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Abstract:

In this paper, a robust receding horizon finite impulse response(FIR) filter is proposed for a class of linear

discrete time systems with uncertainty satisfying an integral quadratic constraint. The robust state estimation problem involves

constructing the set of all possible states at the current time consistent with given system input, output measurements and the

integral quadratic constraint.
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1. Introduction
An estimation problem deals with recovering some unknown
parameters or variables from measured information in phys-
ical or mathematical models. For the last 40 years, the es-
timation problem has been widely used in science and engi-
neering areas.
Among estimation problems, a state estimator which is
called the filter has been widely investigated and often com-
bined with control design. In state estimation problems, the
state variables are assumed to be unmeasurable and thus un-
known. Since the initial state information is itself a state, it
is reasonable to assume that the initial state information is
also unmeasurable and thus unknown.
In state space models with control inputs, filters for state
estimation can have a finite impulse response (FIR) structure
or an infinite impulse response (IIR). For the state xj at time
k, the linear FIR filter without a priori information on the
initial state can be represented in the following batch form:

k—1 k-1
Tppe= Z Hy_iy; + Z Li—iu;

i=k—N 1=k—N

(1)

for some gains Hy_; and Li—; [1], [2], [3]. The IIR filter
has a similar form as (1) with £ — N replaced by the initial
time ko. For IIR and FIR filters, initial states are denoted
by zr, and zx_n , respectively. It is noted that the linear
FIR filter (1) does not include an initial state term and its
gains Hy_; and Li_; are independent of initial state infor-
mation, while the standard Kalman filter does include an
initial state term and its gains are dependent of initial state
information. As shown in (1), FIR filters utilize only finite
measurements and inputs on the most recent time interval
[k — N, k] called the receding horizon or the horizon, which
can avoid long processing time due to the large data sets in
The FIR structure
has inherent properties such as a bounded input-bounded

case of IIR filters when time increases.

output (BIBO) stability and robustness against temporary
modeling uncertainties and round-off errors.
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The above mentioned papers, however, did not consider the
uncertain systems. But the filters require the robustness
with respect to the model uncertainty. There are some at-
tempts to investigate the robust Kalman filter [4], [5], [6],
[7], [8], which needs the assumption of known initial state.
In many cases, however, it may difficult to obtain the cor-
rect initial information because it may be costly and require
many experience. Therefore, in the current paper, a new ro-
bust FIR filter will be investigated that is called the reced-
ing horizon robust FIR (RHRF) filter, which is independent
on a priori information of the initial state. The RHRF fil-
ter represented in a batch form will be obtained by directly
solving an optimization problem with the integral quadratic
constraint.

The current paper is organized as follows. In Section 2, an
RHREF filter with a batch form is proposed and finally the
conclusions are stated in Section 3.

2. Receding Horizon Robust FIR Filter
Consider a linear discrete-time state space model:

i1 = (A+ GALpE)zy + (B + GALkE2)ug,
Y = (C + Aok Ev)xp + Ag g Foug

()
(3)

where x;, € R™ is the state, ur € R and yr € N7 are the
input and measurement, respectively; A, B, C', G, F1 and
E5 are given matrices with full row rank, Ay, and Ag i are
uncertainty matrices satisfying

AT QAL + AT RAs, < T, (4)

forallkand Q = Q' >0, R=R > 0.
Let

wr=A1x(Er1zk + Eaug),
V=22 k(E12k + Eaur).

()
(6)

Then, the system represented by (2) and (3) is of the form:

Tkt1 = Az + Buy + Gy, (7)

yr = Cxp + vg. (8)



The uncertainty wy and vy in (7) and (8) satisfies the fol-
lowing inequality called integral quadratic constraint:
k—1
Z (w] Qw; + vi Ru;)
i=k—N
k—1 T
= Z { [Al,i(EL’Ei + EQUM.):| Q |:A1,i(E1xi + Ezui)]

i=k—N

T
+ |:A2,i(E1$i + Eﬂh)] R[A2,¢(E1ivi + EQUi):| }

k—1
= Z (E1£Bz + Egui)T |:AT,1QA1,Z + A;ZRAQJ] (Elxl
i=k—N
+ Eauy;)
k—1
< Z (Erz; + Bau;)" (Erxi + Eoug) 9)
i=k—N
where the last inequality is obtained from (4).
The system (7) and (8) will be represented in a batch form
on the most recent time interval [k — N, k] called the horizon.
The horizon intial time £— N will be denoted by kx hereafter
for simplicity. On the horizon [kn, k], the finite number of
measurements is expressed in terms of the state xj at the
current time k as follows:

