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Abstract

In this paper, we consider Lebesgue-type theorems in non-additive measure theory and then
investigate interval-valued Choquet integrals and interval-valued fuzzy integral with respect to a
additive monotone set function. Furthermore, we discuss the equivalence among the Lebesgue’'s
theorems, the monotone convergence theorems of interval-valued fuzzy integrals with respect to a
monotone set function and find some sufficient condition that the monotone convergence theorem of
interval-valued Choquet integrals with respect to a monotone set function holds.
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1. Introduction

We consider both interval-valued
Choquet integrall1,2.3,6] and
interval-valued fuzzy integral [5] with
respect to a monotone set function.
Set-valued  Choquet integrals was
introduced by Jang and Kwon([1]) and
restudied by Zhang, Guo and Lia([6]) and
that the theory about set-valued integrals
has drawn much attention due to
numerous applications in mathematics,
economics, theory of control and many
other fields. Set-valued fuzzy integral
was first defined by D. Zhang and Z.
Wang[4]. we note that Lebesgue’s
theorems asserts that almost everywhere
convergence implies convergence in
meastre on a measurable set of finite
measure.
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In this paper, we consider
Lebesgue-type theorems for
interval-valued functions In non-additive
measure theory and then investigate
interval-valued Choquet integrals and
interval-valued fuzzy integral with

set
we discuss the

respect to a addittive monotone
function. Furthermore,
equivalence @ among the Lebesgue’s
theorems, the monotone convergence
theorems of interval-valued fuzzy integral
with respect to a monotone set function
and find some sufficient condition that
the monotone convergence theorem of
interval-valued Choquet Integrals with
respect to a monotone set function holds.

2. Preliminaries

Let X be a set, (X,2) a measurable
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space and F the class of all finite
non-negative measurable functions on X.
A set function p:NR—>R "=[0,+ ) is
said to be monotone if wu(A4) < u(B),
whenever ABe and AC B;
null-additive if p(AUF) =u(4) for any
A€ ? whenever Fe 2 and u(F)=0;
continuous from below if
im 42 (A,)=p(A) whenever {4,}c 2 and

A,/ A, continuous
lm 1 (A,)=p(A)

1—> 00

ANA and p(4;) < oo;

above if
{A4,}c 9,

from
- whenever

strongly order

continuous if im 2(A,) =0 whenever
{4,})c 2, ANB and u(B) =0;
pseudo-order continuous if Im u(4,)=0

i—o0

whenever 4€ 2, {4,})c N, A NB and
- u(A-B)=pu(4). We note that if , is both
continuous from below and continuous
from above, then it is continuous. In this
paper, we always assume that , 1s a
monotone set function with p(2) =0.

Definition 2.1 Let f€F and {f.} CF.
{f.}is said to converge to f almost
everywhere (resp. pseudo—almost
everywhere) on A if there is a subset
Ec A such ~ that 1(E) = 0(resp.
p(A—E)=u(A)) and f, converges to f on
A-F,

Definition 2.2 let f€F and {f.} CF.
{fa}is said to converge to f in measure
pulresp. pseudo-in measure 4) on A if for
any €>0, |
limp({z: If,(z) - flz)l = e}nA) =0

N—o0 )

(resp.limpu({z : f, (2) - £ (2)I <e}nA) =pu(a)).

Definition 2.3 ([3]) (1) The Choquet
integral of a measurable function f with

respect to a monotone set function ¢ on
A € 12 is defined by

@] fdu= [ wl(alf@) >r}na)dr
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where the integrand on the right-hand
side is an ordinary one.

(2) A measurable function f is called
-integrable if the Choquet integral of f
can be defined and its value is finite.
Definition 2.4 ([7]) The fuzzy integral of
a measurable function f with respect to
a monotone set function # on 4 € 2 is
defined by

(F) fA fdu
= SUPac oo lan (AN {df () > a})].

C

3. Convergence of integral
sequence

We denote I(R*) by
IR )={a=a",a*]la <a*,a",a* € R"}.
For any a€ RY,
Obviously, a € I(R*).

we define a=la,al.

Definition 3.1 If a,b € I(R*), then we
define -

(1) a Ab =[a"Ab",a*Ab*],

(2) aVb =[a"Vb,atVb'],

(3) a<b if and only if a  <b” and
at < b*,

(4) a<b if and only if a <b and a =5,

(5) aCb if and only if b and

< g
at < b',
It is easily to see that if we define
a -5={$-ylmea,ye.5}
for a,b € I(R"), then
a b=[a-b,a"b"]
and that if dy: I(RT) X I(R*)—[0,) is a
Hausdorff metric, then
dyla,b)=max {la b7, la*—b"}.

3.2 (1) An

interval-valued function f is said to be
measurable if for each open set OC R,

([1,2,3,6])

Definition
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FO)={ze Xf(x)n0O= 2} €.

