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Abstract
AF7 254 2] Set—Partitioning EFo H-§d BN ZEA 20X AFHZE sk 8t
AQEAE &3oHYd FA9Y 22 combinatorial TRE JHERZ dAiMFe] ojggol At £
=28 7t AFHEE Y EAdA £EE FEAREE Adste AEEEEYS 20
gt @0l SoldAle W FEAZE sl @Ho] 9ler} o] BYPL set—partitioning
23 oz th2y] & Arje] VRPo| HIEEF 3}
ARETRIYPL HY 199x29 FAXE Zr= Symmetric VRPS] A EAdA HA

93.5%, £2AF Ad 7022] Asymmetric VRPY A FA|oA HIF 97.6%2] 33ge =
&3] 53] Asymmetric VRPY ZfoA4 & delxd & gag 7P 73S B3
JltE  Branch—and—Price ZEAMA2E =& lege AM8sled] 8% g 4839
Asymmetric VRP9] HA#HE T 5 AUt

ARESRYL HFo] vuse tE 2y g dE A9 AFE oE F A F
Aol i, Asymmetric VRP EAldA = A 718 % kgt AAd), olest A
drM & BYL FF 777 dvtn dekd

The vehicle routing problem (VRP) is to determine a set of feasible vehicle routes,
one for each vehicle, such that each customer is visited exactly once and the total
distance travelled by the vehicles is minimized. A feasible route is defined as a simple
circuit including the depot such that the total demand of the customers in the route
does not exceed the vehicle capacity.

While there have been significant advances recently in exact solution methodology,
the VRP is not a well solved problem. We find most approaches still relying on the
branch and bound method. These approaches employ various methodologies to compute
a lower bound on the optimal value.

We introduce a new modelling approach, termed route—splitting, for the VRP that
allows us to address problems whose size is beyond the current computational range of
set—partitioning models. The route—splitting model splits each vehicle route into
segments, and results in more tractable subproblems. Lifting much of the burden of
solving combinatorially hard subproblems, the route—splitting approach puts more
weight on the LP master problem. Recent breakthroughs in solving LP problems
(Nemhauser, 1994) bode well for our approach.

Lower bounds are computed on five symmetric VRPs with up to 199 customers, and
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eight asymmetric VRPs with up to 70 customers. While it is said that the exact
methods developed for asymmetric instances have in general a poor performance when
applied to symmetric ones (Toth and Vigo, 2002), the route splitting approach shows a
competent performance of 93.5% on average in the symmetric VRPs. For the
asymmetric ones, the approach comes up with lower bounds of 97.6% on average.

The route—splitting model can deal with asymmetric cost matrices and non—identical
vehicles. Given the ability of the route—splitting model to address a wider range of
applications and its good performance on asymmetric instances, we find the model

promising and valuable for further research.

Keywords: asymmetric vehicle routing problem, column generation, lower bound,
set—partitioning model, branch—and—price

1. =¥

2274 2 %4 (Vehicle Routing Problem. ©}3} VRP)= AA) &PAE ALddst= Zb 218k

BEE T JAHEA EAoH, Agdxde g3 2ok

1L N9 ZF 81 GEAEFY A3 A A (deterministic) FFZ (g, )& 7HIth

2. 2t AF(k)ol WMiFste FaXe FEFY T AF HALH(Q,)S 2HsHA] U=
o}

3. A% F(K)e BAA dow, Z AFE ali(depot. i =0)olA Ut dHldds &
OHA] AR 73t

4. 2t AFE & F£oAE 13] s, Zt £ex|9 FEFE § Aol odiA ujHc)
Z, B¢ u]$(Split Delivery)& 3857 &=t}

Aejshd, o] HA & vl o2 2ok
i,j= A2 % £2x. e {0,1,---,N}. 0=
k= 2% e {1,-,K}.
2y Qg e oo g,
dy= 783 % 23 A j2 Jhe Ad.
g; = T8A jo FEF

Q = A% kol HAL

BF9 Ay Fa4o] 2L 2F VRPERS $ue $4AAS 2 4 dth =9, 4
0 G37) 59 e471850] A AT Fe A uEwe s, AE, RE 242 Y=
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2 Qleh @ 7 Sel@ g wW lF 71HA S50 £A} glojok sk 2dvla AuA
A2A, 7274 47 Be FF $9 $8, 4888, $H02e] VRP, F8 e Al Akl
AskE FA WFsokske %) Sol gk, £ A9 F& &5 VRPY 0|27
AL @A) wigA sl THo| Be AFol slofd Aoz Al

VRPE 1 Bt il FExgoz gouger, Axsts g3l okd Ao dAHA,

A8 wptolop & @ 71x) olf7t ATk (Fisher, 1994). A}, AFE A9 waz
A @9l Alzba} w)go] A ezt 1*, E7), Azl 2 YESI 2 HuAA o] dA3| 7|
N9 3,

Z

ARz, A3} olgo] W H 5& & £ Jduh HAF dzElge] AF FHAsE
Faggs A Aold Uigt AHRE AFsvi= A, AF3e FEx
(optimization—based heuristic)®] 7154 52 A3} 32 FHolr}

VRPY 7} mA A9l B 2 §)<Ql Set—Partitioning Modelol A= W47} Qo] AjekzA L
53 A ¢ AFAZE guisiy, ety Kl ¥bgrt & & FAS A9
AollA VRP with time windows 5 #4o] tjokst zjets msiet 4= th frdgol 3ol
o}, =3 o] R3L LP relaxationd] 23} 3}3tgk(lower bound)o] uf-¢- 7}slk
A ok 2yl Aus s FA 2z Ak AALFo] AYa(Q) 7S of 7} 2 A=
3t Ryoe Edasic kg B A ) oo 7158 Aot

