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1. INTRODUCTION 

 
For the several decades, the reduction of the cost and 

capable replacement for the U.S. space shuttle motivated the 
application of next generation reusable launch vehicles 
(RLVs). Those triggered the design and the development of 
the X-33 vehicle which includes the following main features, 
the linear aerospike engine, vertical take-off, horizontal 
landing and aerodynamic configuration[1]. The X-33 is a 
wedged-shaped subscale technology demonstrator prototype 
of a potential future Reusable Launch Vehicle (RLV) that 
Lockheed Martin has dubbed VentureStar[2]. 

In the dynamic behavior's point of view, X-33 is designed to 
travel at a top speed of Mach 15 and, in addition, its transfer 
function model includes the initial value term which inevitably 
effects on transient response. Therefore it is recommended to 
find a controller such that X33 has a fast and well damped 
time responses under the given environments. This implies 
that we are to find a controller which meets both tracking 
performance and surpassing of the initial value effects.  

In this paper, a linear controller is designed for the 
longitudinal model of X-33 in TAEM (The Terminal Area 
Energy Management) phase by using CRA. As the design 
method, the characteristic ratio assignment (CRA) is 
introduced to deal directly with the overshoot and speed of 
step response of an all-pole system of arbitrary order. The 
method is based on certain relationships between characteristic 
polynomial coefficients and transient responses.  

The paper consists of the following four sections. In section 
1, the introduction with the main purpose of the paper is given. 
In section 2, an analysis on X-33 is applied and brief 
mathematical theories on CRA are derived. After showing the 
main results in section 3 followed by some simulations in 
section 4, the conclusive remarks are added in section 5. 

 
2. X-33 MODEL DESCRIPTION AND CRA 

 
In this section, after the brief introduction to X-33, the 

transfer function model of X-33 is developed from the given 
state-space equations. The description of the plant includes 
that of an actuator. Also some preliminaries on CRA, the 
design method in this paper, are briefly described. 

 
2.1 Basic configuration of X-33 in TAEM phase  

Fig. 1 shows a typical early X-33 vehicle and its surfaces. 
The surfaces include body flaps at the outboard engine 
locations, inboard and outboard elevons on the canted fins, 
and two rudders on the vertical tails. The X-33 vehicle was 
designed to use an aerospike engine, which allows for pitch 
and roll thrust vectoring as well as differential thrust yaw 
control. Also the dynamics of X-33 considerably depends on 
the flight conditions.  

In this paper, the Terminal Area Energy Management 
(TAEM) phase, one of three major phases which are to be 
encountered during the flight of the X-33 vehicle, is 
considered as the landing phase. TAEM phase begins when 
the vehicle is slowed to mach 3. Also the region of flight can 
exhibit areas of instability and need to be controlled by an 
acceleration command controller. 

 
2.2 Longitudinal model description of the X-33 vehicle  

The linearized state-space equations for the longitudinal 
plant model of X-33 are given by 

 

 
Fig. 1 Typical X-33 configuration 
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where zN is a normal acceleration,α is an angle of attack 

(rad), q is pitch body rate(rad/sec), =inδ [ ]flfrlmrm δδδδ are 

control inputs and the rest of symbols are moment 
aerodynamic coefficients. In this paper, all control inputs 
of inδ are assumed to the same. Therefore the plant has SIMO 

structure of one input and two output system. From (1) and (2), 
the transfer function with no initial values can be derived as 
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Herein )(1 sG is for the angle of attack and )(2 sG for pitch 

body rate. Also the model of actuator is given as follows: 
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In addition, with the initial values, the model description of 
the plant including actuator can be expressed by 
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where )()()( sDsDsD ap= , 

)()()( 11 sGsGsG a= , )()()( 22 sGsGsG a= , 

)162.0(0082.0)(3 −−= ssN , 

04.0)(4 −== αMsN . 

Also )0(α denotes the initial value. Box B in Fig. 5 represents 

the model of the plant which includes the actuator.  
Thus, the main purpose of this paper is to design a linear 

controller such that the output responses of longitudinal 
control system of X-33 track the reference command as rapid 
as possible with small overshoot and the stability of the 
closed-loop system is maintained.  
 
2.3 Definitions  

Let us consider a real characteristic polynomial as follows: 
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The characteristic ratios are defined as 
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and the generalized time constant is defined as 
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The coefficients ia of )(sδ may also be represented in terms 

of iα ’s andτ as follows: 
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2.3 Preliminaries on CRA 
 

 
Fig. 2 Two-parameter configuration control structure 

 
Fig. 2 shows the feedback structure in which two-parameter 

configuration is occupied. It is the control structure which has 
the advantages in that it allows a minimal realization of 
system and does not increase zeros of overall system. From 
Fig. 2, the transfer functions of the closed loop system are 
expressed by  
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For the purpose of satisfactory time response to the given 
linear plant model, the main procedure of CRA can be 
summarized as follows: 
i) First, find a desired )(* sδ by means of iα ’s andτ . 

ii) In full order case, obtain the feedback controller gains 
of )(sa and )(sb by solving the Diophantine equation 

)()()()()( * ssbsnsasd δ=+ . 

iii) Determine the feed-forward gains of )(sf to compensate 

the effect of zeros and accuracy. 
 
