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CHARACTERISTICS OF MATRICES IN THE P2P1 FINITE ELEMENT METHODS
FOR SOLVING THE INCOMPRESSIBLE NAVIER-STOKES EQUATION

Myung H. Cho,'

Hyoung G. Choi” and Jung Y. Yoo

Numerical algorithms for solving the incompressible Navier-Stokes equations using P2P1 finite element are
compared regarding the eigenvalues of matrices. P2P1 element allocates pressure at vertex nodes and velocity at
both vertex and mid nodes. Therefore, compared to the PIPl element, the number of pressure variables in the
P2P1 element decreases to 1/4 in the case of two-dimensional problems and to 1/8 in the three-dimensional

problems. Fully-implicit-integrated, semi-implicit-

integrated and semi-segregated finite element formulations using

P2P1 element are compared in terms of elapsed time, accuracy and eigenvlue distribution (condition number). For
the comparison,they have been applied to the well-known benchmark problems. That is, the two-dimensional unsteady
flows around a fixed circular cylinder and decaying vortex flow are adopted to check spatial accuracy.
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Fig. 1 The velocity-pressure elements used
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Fig. 2 Nonuniform grid system and the boundary conditions for the
flow behind a circular cylinder
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Fig. 3 Temporal evolution of the velocity at a point behind a
circular cylinder
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Table 1 Comparison of the present results with others for
the flow past a circular cylinder

Reference Method St
Present study Semi-splitting 0.163
Present study Fully implicit integrated | 0.163
Present study Semi-implicit integrated | 0.163

Williamson [15] 0.164

Braza et al. [16]
Karniadakis et al. [17]
Kwon and Choi [18]

FVM (13530 grid points) | 0.160
Spectral element method | 0.179
FDM (321x321) 0.165

Table 2 Condition number

Without AILU
pre-conditioning | pre-conditioning
Semi-splitting FEM 0.47109E+07 0.87869E+02
Fully-implicit
integrated FEM 0.45694E+07 0.93114E+02
sl 044693E+07 | 0.92933E+02

integrated FEM

Table 3 CPU time for the flow past a circular cylinder

Method Method
Semi-splitting FEM 5200
Fully implicit integrated FEM 78600
Semi-implicit integrated FEM 18000




250 N 4 EHY

BRI |

FATHAL = 0.001)[19]. 2+ 7|HEo] thate] Az 2712 W
A 7haA kS SRR $3t ol VevlE
Teklon, 1 Avk= Fig 49k 2tk ov] & ezl wpe}
o] PPlRAE AHY AeE 33 0 A¥EE S

gl o=
1% 4 geh2)

4. 2 E

H]9}54) Navier-Stokes H441S d|49317] 9184 p2p1 Wt
-2 f3tes FAS Al AUy F:99 fEEA
sle] g 2 AR wlwskdth

Al 7o) &&= A ]fEel dlste] U Ao P
s AREEP] Wil 9A T AYEE Rk 17
v ARIAZES Ay wkRe] f3e4 Fajo] dkA
F3as A3 vlaste] 356, PAfAE B fIlas
AP} vlwske 159 A= wgkon o) )& B #3
22 A nuds ul 2A57F FobA wkEg o] W
At St 2 Bk ozl v AZha AR ] 2|
I} g2AE A Folm HY] wlie] 93] AR
@S PSS SelEsit

aAE FFEEANA AT & gl%e] vk fias
FAo] 7)o 23 f3tas T2 v FEEE FAA
71X oM AR AFe AHE A S
S 4 g

z 7

o] dATte AAAAFL] ZA A7 AEARY(HANE
10028436)} g+ 3FakAl e 57971 2AF(R01-2007-000-20691-0)
o] Ao FYPEGoH o]d FAL=HYTE

it

rek

k=

[1] 1990, Tezduyar, T.E. et al,
computations based on the vorticity-stream function and

"Incompressible  flow

velocity-pressure  formulations," &  Structures,
Vol.35, pp.445-472.

[2] 1991, Tezduyar, T.E. et al, "Time-accurate incompressible

Comput.

flow  computations
elements," Comput. Methods Appl. Mech. Engrg., Vol.87,
pp.363-384.