R = 783 729 3
= F9A {7} B2 r(e R)°} %W 1, o} 0.
7(:)}

ro & AFolFAY. F2 arcE 729 T

Mz

(e 2%

d, =

YAt WUG g 0] AR ro] AYHA 1, ofd Hfoll= 09 gk
ngeo:

o

zr=thd, Set—Partitioning

(VRP-SP) minimize Z;{drz,.
re

subject to
ar, =1 VYi=1,- N (1)
rTeER
Z‘h P =K (2)
TE
z, € {0,1} Vr

ojct. AlekA (1) Zt #8A7t AF3] & AFel] &) 135 whEslojok gtrhs AFS Yeh
a1, Aok (2)& ZF Akl shd Kol ZA2E Adsiy,

VRPIl= 874 oA 712 A7t jolA 7k A9 Zuzn AAsts giAdny
(Symmetric VRP. ©|3} SVRP)Z MZ o}& A& 38435t vd% 23 (Asymmetric VRP.
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o]3} AVRP)o] lt}t. 7]&9] F43 AFE di/f SVRPE dlite =z sted], SVRPE 98 7
d 2ol Y E8 AVRPOIE HEHA ket t&‘ﬁoﬂ SVRP7} AVRPS] 553+ 9%
ok AVRPY #y] ¢me]EF& SVRPol H&d o Idwtdoz AF3 A5S RAcKToth ¢
Vigo, 2002).

2. 28 =A}

VRPE 13 TSP(Traveling Salesman Problem)2] ¥uF2|Q(generalized) FEej2Z A o]&4
o2 g FuE2E dFFAol ddHozE 840 & F8F FAloth 2y VRPE
22 TR(N) 9 TSP visl HA o8 &Alolth. VRPY o2 5o tlsiA= Bodin 5
(1983), Laporte9} Nobert(1987), Laporte(1992)9} Fisher(1992), Zglm 9] Tothe}
Vigo(2002) SollA ZtolE 4= vt HIT 3 AFo] B2 zAo] AR NP-Hard A
!l VRPE well—solved problemo] oflm, oJx8] A& (Branch and Bound)ol 27| 2J&
- gt EA@AIY Y 552 shetgkel s HesmE HAHghe] ZAHtight)d stekgke nj- &

s, A 2009A7k —"r—’r‘—if_ ks EEste W 2ol e tgekdt Alxsb Ao

Christofides, Mingozzi®} Toth(1981)% minimum KA —degree center tree(Fi1 =9
degree7} K1 shortest spanning tree)& T3 313Hgk® minimum g—route(F8A] FFeko
gtol ¢ B2)8 AHEE adtaks Adlse, 287 253 A 8ule] SVRP EAIS A 3}s)
pel=g

SVRP W’39] b-matching £ s 2 +87A x==9 degree’} 20|89 FuT9]
degree 2K ¢ #H4H]E cycled] HAftolth, BE cycleo] g EFsln, alero] da)Lake
A7le A9l VRPY HAsoln|, obd Af: saae AFITE Miller(1995)%
b—matchingel] & SIS subtourA A AL} A AL A FAle] Lagrange Aolste
3l sk

Fisher(1994)= TSP9] sigiez & 422 Held®} Karp(1970)9] 1-—tree relaxationg uk
A K—tree relaxationd SVRPo| 2&alglon] apekaix)get aokaal we degree A2kl
] Lagrange A olzts T3l 733 alagte zAsHgoh

SVRP9] b—matchinge] tl-3-3l= AVRPS] 8}&Hgte Laporte, Mercure, and Nobert(1986)7}
A A&k AP(assignment problem) relaxation©]t}. AP A= O(n®) Ao 58329 357 2
NEe] Yo (Dell' Amico9}t Toth, 2000) 3}8tghe <k3h Holt}.

I she] 2 ¢elxl AVRP 2¥9] 8132kl KSSA(K —shortest spanning arborescence) 3}
ke O(n?) 2 WA & Fdol e wl, gwrdloz oksin] AP aleigte] vl E o
T8Itk KSSA atatgro] #R13HAYo) 288 o) o} QtHTothe} Vigo, 2002).

Fischetti, Toth¢} Vigo(1994)= HWHol E7/15# arcFL o] 23 disjunctive I izde
min—cost flow 2g& o]-&g 313k, AP sldlgk 5 M2 o §8gke dsl us sheigre
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7&9:}0} ADD(additive bounding) 7182 AAI&th matAl 78 sHehat) AP 3lakatel w)si
“?’Tol'q' & Eof AVRP e‘ﬁé{%zﬂ oA AP7E F 91.3%<AHl Wl 94.6%2) HH o]

