Proceedings of KFIS Spring Conference 2006 Vol. 16, No. 1.

T2Zkx| LA ol H Zollofa HeolH

Hetdl elabxte] M

Some properties of interval-valued Choquet integral-baed

agqregation operators

Zolx

ATYstn A5
E-mail: leechae.jang@kku.ac.kr

2
2 e AN AU AuAE A o5 4
Holds A9 AEA AAAE A9 2 olE EHSL AA

ok
ot

Foh, %

TZHA A o]
}

3

L&

CEEEN
L.
=2

o

Abstract
In this paper, we consider set-valued aggregation operators and investigate some properties of
them. Moreover, we define interval-valued Choquet integral aggregation operators and discuss their

characterizations.
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1. Preliminaries and Definitions

Let X be a non-empty index set and J
a o-algebra of subsets of X A set
£ T —[0,11 is called a fuzzy
measure if it is monotone and (@) =0(see
(3,4,14,16,17,18]).

If X is a finite set and T =27%, a fuzzy
measure £ T —[0, 1] is called symmetric if
it is invariant under bijective transformations
of X, ie., for each bijection ¢: X-—X and
for each EFed
u(¢ " (E)=u(E).

For each set BCR? let X(B) be the ¢
—algebra of all Borel subsets of B. Denoted
by L(7J) the set of all random variables
which are 7 -measurable functions from X
to [0,1).

In previous

function

we have

works [5,13],
investigated measure-based aggregation
operators and Choquet  integral-based
aggregation operators. These constructions
are useful methods to decision making,
information theory, expected utility theory,
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and risk analysis.

We note that set-valued Choquet integrals
were first introduced by Jang, Kil, Kim and
Kwon[6] and restudied by Zhang, Guo and
Lia[19]. In the papers([6,7,8,9,10,11,19]), they
have been studied some properties of
set-valued Choquet integrals and structural
characteristics of interval-valued Choquet
integrals.

Definition 1.1 ([3,4,14,15,16,17,18]) (1) The
Choquet integral of a random variable f
with respect to a fuzzy measure
Ae T is defined by

O f fdu= [~ mARD N A) da

where the integrand on the right-hand side
is an ordinary one.

(2) A f
c-integrable if the Choquet integral of f can
be defined and its value is finite.

M Oon

random variable 1s called

We note that the Choquet integral is a
generalization of the Lebesgue integral, since

they coincide when u is a classical( o
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-additive) measure.

Definition 1.2 ([34,14]) Let f, g be
nonnegative random variables.  We say that
f and g are comonotonic, in symbol f~g if

ACAX) = gx)<g(x)for all x,x5°€X

Theorem 1.3 ([34,14]) Let f g be
nonnegative random variables. Then we have

(D f~f,

(2 f~g=8~f

(3) f~a for all acR ™,

(4) f~gand g~h =f~(g+h).

Theorem 14 ([3414]) Let f, g be
nonnegative random variables. Then we have
the followings.

() I f<g then () [ fdu<(C) [ ga.
(2) If ACB and A,Be 7, then

(O [ fau=(0) [ sau
(3) If f~gand a,beR", then

(O [ (af+tdp

=a(0 [ fdu+6(0 [ gdu
4 If (Ve x)=Ax)Vg(x) and
(N(x)=Rx)\g(x) for all xeX, then

(O [ NVedu=(C) [ fdi(C) [ gdy

and

(O [ 1redu=(O) [ fauC) [ g

We denote I([0, 11)by

(40 alb if and only if a< b and
“a# b,
(5) aC b if and only if
b <a <at<bh?.

We remark that I([0,1]) satisfies
idempotent law, commutative law, associative
law, absorption law, and distributive law.

Theorem 1.7 (1) If we define
“a- b= {x-ylxe a, ye b}
for all @, beI([0,1]), then we have
ar b=[a b7, a"b"].
(2 If d5zK[0,1D=I([0,1)—[0, ) is
a Hausdorff metric defined by
dy (A, B) = maz{sup, e 4infye gl z— 9| ,
suPyeBinfxeAlx—yl }
then we have
dy(a,b) =maz{la=—b"|,{at—b"|}.

Let L (J)theset of all interval-valued
random variables which are J -measurable
interval-valued functions from X to
I[0,1D\{®}. We recall that
interval-valued function f e L (3) is J
-measurable if for any open set O C [0, 1},

}“1(0)={xe X|}(:1:)ﬂO¢ sleld.

an

Definition 1.8 Let {4,} C I([0,1]) be a

sequence and A € I([0,1]). We define
(1) A1 (| )A(order) if d,(4, A)—0

n—oo and A,< (=)A4,,, for all

as

K[0,1D)="a=[a",a*lla " <a*,a",a"el0,4k 1,2, ...,

For any ac(0,1], we define a=/[a,al
Obviously, aI([0,1]).

Definition 1.5 For two intervals
a=[a",a*], b=[b",b0%1eK[0,1]),
then we define
(1) aNb=[a"Ab~,a*Nb"],
2 aVbo=[a Vb ,a™Vb*]
(3) @< b if and only if
a <b and a*<b,
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(2) At (] )A(inclusion) if
d,(A,, A)—>0 as n—© and A, C (D)A4,;,

for all n=1,2, ...,

Definition 1.9 (1) The Choquet integral

of an interval-valued random variable f on
A € 7T is defined by

(0)f T du=1(0)f rdu1ie s(F)

where S (f— ) is the family of measurable
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selections of }-

(2) f is said to be cintegrable if

O [ fdu+o
(3) )7 is said to be Choquet inetgrably

bounded if there is a (-integrable random
variable g such that

Al =sup o3 olA<g(x), for all zeX.

