simulate simple polymers which obey following
rules using BFM.

BFM is a model considering simple and coarse-grained
monomers on the square lattice. These BFM polymers
continuously try Monte Carlo sweeps according to the rules
under satisfaction of SAW, in order to reach an equilibrium
state. At this moment, transitions of configuration do not
depend on energy or temperature, so we say this system is in
the athermal system with an infinite temperature and is
purely controlled by entropy.

At first, each monomer of a polymer occupies whole of a
1x1 lattice room as Figure 1(a) and each polymer is a group
of monomers whose center is connected to others as shown
in Figure 1(b). The state of which some monomers are
sharing vertexes of rooms is forbidden as shown in Figure
1(c). In other words, each bond can not be shorter than
2(=V4) which mimics the positive monomer excluded
volume. On the other hands, each bond cannot be longer
than or equal 4(=V16) as Figure 1(d), which avoids a bond-
crossing event.?’
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Figure 1. Some representative configurations of mono-
mers and polymer chains in the BFM. (a) and (b) are
typically allowed three monomers and a polymer chain
and, (c) and (d) are forbidden structures.

To sample the trajectory, we randomly choose a monomer
and try to move the chosen monomer to any direction by one
lattice spacing. Validated with SAW condition, the new
configuration is decided to accept or to reject. If we call a
Monte Carlo sweep that the number of tries is the same with
the number of monomers in a system.

Results and Discussions
A. Flory Exponent

Before explaning our results, | briefly explain a simple theory
which deals with a SAW polymer considering monomer
excluded volume often referred to Flory theory. In this theory,
the free energy of a 2D polymer is written in terms of the
polymer size R and degree of polymerization N. In dilute good
solvent condition, entropic and enthalpic contributions
compete each other, and the free energy is expressed by:®

k R?
F,..~kT—
ent Nb2

)

Fint __
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kz—T(vc2 +wc3 + ) =kT (v%+w%+-~) (2)

v
2
/N
Fine = kT(v' 23) (Volumeos R?) 3
dF _ d R? N7 _ 2R N7
_E~E<kT<W+U F>>_kT(W_2U F) (4)
“Rp~ p'1/4p2/4 N 3/4 (5)

That is to say, there is a relationship that size of diluted
polymer (It may means spanning distance -distance between
one monomer and another opposite monomer- in the ring
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polymer, while it means end-to-end distance in the linear
polymer. For convenience’s sake, we will call this spanning
distance as end-to-end distance) in 2D is proportional to N4,
At this moment, we refer the exponent as power-law exponent
or Flory exponent (v). Since this Flory exponent equals to the
inverse of fractal dimension (because the number of
monomers or polymer’s volume may proportional to N¥") it
is important to identify (fractal) structure.

As we mentioned, diluted and not branched polymer in 2D
has the Flory exponent, 3/4, however, solution becoming
denser, a polymer may have different properties, it has v =1/2,
which coincides with the exponent of random-walking
polymers in multi-dimension. It equals to the dimension of
the plane where the polymer lay on since monomers are so
crammed. If polymers almost approach fractal dimension of
2 and they are so crammed and interrupted, we call this phase
as ‘the melt phase’.10-28

Usually, ‘maximal melt phase’ which can confirm polymer
movement at the well-pace is ¢=0.8.2° Thus this article reveals

how structural properties are changed for change
concentration from ¢=0.016 to ¢=0.8.
Here, we identify size parameter as degree of

polymerization changes in dilute solution (¢=0.016) and the
melt phase (¢=0.8). As a result, Flory exponent is nearly
0.75(3/4) in dilute solution while 0.5(1/2) in the melt phase.
This means that polymers in dilute solution obey SAW
statistics while polymers in the melt phase behave as
monomers are crammed like we mentioned above. From now
on, if there is no special mention, ‘size” will mean polymer’s
or its sub-chains’ ‘degree of polymerization’ (N-1) or ‘the
number of monomers’ (N).
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Figure 2. Log-log plots of gyration radii (black and green
lines) and end-to-end distances (red and blue) as a

function of degree of polymerization in dilute (¢=0.016)
and concentrated regimes (9=0.8). Slopes indicate 2v.

Furthermore, referring to equation (6)%3, we plot end-to-end
distance against size of sub-chains, and we more precisely
obtain Flory exponent. According to this plotting results
shown in Figure 3, we obtain v=0.75 in dilute solution.
However, we may obtain v>0.5 (approximately, it is near 9/16)
in the melt phase. This result means even in the same
concentration, their exponents (and structural properties) are
different to each other and each of them obeys different
effects. In addition, the fact that in Figure 3 the shape of
graphs maintains linearly until the subchain length reaches
half of the whole chain length. This finding strongly supports
that a ring is divided into two SAW linear sub-chains. Using
these conclusions, we identify how to change detailed
structures for the change of concentration using single
molecule structure factors, etc.

_ . SZV(N_S)ZV
{(s) = (const) el

where N means the polymer length.