-ITFJ
s
ko
N

AVRP9] Set—Partitioning 23 (VRP-SP)olA ¥F= shte] ZARolth =7t o
o] 2T 79 T3] Br] fEo] EYe RE WHTE o xFsle A2 ddH o= EIMss
t}. Wl VRP-SPY &S dizl A4 (column generation)7H& Aedict, azv G484
7IMS @, F Wl Aol Combinatorial FAZAM dol=rt &4l 7)ol wet FZstA F71
st gt o 2 oelE Aol Uk & Y HlR(FAYSF AF)S o AFAHRY F &
PAzAE ol A=Re] XH FRA F9 T FEY TSP FAE F& A Ao 44
1ol Ae o9 & AFREE Fflo] Axlsta Aol sleg O M £Eo *3%91 7ol
Ut Y=z ;‘]:‘77}7(] VRP-SP9 A F3AQ HEAlelle B 727 2ol ZA2AAo] 2 o
ggo] iy, B2 B4 Aekxo] o frag AR 7 A S e 73-‘?—"1] =3
o}, Azt aﬂi/ﬂ Agarwal, Mathur®} Salkin(1989)0] 4~82} 25322} VRPE HAslelgls, &
2Zke] ol 24 Desrochers, Desrosiers2t Solomon(1992)9] mj-¢- &-& A& 2= VRP with
time windows® @7} At} Set Partitioning B8 ZH¢E ol x|wt AZ2E b= g-route
relaxation(Christofides 5, 1981)%E A2 HF X7} 3.8%¢ AEAX] 4
FEEE ¢ T A

2 AFE Set—Partitioning B9 olgl &S APee MEL YL gt B A &
e 7]EATe] 282 n5E zpEke] Haj8-gko) 7tiii(homogenous vehicles) 7FA%C) A=
B2 g2 Asymmetric VRP 23 0], heterogeneous vehicle2 3]-&-3ht},

3. ZEZE ¥

¥& VRP-SPEFL 7]dto g Ft}, VRP-SPIAE W7}t shle] a7 Ro)x)
%(Route Splitting Model)dlA & ®F7F A2E 2 HEOZ Vi Ed3F20)7]
o A4sl7|17t AR golsith AR AL FZY A Aort FSTF Lolshy] wiEoldh
Ht = E QA& Ao Aoa B4 SEE u]$ a5t} BaAzrge o
o e 0L ¥ Fojtt ¢ HERRIYRYS FEARES 4 AFHERE A e F
7V AkRAE 82 sttt O Ade HEE EESA ¥ 23 vl&] ExeiAa 27t
A FEA G WA HEEEEFL UTE Asle AEAY REE Fole Uil F&
He SolA Hed OIZi% A=s 2 7kx71 ok divsid LPRYQA FEAE Eal9
Aol 719 48 s
dejo] FUHR r & i}-_ﬂﬁﬂr TRAEY & wd £AS Jehdth ZARE4Tg9 7]
o5 Zol Fogtk:
R= =€ 458 27429 1% reR.
R= ¥38732 ¥EIF. RcCR.

fol
(e
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Rk) = A% ko] 22429 3% C R

R(k,s) = 2% k9 s 287429 3% C R(k).
s(k) = AF ko A2 AR F

s= 28429 ¢H. s=0,1,--,s(k).

B(r) = rol 08, & C¥ Afol= rol TR ZE FaX9 J7 rol A%,
22 BYY Aol r 9 HAF FoAE AT F879 L

b(r)= ro Hzx 587

e(r)=r9 HAF 587

¢, = BAAZ ro FEFE ¢ = ; @
i€ B{r)

d = 2842 ro AF5PA. rol £ arcE A2l9 &

pa72E 1R QE7 Ao AA 09 REPRE Andd Uste Auz Eoles
poux 2o shio Az Aplold. e Azt Bysd 2t ol msdoldh Ad
2gjzs A3lA 2uste] @ saxdA i Fuols), BY RARE @ FAIA
& F9A7AS At TFHA e Frold siATes cF RRPRE & FaXA

Zutsta] ztmelAd By Yele] ol 53] By AR & Y F£eAF
Egste A9, 9dxes=o Jurt Aok 039S Afshd, d2=
TR, AF ko AR BEARY Ft s(k) T F o, BEE s=19
2Egzo Aol oy s=19 EIHEZE AYoli, s=s(k) %@%‘EE Cﬁéoltﬂ, a
Atole] BEHZE (s(k) > 2 A9 EF BHolth

<ag 1> zF 2dj2 10789 Tﬁzl%— WESE VRP|Q g o & Holm gvh. aY
oA r =(0,1,2,3), r,=(3,4,5), r,=(5,6,7,8,0), 283 r,= (0,9,10,0) 4, n,
Ty, 1, 5 27 AT, BY, C39] B Roln, r, & OYolth s(k) =1 AF 29 $dAH=E

%8 1 83 10%, 23 2019] VRPY &9 4
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s=0% 089 r,olth AF 19 AP s(k)=3°Y, s=1, s=2, s=39 #IH=& Z7
r Ty, OlTh ER B(ry) = (1,2) 013 er )—3°lf+ b(r,) =3°l1, B(r,)= (3,4)°l",
e(ry) =5°Ith b(r;) =593, B(ry) =(5,6,7,8)°l", B(r,)= (9, 10)014 g <oy
1>eA 82 33 £a4] 594 dole F ELA27} dZFH T Q) 0|9} o] F B
29 AAAA A& sk A9 FEFE FA9 B2 i} F, dF Bof, 2
A 39 FEFL RAAZ o) TFA