.(2) An interval-valued function f is said

to be finite if | f | =sup Ir] < oo

r€f(z)

We denote IF by the class of all finite
measurable interval-valued functions

=l X->IB*')N{2} on X.

Definition 3.3 Let f € IF and {f.} CIF.

{f.} is said to dy—converge to f almost

everywhere (resp. pseudo-almost
everywhere) on A if there is a subset
EcA such that u(E)=0
pu(A—E)=u(4)) and f, d,-converges to f
on A—E, that is,

}‘Lrglody(};(m),?(x)) =0, for all t € A—E.

r—
—

(resp.

Definition 3.4 Let f € IF and {f,} CIF.

f

measure y(resp. pseudo-in measure ,) on
A if for any >0,

lﬂ#({m dg(-fy:(x),?(m)) > E}ﬂA) =0

{f.} is said to dy—converge to in

(resp.
lﬁu({w L dy(f(2),f(z)) < e} N A) =p(4)).

Definition 3.5 ([3]) (1) Let 4 € 2. The

Choquet integral of an interval-valued f
on A is defined by

(@L?du={(@Lfdu|fES(f)}

where S(f) is the family of measurable

selections of f.

2 f is said to be c-integrable if
(C)f}du = &,

(3) f is said to be Choquet integrably
bounded if there
function ¢ such that

1S a c-integrable

"? | =SUP,E?(E)|7’| < g(z),
for all z € X. |
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Theorem 3.6 ([6]) If a fuzzy measure u
is continuous and an Iinterval-valued

function f =[f~,f*] is Choquet integrably
bounded, then

() [ Fau=10) [ £du,(O) [ fdul.

We denote IF* by the class of all
Choquet integrably bounded
interval-valued functions in IF.

Lemma 37 Let f=[f,f']€IF and
{f.}={lf7, i1} CIF.
1) {f.} f

everywhere (resp. pseudo-almost
everywhere) on A if and only if {f, }is
to to f  almost

everywhere (resp. pseudo-almost
everywhere) on 4 and {f.}is said to

dy-converge to almost

said converge

converge to f* almost everywhere (resp.
pseudo-almost everywhere) on A.

2) {f.} is said to dg-converge to f in
measure y(resp. pseudo-in measure ) on
A if and only if {f., }is said to converge
to f~ in measure ,(resp. pseudo-in
measure ) on A4 and {fJ}is said to
f* in measure y(resp.
pseudo-in measure 4) on 4.

converge to

we discuss the equivalence among the
Lebesgue’s theorems, the monotone
convergence theorems of interval-valued
fuzzy integrals with respect to
monotone set function.

a

Theorem 3.8 The
statements are equivalent.
(1) 4 is continuous from below;

(2) any A€ 2, felF
{fu} cF, {f.}

pseudo-almost everywhere on

{}n} to

measure g

following  three

for and

to f
imply

dg—converge
A

dy—-converge f pseudo-in

on A4;
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(3) for any 4 € 2, felf and

{fu} CIF, f,./f on A imply
dy=lim(S) [ Foau=(9) [ Fau

=00

Theorem 39 The following three

statements are equivalent.
- (1) 4 is null additive and continuous
from below;

(2) for any A€ R, felF and

{f.} cIF, {f.}
pseudo-almost everywhere on A imply

dy—converge to f

{f.} dy-converge to f pseudo-in
measure y on 4;
(3) for any A € £, felfF and

{f.} CIF, f,/f on A imply
dy—1im(S) jA};du=(S)fA}dp.

—00

Now, we find some sufficient condition
that the monotone convergence theorem
of interval-valued Choquet integrals with
respect to a monotone set function holds.

Theorem 3.10 If ;, is continuous and
for any A € 2, feTF* and {f.} CIF*,
f./”f on A, then
dy—lim(C) [ f,du= fdu.
w—lim(© [ Fau=(0) [ Fau

N-—00

Finally, we obtain some properties of
interval-valued Choquet integrals and
interval-valued fuzzy integrals with
respect to a monotone set function.

Theorem 3.11 Let , be continuous.
Then the following two statements are

equivalent.
(1) For any A4 €12,

{f.} CF* f 7f on A, then

iLrglo(Cﬁ fAfndu=(C’)fAfdu;
(2) For f € IF* and
{fn} C IF*, f_,_;/'? on A, then |

f e F* and

any A € (2

dy~1lim(0) [ Tedu=(0) Jl T

Theorem 3.12 Let , be continuous from
below. Then the following two statements
are equivalent.

(1) For any A€ 2, f€F and {f.} CF,

f,/f on A, then
lim(S) -/‘Af"du% (S)f/ifdu;

11200

(2) For felfF and
{f.}CIF, f./f on A, then

dy=1im(S) [ Fou=(8) [ Fau

n—oo

any A€ 2
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