Yic1 = Onxi + BnUp—1 + GanWi—1 4+ Vier (10)

where
A
Vie1 = Uiy Yint1 Yia]”, (11)
A
Ug—1 = [qu quH cupq]" (12)
A
Wi-1 = [wkTN wkTN+1 ’wkT—l]T7 (13)
A
Vi1 = [UgN UgNH i’ (14)
and Cn, By, Gy are obtained from
CA™?
CA—i+1
g, 2 |CAT L {C"l] AL (15)
. C
CA™?
CA™'B CA*B CA™'B
0 CA™'B CA™*'B
BA- 0 0 CA™*2p
0 0 CA™'B
Bi-i —Ci1A™'B
= 16
0 —-CA™'B |’ (16)
CA™'G CcA%G --- CA~'G
0 cA™l@ CA™1G
GA_ 0 0 CA™2@
0 0 cA G
- A .
_ szl zflA G (17)

0 —-cA™'G |’

for 2 < i< N. C1, B, and G: are defined as

ChieoA™,
Bi2-cA'B,
G2—cA'aG.

The noise term GNWi_1 + Vi—1 in (10) can be shown to be
zero-mean with covariance =y given by

_ /—’; ~T /—/ZA
2, = Gi[diag(Q - Q)]G + [diag(R --- R)| (18)

With (13) and (14), the inequality (9) can be further repre-
sented by the following compact form:

WELQ Wit + VE RN Vi1 < XE 1My Xy s
+ X1 SnUk_1 + Ul NyUp 1 (19)

where
Xk—1 = [xZN JJ;}FNH RN A (20)
Q: = [diag(Q -+ Q)] (21)
/—/ZA
R; = [diag(R --- R)], (22)
—_—
M, = [diag(E;‘FE1 ElTEl)], (23)
—_——
S; = [2 -diag(E{ Eo --- E?EQ)]a (24)
—_——

Ni £ [diag(ET B> - B ). (25)
Let us define
J [, Wi 1]
2 WL QNWi—1 + (Kp—1 — Cnzgp — C_?NWk,l)T

xRy (Ki-1 — Cnax — GNWi—1) — Xi_ 1 My Xy

~Xi1SnUk—1 = U Ny U | (26)
where
Kr1=Yx1 — BnUg_1, (27)
and
Xyp—1=Anay, + BnUi—1 + GNWi_1, (28)
with
A—'L
A-itt
A, 2 |AT| 2 [A“] A7 (29)
. I
A;1



A"'B A™?2B ... A7'B

0 A7lB AT1lB
B2_| 0 0 AT
0 0 A"'B
Bifl — AAiflAilB
1o ATl |7 (30)
AT'G A7%:G - AT'G
0 A'@ AT@
Ga_| 0 0 AT @
0 o --- A7lG
é¢71 — /L;lAilG
= O *A_IG bl (31)

for 2 <7< N. Al, Bl and G‘l are defined as
A2A,

—A7'B,

—A7'G.

B,

G1

> 1>

Arranging (26) in terms of Wy_1 yields

J[xk,Wk—l]
T AT A AT A T
=W;i_1(@Nn + GNRNGN — GNMNGN)Wi—1 — 2W5 4

X [GERN(Kkl — Onxy) + GﬁMN(ANl’k + BNUk—l)

+GA%SNU1€1] + W1, (32)

where Wi, _1 is the terms without Wi_1 and is as follows:

Wio1=(Kg—1 — C'ka)TRN(Kkﬂ — Cnxg) — (ANl'k
+ ByUi—1)" My (Anzy + BnUk—1) — (Anzs
+ BnUi-1)" SnUs—1 — Ui NnUg—1

:xf |:CII\;RNCN — A?\}MNAN] Tk — mf |:2017\;RNKk1

24k My Byl + AgsNUk_l} . {KE_IRNK,C_I
— (BNUk—1)" My (BnUj—1) — (BnUg—1)" SnUp—1
- UEINNUI@1:|
=i Brxy + 22f Dy + Dy (33)
with
®,=CYRnCy — AN My A, (34)
®22(CH Ry By — AR My By — %Agsmyk,l

— CXRNYi 1, (35)
32Y;T | RnYio1 — 2UF \BERNYi 1 + UF . (BY Ry By
— BYMnBx — BY Sy — Ny)Us_1. (36)