REe] o]ARWF £, EUAR ro] AFHRY BEFHoR AdHd 1, ol 09 e
7bA) et W g, 3 REHZ 2 o|F o] Huolr] Fe oulz el o] Ty B
7290 Aol RY W BREYEYPS

o

(RS(R)) minimize X;Zd,a:r
TE

subject to
z, = 1 Vi=1,N (3)
rli € B(r)
Zi; ¢rTr s G Vk=1,+,K (4)
€ R(k)
; T, + x, = 1 Vk=1,,K (5
k,0) ,1)
I e = 0 Wivks=2,,s(k) (®)
re Rk s)b(r)=i re Rlk,s—1)le(r)=1

z,€{0,1} VYre R

23 RS(R)NN k=R A%, %, RS2 sl VRP-SPY Al AAgch RS(R)
PRYRE AWl A2E FYSP] A3 et Be 2AL BEAA Hek
M 4 £8AE @ 2R B(r)l 18 T,
W 7 Al b KNS 35S P48, 2 aFe sue 08 2z, 5o a4
g ARHE s(k) WY BWAEE THE.
th 7 afe) 79 FEF F ol A A% AAGFS 23 Yk

3
X

i

nge) BAYLNL 4B 5 IFAYE HasHE Zolth AoH (3L 7he) 27l 3
gam, 4 (D el 24 At Ao (5)3h ()€ s(k)= 19 39 08 Bz
g Ausiel, s(k) 229 3% 2 AW s(k) A} BRI} QAo AR B2 YA
SHEZ 5220 PuAze) Hx £oA7 vz A B2 HF 2049 g Ao
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715 ()& 28 ()9 HAHZE B 1 9 75 Hoshu:
n(r)= 2EAZ ro] LI F2A9 F,
B = n(r)d #Ad 2715 Yeple e F, 1 < n(r) £ B.

U
A

T9] 3}3kgk RS1S 53 RS9 LP relaxation?l LRS9 A3k 2(LRS)olth LRSE

g et EF FAPE dEYoR BiMEEng, Hag pusE Ao
7bsle AR Z2A2E AYdct A4 & IaelMe 282 A FEd
(CcR)S ¥83 LRS(R) 9 A Ao4ahe B84 shahghd o g & Ade ¥
AEANA ek o At Me A" HFE F/e 2 LRS(R)E HAA3lgith o
AL wkEsln], ©] o4 reduced cost?t &4 WEUF flowd Fdgol o]d) LRS(R) S LRS

tu
iy -iN-&

Z_I
=]
Sy

__.mlm i
B oo

(R), & LRS®} #Az|7F dx]ght,

AARAHA L FEA9 YEAS wrEH oz L£3gt) oy FEAl9 d3gEe s(k) 9,
swAle Sxe B JFgE weth FUHeE EE kol gl s(k) =109
AZBIAT L get—partitioning T X suR 5§gko] tightd Aot} olml B HF
AFAE AAE e F Jd=F FES| Aok vk A s(k) 7t HEFF &Fgkol
ZaiAle Wi e Aok vk Exle stEAA e dAd Algte]l pe ATld weh
543 Asdve Aotk & dFoAE stetrlE] B @& (EA =l xAskxga)
BE FA6AM dEAHog B=59 IAIUE Atk AMAAYAME B=40A 622
B9 o] & &9 gz uf AEAY FolAke: & HoF AFsiglon, stagke Ha
0.5%4 % A5sh= Ax2 Bk

B AN EYdA 2 2F ko AR FE8AE & vehE s(k) = Bl wet

Aol ARG % A e s(k) Y B2 FAL Rolw Aok A% ko)
FRASE (@Al doltl Be) Uk 2 24T 4, s (k) = LEZE] 41 2 7,
dE Eol, Uk)=17°19, s(k)= 47} Btk s(k)ol wat 2 2EH= Zolo] st} s}k
(L(k,s), Ulk,s))°ol 24"}

LRS(R)2l 4] (3), (4), (5), (B)ol aFste A7t 242 6, %, o &, BHE, ¥
z, 9 Reduced Cost W< g, 0] 2% ko] sla) B8 A2eln & of ohex) 2ok

M
ol
oL

[r
.
=

L

s=0<du d, — Bi—am—

1 €

_65_



s=1%u d,— B — @M= Okt Te(r) s+ 1,k

i€ B(r)

l<s<n (k) dr - 131 Q1'7k—7rb(1'),sk+ Te(r),s+1,k

i €

s=n(k) d,— ﬂ, @ Ye — Th(r), sk

i€

444 5 @A A9 LRS(R)A,
s(k)
RS1 = Zmin 20k Ezsk + z(LRS (R)) (7)

= 2(LRS)9 3steake P48t (Lasdon, 1970). 5 Be 4 (7)9 =&34L Myl
2 A A kY sWA B R ddEle ¥ F A9 reduced cost #E gt
RS1E g4 224 ©%2 0 2 (monotonously) F7FHxE &A%, 2(LRS )9l 3%
=2

VRP—SPE?_S32 LP relaxation 3}ghgto] vl¢- 73t Ao= & Atk oE Eo] Agarwal
5(1989)9 ZA$ HT e N=204%9 FAA 985%Act AZEZRY ] 33t
VRP-SPE 9] 3}aghs 5718 & gk 75 A the & d7A AHEd stA2A1d &)

W n2]E GenColumng A7)sla Ach

%
_\134_

5. AE e
A& ¢dato] = 800MHz Pentium PC7} A}&EHlon, B354 & WA (Branch and Price)
Ad1]ELS Microsoft C++ 2.002 Zga#ilon] LP FEA = CPLEX Callable

Library 6.0& A}2-3) 33233} ch.