(6)

Figure 3. End-to-end distance as a function of sub-chain
size on a log-log scale.

B. Single Molecule Structure Factor : S(k)

Now, we show single molecule structure factors of
polymers. Structure factor is calculated using equations (7-9),
and it means how many monomers within the length scale of
1/k is, where k means wavenumber in this function with
dimension of inverse of lengths. In other words, when k is
small (1/k is large), the structure factor has the number of
monomers in a polymer. However, if k goes bigger (1/k will
be smaller), structure factor will decay proportional to inverse
of polymer’s fractal dimension.®

_1 ikrs 2 ~ 1 sin (kryj)
Sy =5 <12 )" >p=5<ij e >k (7)
SU) ~ N(1—3k?) <RZ>-N (kRg<<1)  (8)

S(k) < (kb)™P (1/<Ry><<k<1/b) 9)

Hence, Figure 4-7 show normalized single molecule structure
factors.
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Figure 4. Structure factor in various N=16, 32, 64, 128, 256
and various density. Lines from left to right mean the
polymer sizes of from big to small ones.
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Figure 6. Structure factor in mid-concentration solution
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Figure 7. Structure factor in the melt phase (¢=0.8).

In above graphs, the bigger polymer, the more graph
obviously moves left, since the larger polymer should occupy
more space. Watching above Figure 4-7, you can catch that
the structure factors decay differently as varying the
concentration of polymer. At first, the thicker polymer, the
more graph moves right because polymer collapse and
become smaller. More to the point, decaying slope is -1.9~-2
in the small regime while it is -4/3 in a little larger regime in
dilute solution. Because in the small regime, sub-chains obey
SAW statistics, while the connected chain end of a ring
induces that fractal dimension goes 2.

On the other hand, it seems that the decaying slope is -1.9~-
2 in the wide regime in the melt phase because Flory exponent
goes v=1/2 in this phase. We will discuss about these
phenomenon and directive statistics in more detail in a later
section.

In addition, although polymers are in the same
concentration (9=0.3, medium concentration), when polymer
size (N) is 16, polymers behave like dilute solution while
when polymer size (N) is 256, the slope does not vary during
decay with the value of -2 which reflects the melt phase. Thus,
it also strongly suggests that in a certain concentration, rings
of different degree of polymerization follow different
statistics even though they have the same concentration.
Therefore, we have to replot the structure factor considering
polymer size (in this phrase, it means like radius of gyration)
and concentration effect.

C. Bond Correlation Function

At this time, we calculate bond correlation functions (BCF)
as a function of contour length in order to find regularities of
bond vectors. Obtained results is plotted is Figure 8 and
Figure 9.3
il

o [
G(li—jl) :‘im = (Lf) (13)
rillry
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Figure 8. BCFs for small polymers (N=16) in different
concentrations.
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Figure 9. BCFs for large polymers (N=256) in different
concentrations.

Figure 8 and Figure 9 show that for dilute conditions, if two
bond vectors are so far (the contour length is more far than
N/4 and closer than N/2) there are a little anti-correlation
because the polymer has almost circular shape. However, in
the melt phase, the correlation rapidly disappears as the
contour length increases, and no anti-correaltion is observed.
This result infers the ring polymer is composed of a number
of ‘blobs’ in which monomers obey SAW statistics individ-
ually.® In dilute concentration, this blob is very large and
contains almost half of the whole monomers, but it becomes
smaller with increasing the concentration.

D. Density Distribution Function from Center of Mass

We calculate monomer density distributions from the poly-
mer center of mass which are normalized by the number of
monomers to identify how monomers spread from center of
the polymer.®

[ p@dr=N (1)
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Figure 10. Density distribution functions from the
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different concentrations.
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Figure 11. Density distribution functions from the
polymer center of mass for larger polymer (N=256) in
different concentrations.

Figure 10 & 11 shows that monomers are densely
populated around the radius of gyration (Rg) in dilute solution
because of its pseudo-circular structure. However, as the
concentration increases, monomers are focused on the center
of polymer. In particular, very deep correlation hole is
observed for N=256 ring polymer melts, thus it is very hard
to find an evidence for interpenetration of other molecules
into a ring. Therefore, according to BCFs and density
distribution functions, we conclude that polymers in a melt
have un-entangled and segregated structures because there are
no regularity about bonding or structure and there are too few
monomers far from the center.