Let us define the following quantities for brevity:

PéQN'l-G%RNGN —G%MNGN, (37)
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FEGL RN (Ki—1 — Cnaw) + G5 My (Anak + ByUi-1)
+GNSNUg—1. (38)

Then, (32) can be rewritten as follows:

J[mlmwkfl}
T T T T
:Wk_lPWk_l — 2Wk_1F + xp Prxp + 2x}, s + @3(39)

Now we are in a position to find out the corresponding set
Xk [Y,7 U‘] of all possible states xj, at time k for the uncertain
system represented by (7) and (8). If and only if there exists
an uncertainty Wx_; such that

J[Ik, kal] <0, (40)

then z € xx [Y,, U,].
Let consider the following minimization problem to obtain
the set x& [Y, U.]

min J[mk,Wk_l]. (41)

W1
As in [9], [10], (41) can be written as

min I [wn, Wioa] = (@ — Za) "I (2 — ) — pk42)
k—1

Recall that 7 Pz + 227 ¢ is minimized at £ = —P~'q and
its optimal value is —¢” P~ 1q.
Therefore,

J = min J[mk, Wk_l]

Wi —1

:VIi};lcii |:WEIQNWk1 + (Kk—1 — Cnag — GnWi_1)"
X RN (Kj—1 — Cnae — GNWio1) — Xp 1 My Xi—1
~ X3 SnUk-1 — U,CTINNU;C_I}

=F"P'F+ Wy

=— |:Gq]\;RN(Kk—1 — Cnzr) + GA’%MN(AN‘TI@ + BNUk—l)
T

+GESNUI€—1:| P! |:Gq]\;RN(Kk—1 — Cnzr) + GNMy
(Anxy +§NUk_1)+G’1T\rSNUk—1] +Wh-1, (43)

when

1

Wit = [QN +GNRNGN — GEMNGN] [GﬁRN(K“
~Cnai) + GN My (Anai + ByUi—1) + GAESNUICI} . (44)

Because F' in (38) can be rewritten as follows:

FéG%RN(KkA — COnzy) + G%MN(AN&% + BENkal)
+GESNUik_1
=\I/1mk - (\Ijzykfl + ‘I’Bkal) (45)



with
U, 2GE My Ay — GERaC, (46)
U,2G% Ry, (47)
026 My By + G5 Sy — GR Ry By, (48)
Therefore,

T
J = {\Iflxk — (U2Yiq + \IISU“)] Pt {\mk — (W2Yi
+\113Uk1):| +ai Brxy + 22f Dy + Dy

=i {qn - \I/lTPl\Ifl} Tk + 2xh [\IflTPl(\Ingk_l + W3l

_1)

+<I>2] + [(\Iszk—l + WaUy—1) " PTH(WaYior + UsUp) + q’s}

(49)

=(zk — Zar) " [‘1)1 - \IJ{P_I\III] (Tk — &xi) — Pk
where
- - 71 -
Eppp=—|®1 — W] P Uy | U] P (WaYioy + WsUs_1) + @2}
- T
=—|®, —viP 'y, U P 0LV, 4+ O PTIULU, )

o, — v Py,

—1 r

_ ~ _ X A
xP~ '3 + CNRNBy — ANMy By — QAﬁsN)U,H]
=HY; 1+ LU

with

-1
HE- {cbl - \Iffpqul} (\Ilepl% - C}SRN)

_ _ N . 1 - _
+(CYRnBy — AYMnBy — 5AJTVSN)U,H - C}V"RNY“]

(@I P Wy — CERN)Yi1 + (O]

(50)

(51)

—1
LA {@1 - \IffPlllll} (WT P~ W3 + CH Ry By — A% My By

AESN)Uk—l

N | =

and

pr=— {(%Ykl + U3U31) P (WYt 4 U3Us—1) + %}

+a [<I>1 - \IJITPI\Izl];@M. (53)

Then the ellipsoid

Xk = {wk Sk — ) 2T (e — dpp) < pk}, (54)
with
vl=9, —wTpP 'y, (55)

and &gk, pr in (50) and (53) respectively, is the set of of all
possible states at the current time consistent with given sys-
tem input, output measurements and uncertainties satisfying
the integral quadratic constraint.

(52)
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3. Conclusion
In this paper, an integral quadratic constrained robust FIR
filter is proposed for a class of linear discrete time uncertain
systems. With the consideration of the system uncertainty,
the proposed FIR filter has better performance than the ex-
isting FIR filter for the unstable systems.
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