[3] 1982, Brooks, AN. and Hughes, T.JR., "Streamline
Upwind/Petrov-Galerkin

with  quadrilateral  velocity-pressure

formulations for convection

dominated flows with particular emphasis on the
incompressible Navier-Stokes equations," Comput. Methods
Appl. Mech. Engrg., Vol.32, pp.199-259.

[4] 1992, Codina, R. et al, "The intrinsic time for the
streamline  upwind/Petrov-Galerkin ~ formulation  using
quadratic elements," Comput. Methods Appl. Mech. Engrg.,
Vol.94, pp.239-262.

[5] 1997, Choi, H.G. et al, "A fractional four-step finite
element formulation of the unsteady incompressible
Navier-Stokes equations using SUPG and linear equal-order
element methods," Comput. Methods Appl. Mech. Engrg.,
Vol.143, pp.333-348.

[6] 1992, Ramaswamy, B. and Jue, T.C., "Some recent trends
and developments in finite element analysis for
incompressible thermal flows," Internat. J. Numer. Methods
Engrg., Vol.35, pp.671-707.

[7] 1994, Tabarrok, B. and Su, J,

Taylor-Galerkin finite element methods for incompressible

"Semi-implicit

viscous flows," Comput. Methods Appl. Mech. Engrg.,
Vol.117, pp.391-410.

[8] 1996, Hanby, R.F. et al, "A comparison of coupled and
segregated iterative solution techniques for incompressible
swirling flow," Internat. J. Numer. Methods Fluids, Vol.22,
pp.353-373.

[9] 2002, Nam, Y.S. et al., "AILU preconditioning for the finite
element formulation of the incompressible Navier-Stokes
equations," Comput. Methods Appl. Mech. Engrg., Vol.191,
pp.4323-4339.

[10] 1986, Carey, G.F. and Oden, J.T., "Finite elements, fluid
mechanics," Vol.6, Prentice-Hall, Englewood Cliffs, N.J.,
USA.

[11] 1971, Babuska, I, "Errors bounds for finite element
method," Numer. Math., Vol.16, pp.322-333.

[12] 1976, Brezzi, F., "On the existence, uniqueness and
approximation of saddle point problems arising from
Lagrange multipliers," RAIRO, Ser. Rouge Anal. Numer.
Vol.8, R-2.

[13] 1986, Hughes, T.J.R. et al,

formulation  for

"A new finite element
computational  fluid  dynamics: V.
Circumventing the Babska-Brezzi condition: A stable
Petrov-Galerkin ~ formulation ~ of  Stokes  problem
accommodating equal order interpolations," Comput. Methods
Appl. Mech. Engrg., Vol.59, pp.85-99.

[14] 2004, Namkoong, K. et al., "Numerical analysis of



N 4 E2HY 251

two-dimensional motion of a freely falling circular cylinder
in an infinite fluid," Trams. of the KSME (B), Vol.28, No.6,
pp.713-725.

[15] 1989, Williamson, C.H.K., "Oblique and parallel modes of
vortex shedding in the wake of a circular cylinder at low
Reynolds numbers," J. Fluid Mech., Vol.206, pp.579-627.

[16] 1986, Braza, M. et al, "Numerical study and physical
analysis of the pressure and velocity fields in the near wake
of a circular cylinder," J. Fluid Mech., Vol.165, pp.79-130.

[17] 1989, Karniadakis, G.E. and Triantafyllou, G.S., "Frequency
selection and asymptotic states in laminar wakes," J. Fluid

4>
Pl

| 1718 1]

Mech., Vol.199, pp.441-469.

[18] 1994, Kwon, K. and Choi, H., "A passive control of vortex
shedding using a splitter plate attached to a circular
cylinder," Proceedings of the KSME 1994 Fall Annual
Meeting, pp.502-507.

[19] 2000, Kim, D. and Choi, H., "A second-order time-accurate
finite volume method for unsteady incompressible flow on
hybrid unstructured grids," J. Comput. Phys., Vol.162,
pp.411-428.

[20] 1983, Becker, E.B. et al., "Finite elements, an introduction,"
Vol.1, Prentice-Hall, Englewood Cliffs, N.J., U.S.A.