¥ ZolX SVRPS AVRPS HHEH &lehgtet RSEH S RS13} RS2E AHste] mad
o}, SVRPS] GlEA s}aztO 2 bmatching, K—tree, AVRPS] UEZR sagozs
KSSA, AP, ADD 50| A& r},

5.1 Symmetric VRP2| 5|Stgt A4t

VRPE d)9)7} o}l xbak
3 g2 2%s 9 5 9
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235t Aol a7 E Ao A VRPLIBY HAE FAl(Vigo, 200008 A48, &
3] SVRP9] AgAAtolE Fisher(1994)9 22 FAE Agste] vudt. HEEFA F
ES50, E759 E1002 Eilon $(1971)0] &7/)® xtZolv}, E1502 E509 F+23¢ E100¢]
FQoAE @A m, 21 A9 Ao HALFL E100E& AHEE Aolth E199% E150
of E759 A 49X FaAe #E Aotk Z A9 d;= 2 (real number)2 7its

AoH, AFL FLai.

RS1 RS2
D N K UB et cpuU intK et CPU(E)
2 507.7 1.4
. .
E50 50 5  524.6 503.2 2 3 508.6 1.7
4 509.6 3.2
5 509.6 2.6
2 784.0 7.7
E75 75 10 8353 769.5 .8 3 787.5 9.0
4 790.2 13.4
10 796.6 85.5
2 783.3 35.0
E100 100 8 826.1 7712 7.0 3 786.0 61.5
4 790.9 170.8
8 795.1 832.4
3 944.7 519.1
E150 150 12  1028.4 924.4 353 4 948.2 797.0
3 1168.5 763.2
E199 199 16 13346 11556 112.3 4 11711 1055.0

X 1 Symmetric VRPo] A @5 Az R2drdol Ax} (*x33)

S AEALY AFRE RAgEY. N Ke 47 BAY FaXF9 gy,
A 7bg 958 si9) gholth (Fisher, 1994). RS13 RS2 d& slazkat At4d
A g}, 33k RS12 RS 239 LP FAglolm, 3l3tat RS2E RS1
2 33 Aotk AA n(k)7t 2% ko AR TFH T2 g
stak RSO HAzolA zt AFAR n(k) € AFch webd LRSe zh A3 29 n(k)
Aok Aeste BASA S44HEE AR o] e
14 S8QE FPste Aotk 5, 7 ==9] LRSEH n(k) o 7]
efxzdo] FIlERR FAN Z2A2E BaA oA Aol
W2 n(k) <ln(k)IAY n(k) 2(nk)]+1 F 22

A
e
X
£
-
o
M
b
i

W

e e o koo
(o305} Oy).:
4
ot
]
ot
%
£
e
ol
g b
I

2 Ak A
FolAE 2

e
e
4r €
rO
S
=
il

itk = n(k) 7} AF2 Agsle 23
2 7P¢ Z3E RS2E intK = K YW Qo <& 1>o4 intK=2A%9] e Frjox
RS10l e RS27F &tetgto] A A5sht 2 F7HEL F7HAQL intKe Zvloe A}
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T2 96.3%0I, olot e sagke

wn
S
o;l

E50, E759F E100914 intK = K¢ 7F¢ 738 R
Azl elE & CPUAZo] Hesttes AL & 4 Atk

<E 2>9)4 KSSA, AP, ADD¥ AVRP =3&9] 3}%gkelil, b—matching, K—tree:
SVRP =& algtgtolth, RS1T RS2E T sl BAY #ES UBY HELE HAHD
ot A Lxof APHYUE vLE A RS2E EF intK=48 AME-F 313k A
il=

(%)KSSA (%)AP (%)ADD (%) (BIK—-tree (%)Fisher (%)RS1 (%)RS2

E50 794 80.9 87.5 87.9 84.9 96.7 95.9 97.1
E75 69.2 71.0 76.1 76.7 76.2 90.5 92.1 94.6
E100 77.5 80.7 86.1 86.4 81.5 95.1 93.3 95.7
E150 73.6 68.6 77.6 80.5 78.4 90.7 89.9 92.2
E199 64.4 62.7 70.0 70.2 71.9 82.2 86.6 87.9

72.8 72.8 79.5 80.3 78.6 91.0 91.6 93.5

£ 2: UBY M¥&E EAE F Yol SRAET RS HIRe) v

SVRPE AVRPY &3 Z$Auk AVRPE 37711 SVRPOA & ZAiE Hol
A E3cH(Toth <} Vlgo, 2002). <¥ 2>% w4 AVRP%?J KSSA, AP, ADD7}
b—matching, K—treed] B3l €53 A#AE Holzm Ut} wbd E dFe] RSI 23S
AVRP&-0]A gk SVRPoA] ZA&o] Qlots g Holi °‘E} aziv 919 stgkg F o=
A& BA @A ALEstrldle &3 AsA ¢
2 B3}y wi o 2x|3A T2 20A A9l &R} i}, Fisher(1994)& K-—tree 33t
&g E degree A AT} AL Akl Lagrange B UlstE Zstete] ¢4 shetgh
S Tt K—tree 33gte] UBHHH] g W& o] 78.6%A 0] W3] LagrangeH o2 7
stg  slsbgke] UBWiH] HF #MESLS 91%o|tt, RSEFHe] RS1L Fisherel 73td
Lagrange 3tatgtat A Zwhaln, RS2E BE 93.5%9 $3% UBYM WELHS wd
Fisher®] Lagrange ﬁPfHkT% RSEH9] 3}gtghe) Fa3 544 & ulwsti:

1. Fishere SVRP 2%, RSE AVRP =¥

£ o d; 5 A (real number)2 HF .