Instead of

(0 fx?d#, we  write

(C) [Fdie- We recall that if A, Be((X)(the

class of closed subsets of X), then A<RB
means
infA<infB and syupA<supB.

Theorem 1.10 ([12, 191} (1) If a closed
set-valued random variable ? is ¢integrable
and if A<(C)B and A, Be((X), then

(O) [ Fauz(S)(O) [ Tau

(2) If a fuzzy measure 4 is continuous

and a closed set-valued random variable f
is  Choquet integrably  bounded, then

(O f fdy is a closed set.

(3) If a fuzzy measure u is continuous
and an interval-aviued random variable

f=[f,f] is Choquet integrably bounded,
then we have

(O [Fau=1(O) [ £ au,(O [ aul

2. Set-valued aggregation

operators.
If f=1(7), we define the function
h, 710,11-10,1] by

b (D= p({f21).
and the interval-valued function

7,710,11-X[0,1]) by i
7,7 (D=(h, ADIF=SH)

Then we obtain some basic properties of
Ry
Theorem 2.1 If £ is an interval-valued

random variable and if 4 is continuous, then

the function h;[/ is non-increasing Borel

measurable and  } L7 (0)=1

Definition 2.2  ([13]) Let (X ¥, and
((0,1D?%, B(0,D?%,m be two fuzzy measure
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spaces. The functional M, - I(7)-[0,1]
given by .
M, AN=m({(x, )0, Dy<h , L0))

is called (4, m)-aggregation operator.

Definition 2.3 The interval-valued
functional M, ”,'_L( T-%(0,1D) giv_?n by
M, (N={M, DifeS(H}

is called a set-valued (u, m)-aggregation
operator.,

Obviously, we have the following basic
properties.

Theorem 2.4 Let s, be two fuzzy
measures as in Definition 2.2. If is a

set-valued (g, m)-aggregation operator, then
we have

O M,,O=0ad M,, (D=L
(2) If fgel(7) and f< g, then
M, (H<M, (2.

Now, we investigate
characterizations  of  set-valued :
-aggregation operators. We denote that a
crisp subset E of X Iz X—{0,1} is the
characteristic function of E mapping exactly
the elements of EFto 1.

Theorem 25 Let (X7, and

(0,12, B(0,D%»,m be two fuzzy measures
and  M,,.I(7)-%(0,1]) a set-valued
(p, m-aggregation operator . Then we have
the followings;

1) M, is idempotent for each fuzzy
measure g on (X7 if and only if for all
x=(0,1), we have

m( (0, )x(0,1)) =x.

(2) The fuzzy measure ", 0n (X 7) can be
reproduced from M, via [E)= M, ,(Iy)
if and only if

m((0,1)x(0,2)=x
for all ye Ran( )

3) If X is a finite set and if a fuzzy
measure y is symmetric, then M, is
symmetric for each fuzzy measure 4 on

((0,1)%,B0,19.

3. Interval-valued Choquet
integral-based aggregation
operators.

some

In this section, using Corollary 3.4 ([13]),
we discuss interval-valued Choquet
integral-based aggregation operators. We
recall that especially important is the case

when we are constructing an  (u m)
—aggregation operator by means of
some  g-additive  m B((0,1) ©)—[0,1], in

which case 34 is a probability measure on

the product space ((0,1)%,5(0,1)?). By
Klement et al. ([13, p.9]). there exists a
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copula C[0,1]°-[0,1] such that for all

(x,» (0, D%

m{ (0, 2)x(0, ) = AP ((0,x)), P,((0,))
where P and P, are the respective
marginal probabilities of

Let me introduce the following theorem as

a consequence of Klement et al.’s Corollary
4.1([13D).

Theorem 3.1 Let »z B((0,1)%)—
a probability measure with margin

(the Lebesgue measure) and P,=
by the product copula T, le.
m((0,2)x(0, ) =xH(0, )

for all (x,3) =(0,1)% Let (X 7,0 be a fuzzy
measure space such that the underlying
topological space (X 7)is compact. Then the
(1, m)—aggregation operator M, . is
comonotonic additive, i.e. for all comonotonic
random variables 1, 2X-[0,1] with

ftesl
S =M, D+ M, (D

Keeping all the notations and hypotheses
of Theorem 3.1 and introducing another

fuzzy measure Poyp 0,1]by
Peu(E)= PJ

it is well- known that the aggregatlon
operator dlscussed heorem 3.1

equals the éhoquet mtegral Wlth respect to
o u (see [13, p9)), ie.
M, n(H=(O [ fdP-pn  GD)

for all f=7(73). Thus we can obtain the
following theorem.

350 1] be
P lmked

Theorem 3.2 Let u m, P,=A,P,=P be
as in Theorem 3.1. Then under the same
hypotheses of Theorem 3.1, M., 1s
represented by

M, .(H=(O) [7dP+ p

Theorem 33 Let p m,P,=A,P,=P be
as in Theorem 3.1 and suppose the same
hypotheses of Theorem 31. If a fuzzy

measure (S continuous and f is Choquet
integrably bounded, then l.m(f) 18 interval

i K[0,1D.
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