Example 1[3]: Consider the two parameter configuration for 
controller structure shown in Figure 2. Let us consider a 
sixth-order unstable plant with poles at 32.1 j±− , 

22.3 j±− , 22 j± and zero initial conditions: 
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and let the controller polynomials be: 
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Suppose that the objective is to design a feedback controller 
such that the closed loop step response has no overshoot and a 
1% settling time of 1 sec.  
We let 

)5.2)(()( 2 ++= sssasa , )5.2)(()( 2 ++= sssnsn . 
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Then, the closed loop equation can be written as 

)(
)()(

)(
)(:)(

sp
snsf

sR
sYsT ==  

where 

)5.2)(()()()5.2)(()(

)5.2)(()(
22

2

+++++==

++=

sssnsbsdsssasa

ssspsp
(15) 

In (15), )(sp of order 9 should be chosen by the CRA 

method. Then the overall system will be an all-pole one. In 
order to obtain a proper )(sp , we first set 1=τ . To illustrate 

this, we choose the following three 1α ’s: 

[ ]2.252.121 =α  

Then using (11) and (12), the desired polynomials are 
constructed. For convenience, we let )(tyi , 3,2,1=i be the 

step response of the )(sTi where )(sTi , 3,2,1=i is the all pole 

system with [ ]2.252.121 =α , respectively. As shown in 

Fig. 3 and summarized in table 1, no overshoot is achieved 
at 25.21 =α . 

 
Fig. 3 Step response of desired closed loop systems 

with various s1α  

 
Table 1 Percentage overshoot with respect to 1α values 

1α  2 2.1 2.25

overshoot in % 17.12% 2.26% ≈ 0%
 
  From this analysis, we select 25.21 =α . Next we compute 
the appropriate value of τ such that the desired speed is 
achieved. From the step response )(3 ty , the 1% settling time 

(the time required to reach 99% to the steady state value) is 
shown as 1.914 sec. Here we have 
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and Fig. 4 shows that the design is achieved successfully. 

 
Fig. 4 Step response of desired closed loop systems 

with various 25.21 =α  

 
From the above results, it is evident that for a given set of 

values of τα ,si and 0a , the corresponding polynomial, )(sδ , 

is completely described. Kim [3] has shown that the 
generalized time constant is precisely related to the speed of 
system response. An important result is that the speed of 
response of a linear all-pole system can be controlled, while 
maintaining the exact shape of response, by adjusting the 
value ofτ if its siα are the same. 

 
3. LINEAR CONTROLLER DESIGN  

 
In this section, we design the continuous time linear 

controllers for (6) and (7) using the CRA. The order of the 
proposed controller in each loop is equal to 3. Box A in Fig. 5 
shows the proposed control structure in which two-parameter 
configuration is occupied. The structure avoids the effect of 
adding ‘zero’ to overall transfer function the closed loop. 
 

 
Fig. 5 Block Diagram of controllers for X-33 

 
In Fig. 5, the model blocks are denoted by the following 

symbols: 
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where γ is reference signal, 1y is normal acceleration and 2y is 

pitch body rate. Then, the transfer functions of the closed loop 
system is expressed by  
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Next, we set the target polynomial of the overall system. By 
using (9) and (10), the polynomial can be generated. Therefore, 
we make the following target polynomial by selecting 

30000 =a , 75.21 =α , 2=τ [sec]. 
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Then the controller gains are determined from the algebraic 
relation between )(s∆ and )(* s∆ as follows: 
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Also pre-filter gain 0f is determined as 232033.44. 

 

 
Fig. 6 Closed-loop response of zN  

 
Fig. 7 Closed-loop response of q  
( 2967.0)0(,15741.0 == αr ) 

 
4. SILMULATIONS RESULTS 

 
With the designed controllers in (19) and (20), the proposed 

controller’s ability to track the reference input and 
performance are evaluated through some simulations. Fig. 6 
shows the output responses of zN to the reference command. 

The results from Fig. 6 show that the proposed controller is 
designed such that X-33 vehicle system has no overshoot with 
a relatively high undershoot and the effect of nonzero initial 
values on the output responses exists. In addition, a larger time 
constantτ of CRA is needed to be set for a relatively small 
undershoot. It implies that the output response of X-33 control 
system is slow to track the reference command. However, if 
the initial states are all zeros, the proposed controller provides 
the non-overshooting step response as well as very quick 
response time. Also Fig. 7 shows the output response of q . 
 

5. CONCLUSIONS 
 

For the longitudinal control of the X-33 vehicle, a linear 
controller is designed in TAEM (The Terminal Area Energy 
Management) phase by using CRA. The models of X-33 are 
described as transfer functions for the output feedback control. 

The results show that the plant has inherently slow modes 
because the poles of the plant and zeros are located at near 
origin. This implies that even though the target characteristic 
polynomial is selected in fast mode to track the reference 
command as rapidly as possible, the effect of the initial state is 
dominantly affected by the poles and zeros of the plant. Also 
the assumption that all control inputs are the same is one of 
the reasons which disable the improvement of performance of 
X-33 control system.  

Therefore, it can be said that it is not possible to avoid 
nonzero initial condition problems as long as a linear 
controller is applied. However, with non initial condition, the 
proposed controller gives rise to a good transient response and 
non-overshooting output response. To overcome the limitation 
of the performance specification, an alternative control 
scheme is considered in the future research.  
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