3. Fisher® $Y% 232 714, RSE A2 & A28 34,

4. Fisher(1994)7} A}-&% Z €= Apollo Domain 3000 (0.071 Mflops)& £ @l
Al A}-8-€ Pentium III 800MHz (140 Mflops) ©] M]3l ¢ 20008] A= £Zxlo]7}
). Fisher7} E50004 9688 Ab&-3ta, RS12 ¢ 0.282 AM&3lm g, E5000)4]
Fisher$} RS19 £58 nvlustd ¢ 59X Fisher’} #WEosE AL ¢ F Uk
3 RST 7R A wet £t =eA7] giZel E199¢] J AT Fisher
CPU 1186%, RS1 CPU 112¥ 22 ¢F 1904]9] £ % zlo]7} dt}

5. Fishert Single—Customer Route(F2A|7} 31l A2)E &8s ¢geth RSE

i}, o UBWB] wlE-&o] 90%% d
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Ol
-
ot

a8 g Aol ¢k wekA] A vlnE YA = Fisherd dhdhghd <3k
ZA8oF gt} (Toth 2+ Vigo, 2002).

5.2 Asymmetric VRP2| S|8tgt A&t
AVRP9] AgdAAbo= Vigo(1999)9] H|2E EAl7} AFEEHAT o] APEATLS Ao

7029 F8x]9} A 3ule] VRPE E gt <& 3> AAlE UBE #HAzkolth (Toth
9} Vigo, 2002). RS2: vigo349] A$ intK=2, YA EAEL intK=3-2 A}&-3}9th

RS1 RS2
LN K . UB So® CPU(E) Ha@  CPU(E)
vigo34 33 2 1406* 1330.1 1 1349.8 2
vigo36 35 3 1644* 1565.8 1 1585.1 6
vigo39 38 3 1654%* 1626.7 Bl 1647.5 .8
vigo45 44 3 1740* 1695.5 3 1734.0 2.7
vigo48 47 3 1891* 1822.9 .3 1862.9 6.1
vigob6 55 3 1739* 1623.7 .5 1673.4 9.4
vigo65 64 3 1974* 1905.9 1.2 1930.8 17.2
vigo71 70 3 2054%* 1945.0 6.1 1981.9 38.3

¥ 3: Asymmetric VRP2] RS 3&}gkgt (*3 &)

<IF4>= AVRPol &g 2 48z 13t 7| HES Vigo EAlol A-8-A171 Ax}olch KSSAS
AP= Z4Zy Ak dv] Ha 77.1%9 91.3%=2 dE5sitte AL o 4= vk ADDE #H
94.6%0°]t}. WA RS1& 95.3%, RS2E 97.6%2 $48+8 wolt}

ID (%)KSSA (%)AP (%)ADD (%)RS1 (%)RS2
vigo34 78.7 85.8 90.1 94.6 96.0
vigo36 75.2 90.9 93.2 95.2 96.4
vigo39 77.6 93.8 96.7 98.3 99.6
vigo45 75.6 934 95.7 974 99.7
vigo48 79.0 93.6 97.2 96.4 98.5
vigo56 75.4 88.5 94.3 93.4 96.2
vigo65 75.6 92.6 95.5 96.6- 97.8
vigo71 79.3 91.7 94.6 94.7 96.5

77.1 91.3 94.6 95.8 97.6

X 4: Asymmetric VRPol &9 oz &}atghe] HAgkol] gt MRS

Mol TES 98t 2X[EHA MM T=MA

LRSSl HAgte A4 Axgel siatgtol Aok FMHS =8 LRSS HASHA0A 2ol
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X3 vigE X e B
deve o] gk mEA 3t <
o] 7z} =X dAZE dEte AR A HAHHE deot
284 2Y A2 Zol B9 arcg XY WFE BA@ARAANM branchingdts AL
A & deg=129] 1S s 0229 1AL vh$ o]H7] wjEolt) olgd A
< 2413 Desrochers 5(1992)2 VRP with time windows®] dTolA AZ W47} old arc
A ;8 AHESIH ;=12 3A7] A3ME dj=—o0, 2,;,=022 1AHA7]7] HaiA
Ed;= o2 WHYTH 2 AT B PN Z2HZNNE arcgt DAL shevl, arcit
£0

Ly
o2 3YHI] ANNE dy= 0o & ABIAT, arc@S 12 DASE A wEARS

o, HERERHL areol] AFEeE z; 99 Wre AHEHA 7] W' arcghd Y arcE T
gole EE B84 29 WS geld deth arcgho) 0.50] 717hE arcE branching tiA}o
2 A9sig)

g% =37

1. & x==9 S Nojztx @k

2. 37k obd 83 9 jE x=E pZ AT (A =% AFEA e,
3. N=N—i—j+h

4. dpp=d,; for all m € N—h

5. dyy=dy, for all n € N—h.

ojp] =AY =EX =EAYY fldolr] gl o sje x=rt AFE =01 g F
Ak ol 71¥e] FHL EATA A T2A20A nASHE Ut BolAA EA7b A
A A97g= Aolt), =A% 7]H-& SVRPY S0l WA Tgxe) d;; = Asymmetric©]
7] wl&ol Asymmetric 2&olut A28}

ID #branching nodes (%)RS2 CPU(&)
vigo34 815 96.0 15.7
vigo36 6981 96.4 145.9
vigo39 25 99.6 3.3
vigo45 15 99.7 13.2
vigo48 5173 98.5 474.6