In addition, as well as other structural properties, there are
different concentration effect for different polymer sizes.
When polymer is small, distribution in dilute solution is
similar to distribution in relatively high concentration,
however, when polymer is large, monomers are rapidly
crumpled into the center of polymer for the change of
concentration. Thus, we need to compare monomer
distribution functions to find concentration effect precisely
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which are plotted on the same ‘normalized’ concentration.
E. Overlap Concentration & Semidilute Solution

In previous sections, we described structures in dilute
solution, the melt phase and intermediate states. Now, we
define “dilute solution concentration’, boundary of two phase,
dilute solution and the melt phase. To do so, we introduce the
concept of overlap concentration. Overlap concentration
means is the concentration at which the monomer
concentration in a pervaded volume of a single polymer
becomes the same with an average monomer concentration of
the system. In very dilute regime, a pervaded volume divided
by the number of monomers in a polymer is much large than
an average volume occupied by a single
monomer. Therefore, polymers does not overlapped to each
other. However, in the concentrated regime, the system
concentration is larger than the local concentration of a
polymer, thus the polymers overlap. We can calculate the
overlap concentration using the following equation. 343

. N

(p :%OCN_l/Z (12)
2
First of all, we plot the contraction factor, F(¢) = Rg('p),
R?IO

where Rg means radius of gyration in very dilute solution as
a function of monomer concentration in Figure 12.

1F =& g4 B 8
(8]
(=]
(=2}
k& N=
NC%_) EE
N=1
N=2
0.1 :
0.01 0.1 1
¢

Figure 12. Contraction factor as a function of monomer
concentration for rings of different degree of polymeriza-
tion on a log-log scale.

According to Figure 12, at first glance, there seems no
association among concentration, contraction factor, poly-
mer size. However, it is noticeable to look at the decay rate as
the density increases from 0.1 to 1.0. After we define over-lap
concentration like ¢* = N/mR%, « N~'/2, you can see
marvelous merging of all contraction factors in a single line
regardless of density and degree of polymerization..
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Figure 13. Contraction factor as a function of the ratio of
concentration of polymer to overlap concentration on a
log-log scale.

In addition, adding correction term(Rg/2Ro) to overlap
con-centration which takes into account for the
interpenetration as well as linear polymers written like (13),
we try to plot a new graph based on equation (13).343°

N
[2/2(Rgo/a+Ry0/2R0)]

k%

@ (13)

In equation (13), Ro means end-to-end distance and a
means Kuhn’s length. This model is athermal and the Kuhn
length is also density-dependent, but for simplicity, we
postulate a=1 which are the half of minimum of bond length.
Unfortunately, those are less coherent than Figure 13, thus our
definition of the overlap concentration is more reasonable for
ring polymers, which considers a sphere-like shape of the ring.
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Figure 14. Contraction factor as a function of the ratio of
concentration of polymer to overlap concentration which
has one more correction term on a log-log scale.

In Figure 13, ‘contraction’ occurs at ¢/p"=2~3 not at
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@/p"=1, but is should be noted that the prefactor in calculating
overlap concentration does not change the exponent of
contraction factor but changes the absolute value of transition.
It is expected that this prefactor is caused by the non-spherical
shape of the ring, i.e., an ellipsoidal shape. Putting them
together, overlap concentrations (¢@* = N/nRg) can be
calculated as in Table 1.

Number of Monomers Overlap Concentration
16 0.180
32 0.126
48 0.103
64 0.0890
128 0.0636
256 0.0460

Table 1. Overlap concentration vs. polymer size.

Now, applying this definition of overlap concentration, we
can more easily describe various structural properties,
because we now compare systems having the same
normalized concentration (p/p").

First of all, we replot single molecule structure factors as a
function of ‘normalized wavevector’ (kRg) which means
wavevector (k) multiplied by polymer’s radius of gyration (Rg)
like Figure 15 and 16 and try to compare among polymers
which have the same normalized concentration (¢/p").
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Figure 15. Structure factor normalized by polymer size in

different normalized density. Graphs of various size
(N=16, 32, 64, 128, 256) are overlapped.
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Figure 16. Structure factor (N=256, normalized).

According to Figure 15 and 16, polymers which have the
same normalized concentration have almost same structure
factor and show similar structural properties regardless of
polymer length. Furthermore, comparing S(k) at different
concentration, they almost equally decay with the slope of -2
and are furcated at almost same spot. (kRg=3) Finally, if
normalized concentration are not too dense, nevertheless
there are difference of pace of approaching, polymers follow
SAW until the length scale of the wavevector decreases to the
polymer size of the length N/2. In addition, difference of pace
of approaching means that the range where sub-chains obey
SAW statistics is different. Therefore, as mentioned above,
SAW blobs become smaller with increasing the monomer
density.

And, when we calculate BCF or density distribution
function, looking at changing graph’s shape for changing
concentration, graph’s shape are maintained at relatively high
concentration, where the polymer are so small, however,
graph’s shape goes rapidly to melt phase’s that where the
polymer are so large.

Conclusion

To sum those all up, a 2D ring polymer simulated by BFM
adopts pseudo-circular shape and obeys SAW statistics in
dilute solution. However, beyond overlap concentration, they
start to collapse and finally become the melt phase. However,
they are not entangled with other polymers and segregated. In
this context, we define the overlap concentration such that
@ = N/an]. Surprisingly, structural functions i.e. radius of
gyrations, end-to-end distances, structure factors, bond
correlation functions and density distribution functions can be
describe only by relative concentration (¢/¢”) regardless of
polymer size.
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