E 5 #@A 944 Zaaze FaAAY 23

<E 5> EAEA 484 Z2M20 23 w7lx] F =g D ARRAIZHFS EA
3 ok 3F3HgEe]l 99%0]4 9 vigo39 9} vigod5 oAl 307) o]3te] =2 AR ZE A
27} AHME FHIY TEEHAAY, gt vgol HF 97%¢) vigo56 o]} A9 &
AE 100089 CPU AIZHE<L #A o) =gt £l
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o
b=
ojo

B dFE Set—Partitioning 23-& 7]¥ke2 3 VRPY A2 RS aJleka; HAsE A
T3}, VRPE 2 ¢l TSP generalization .24 ol2FH o210} dAX o
t}, VRP9| FAs}o| A HZHghol| AR 4 sty =52 dTh
Te st Al=sE Adoh

RaAenge A48 A2E 2 dolz 2T ¥HFE wazA 4. 2 drtes A
2E EgaA & 280 vjE) SFEAR FR7F AN FEACY a2y FEATS LP 2%
o]7] W&o ExtMoly 7R e HiA gered HAZEY F2He F840 AUtk &
3 Hao] LP syl vlebmel BAL o]2ld AEo] Elg4e Fojgt} (Nemhauser, 1994).

Symmetric VRP= Asymmetric VRP2 E4% 33
Y& Symmetric VRPN $& AF#E ¥ojx] ZdTn &8A U(Toth ¢} Vigo, 2002).
AE2EARY L Symmetric VRPY AIJEANAM HF 93.5%2 AL AA S
Symmetric VRPOJA ZAAgo] ¢t AL Holx Y}, EF Vigo(1999)9 HAE Fi)
£ AH8-3 Asymmetric VRPY] AP AMolM F2EERY LS HF 97.6%9 stdgks ==
ZF 2o o s IEERY $-Es Bl )

A @A dAA (branch—and—price) TEA2E 2 AolA &gz AT =58
3 AH&-E =, o] ZME XA gAUF 7zt ==X dAAHE Aste L2, Toth
9} Vigo (2002)= EX|5HA HAA6 T3 A7} “still almost uncovered" 2+ X|Fglc}, B
Ao BA A BN T2 2AME arctkd 12 1A Y8 w=24%¢E ) o] 7Y
o] FHL nAs= AF7E BolxHA FAE AR ARG Aot ==4% e A=
TEEE T 2 Asymmetric EFoA T AR Jbsetn, & dFAE GU]EE ohd F3o
w9 vt ik

re

2 A7 AR AFHAN =5S 98 2383 Branch—and—Price ¢85 HAE
o3el 8709 Asymmetric £ F £8A] 502 olstd AT H2gd] AFFstgich stk
#& 73}sl= Branch and Cut and Price ¥xg]l 53 &33Ql branching 7]H9] Ate &%
F9 AR o},

52 A Y SRR

n(k)E 2F ko A2 TP F8A9 Fetn da, UKk)E nk)d A%, Lk) S
n(k) 9l stgolgtar sizt &, L(k) < n(k) < U(k)°l AHI} n(k,s)S 2 ko sHA
TLFRN XA F2A9 o)1, Ulk,s)E n(k,s) 4%, L(k,s)E n(ks) satolg}
2 32k F, Lk,s) <n(k,s) < Uk,s)°l 488k
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7% L(k) & U(k)
Lo ek ke e {1,-, K} 9 Uke) E TiP7] A3 FEAdRY ol

(GA)  U(k°) = maximize EYH

subject to
Zqi Yo = Qe Vk
Y ‘ e {0,1} VkVi.

W Y, E FeA 7 A ke A2 TRHW 1, okdd 09 B Zr=t (GA)=
Generalized Assignment EAlolt], L(k) £ SATT HAzz T3

W s (k)% L(k,s) % Ulk,s) Tohe 28
1. if U(k) < B, then s(k)=1.
JU(k) 7t BET 24 & we AF ko] A2e £8HA &5

2. if U(k)> B, then s(k)=[ﬂu—‘+l

B—-1
3. for s=1tos(k)—1, Ulk,s)=28
for s=s(k), Ulk,s)=Uk)—B—(B—1)x(s—2)+1
4. if L(k) < B, then
for s=1, L(k,s)= L(k)
for s=2 to s(k), L(k;s)=1

5. if U(k)> B, then tmps = [L%Eg—l +1

for s=1 to tmps—1, then L(k,s)=B
for s= tmps, then L(k,s) = L(k)—B—(B—1)x(s—=2)+1
for s= tmps+1, then L(k,s)=1

t}. Procedure GenColumn {
/6 (k,s,j) = % ko) oA BEZARNM $8A jolA AN 74 F3XE Eddhe
J/ tail 289 reduced coste] aHstgtoltt. |
// Initialization
for k=1 to K
for s=0 to s(k)
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for j=1to N
for t=2 to B2
0 (k,s,5) = oo;

for k=1to K
GetBound (k);

/| generating 6°(k,s,j)
for k=1 to K
for s=0 to s(k)
for j=1to N {
6°(k,s,5)=0;
for t=2 to B—2
if 6 (k,s,7) <6 (k,s,7), then 6 (k,s,j) =6(k,s,7)

for k=1to K
for s=0 to s(k)
SubProblem (k,s);

}/end GenColumn

Procedure GetBound (k) {
for j=1 to N
Bound (k,1,{j},5,0,7);

Procedure Bound (k,t, W,w, C,j) {
for i € {1, N} —W {
tmpc= C+dy; + dig— g7 — B>
if tmpc< @*'(k,0,7), then @+1(k,0,5)=6"1(k,s(k),j)=tmpc;
for s=1 to s(k)—1 {
tmp (s)= C+ dy; + Tig;
if tmp(s) < @*'(k,s,j), then #'*(k,s,j)=tmp(s);
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}
if t< B—4, then {

newC= C+d,; —qgv.— G
Bound (k,t+ 1, WU14,i,newC,j);

}
}
}
for s=0 to 1
Algorithm SubProblem (k,s) {
minDual = 0;
C= —a;;

MinCoat (k,s,0, @,0,C);
} // end SubProblem

for s=2 to s(k)
Algorithm SubProblem (k,s) {

minDual = 0,

for j=1 to N {
C= —06;—qm— o~ Tjgs
MinCost (k,s,1,{j},4, C);

}
} //end SubProblem

Procedure MinCost (k,s,t, W,w,C) {
for i e {1,--,N} — W

{
if t+1 = L(k,s), then Update (k,s,7,C);

if t+2 < U(k,s), then

{
newC= C+d,; — ¢y — B>
if U(k,s)—t> B—2 or newC+ 6°(k,s,j) < minDual, then
MinCost (k,s,t+ 1, WU1i,i,newC);
}
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}
} //end MinCost

Procedure Update (k,s,w, C) {
if s=0 or s(k), them tmp= C+d,+d,— 8 —qv
else tmp = C+d,; + my
(here update the sorted list for multiple pricing);
if tmp < minDual, then minDual = tmp;
} //end Update

5 & B: Route-Splitting 2&/2| 3laigt

z()& E¥ ()9 HAgtolzta sd 2(LRS (R))S 2(LRS )9 Astolt}, t&o maoa]
LRSQI %}-Eﬂtﬂfl: [31‘: ks akg‘]' 7risk:94 Bi]E‘]% ua]':il 8]'?1,

r € Ii(k)

r

+ ) o (1 — ; T, — ;& T,
; k r € K{k,0) re ,1) 1)
n(k)
+ ;EZWM( > z.— Z; z, ) (8)
s=21 r € Rlk,s—1)le(r)=1 r € Rk s)b(r)=i

subject to
A FzA4 (3) — (6),

%0 Z(dRS (w))E 7% <0 oW yol dsiME 2(RS)9 &tetgte] Tk o9l
DRS (u)+< dRS (uv) & 22 EAg+E 7 :
(DRS (u)) min (8)

subject to

%;L T, + z, = 1 Vk
re ,0) re ,1)

;k T, + T, = 1 Vk
re ,0) re ,2)
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Zx,‘—i- %] z, = 1 VEk
r € Tik,0) r € Rk s(k))

z,€{0,1} VYre R

a8 z(DRS (v)) £ z(dRS (u)) o stetgkeld, webA 2(RS) 9 ahdtgkol Aok -2
ga3A] 459 o9 o2 LRS o Au¥sghs AHgath tael A e 2 A 9

2(RS) = 2(DRS) = max , z(DRS (v)) > z(LRS ).
dRS (1) 9 BHGFAN TG, + Dy Qo+ Sy, = u 7F FolR FolA olnl uigelel 9
S 2(LRS (R)) & T3}, A+Ree Agd 2o 2t A3 sy gl Az £
2lEnk A% kol AFHE R

Z, = min z;d,rx,.— E@ 2 Ty — Yk T, ak( z, + z,)
TE i rlieBr) r & R(k) € Rk,0) r € Rik,1)

n(k)
+ Tis ( I, — a T )
S=22i2 k re R(k,s;)le(r)=i r € R(k,s)b(r)=i ’

subject to

%;L z, + T, = 1
r € R(k,0) r e Rk1)

;;C z, + z, = 1
r € R(k,0) r € E(k,2)

%;‘ z, + z, = 1
r € K(k,0) r € Kk s(k)

z,€{0,1} Vr e R(k)
9ol 2k ko) didt 2P wd 5=0,.-,5(k) o dhE BPoz Fedrh s=0F s=1

o A9
Zsk = min E drmr - Zﬂz Tr — Yk qrT, — O %8( Ty
i (k) ,8)

re R i rli € B(r) re

subject to

,8)
ojtf, 5=12,.-. s(k)-°473 = 47
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2o = min Zedrmr - Zﬁi z; Ty~ Yk T,
re [ vli € B(r) r e Rik)

+ T ( T, — a z )
zi] o rER(k,sE)le(r):i r € Rk, s)ib(r)=1i "

subject to

% z,, = 1
re ,s)

ot} o7 Z} 2, & A ko sHA BEHZ W] & reduced costolH, o A
Ao el st EAlA Aol Aeltt. A,

s(k
z(DRS (u)) = Z;min (2ot

2A A9 24EL 9 iteration?] FEAS} HHEAANA L= #Eclvh. H DRS (u)9
integrality propertyo] €84 z(DRS) = 2(LRS) 7} Ad@t 313tak 2(DRS (u)) & 484
T2 A 2o G242 2 (monotonously) T7HHAE &AW, 2(LRS )l FHsH, 444 X2
Ao FEANRE AAsted o8

)Zsk) + z(LRS (R))

s =

ita]

rot
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