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Estimation for Exponential Distribution
Based on Multiply Type-II Censored Samples
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Abstract

When the available sample is multiply Type-Il censored, the maximum likelihood
estimators of the location and the scale parameters of two- parameter exponential
distribution do not admit explicitly. In this case, we propose some estimators which are
linear functions of the order statistics and also propose some estimators by approximating
the likelihood equations appropriately. We compare the proposed estimators by the mean
squared errors.

Keywords : Exponential distribution, multiply Type-Il censored samples, approximate
maximum likelihood estimator, mean squared error

1. Introduction

The exponential distributions have been used as models in analyzing life-time data quite
extensively; for example, see Lawless (1982), Kambo (1978), Balakrishnan and Cohen (1991),
Kang et al. (1997), and Kang and Cho (1998) etc. Most works are based on the assumption
that the sample is either Type-II right censored or Type-Il doubly censored, and some are
concerned with Type-I censored samples. Balakrishnan (1990), Balasubramanian and
Balakrishnan (1992), Fei and Kong (1994), and Upadhyay et al. (1996) considered the inference
for the exponential distribution under multiple Type-II censoring. They obtained several point
estimation methods for the one-parameter as well as two-parameter exponential distribution.
Kang (2003) obtained the approximate maximum likelihood estimators for the exponential
distribution under multiple Type-II censoring.

By considering the likelihood equations based on multiply Type-II censored samples and
noting that they do not admit explicit maximum likelihood estimators, we propose some explicit
estimators derived by appropriately approximating the likelihood equations.
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Multiply Type-II censored samples may arise in practice in different ways. They may arise
in life-testing experiments when the failure times of some units were not observed due to
mechanical or experimental difficulties. Another situation where multiply censored samples arise
naturally is when some units failed between two points of observation with exact times of
failure of these units unobserved.

In this paper, we derive several type point estimators of the location and the scale
parameters in an explicit form for the general case when the available sample is multiply
Type-II censored.

2. Estimators of the location and the scale parameters

Consider a two-parameter exponential distribution with the probability density function
(pdf)

#(x:0, a)=—};e‘<**‘”/°, x>0, 6>0 Q.1

and the cumulative distribution function (cdf)

F(x;0,0)=1—e ¥ 9 x>0 >0 2.2)

where 6 is the warranty time, ¢ is the residual mean life, and x = 6+ o is the expected
life-time.

Suppose # items are placed on a life-testing experiment and that the
aith, asth, ..., asth failure-times are only made available, where

1<a, <ts<a,<n.

XaltnsXaz:nS'"SXa,:n (23)

is the multiply Type-II censored sample available from (2.1)
Let ay=0, a1=n+1, F(x,.,)=0, F(x,,.,) =1, then the likelihood function based

on the multiply Type-II censored sample (2.3) is given by

- T(( » D! [ﬁ[F(Zai:”)_F(Za,_l:n)] ai_ai_l—l]_:_s_lllf(za,:n)
L\\e;—aj—— 1)
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o ! “r — aj—a;_y—1
s ﬁ(a!’_nai—l“l ! (F(Z 0] l[lljz[F(Z“’:”) KZ,_ ..)) ]

X (1= F(Z o))" “ T AZ ) @4

where Z,,=(X;,—6)/o, and f(2)=e % and F(z)=1—¢ * are the pdf and the cdf of
the standard exponential distribution respectively.

Balasubramanian and Balakrishnan (1992) derived the maximum likelihood estimator of ¢
and an approximate maximum likelihood estimator of ¢ as follows;

Xpns if a=1
9:{Xa,_.,,+?;m(—”—_%il), it a>1
and
o= — 1 [_ Xointn—a )X, .,
S“Z(diﬂ"ai—l)?’i -
+ 8 (@i e DI X gt (1=8)X 4l —(n—a, + DX, .,
where

b= n-li-l ’ qi=1_pi

qa,- qa;qaf+1 qa.
6,': _ - _ 2
qa,' qa.-+1 (Qai (Ia,+1) qa,“fl
q ;+1 lnq ,-+1_q,'1nq,'
yi=—" "+ 8 Ing, + (1-6)Ing 41y

Qa,-— q a;+1

Since this maximum likelihood estimator is the function of the maximum likelihood
estimator of the scale parameter ¢, we consider a simple estimator and an unbiased estimator
of @ that is function of order statistics as follows;

=X,
and
a1 ~
O == ey M) X o= Ma) X 4]
where

n(a)= };l(n—jﬂ)‘l

Also we can derive the other estimator by minimizing the mean squared error (MSE)
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among the class of estimators of the form ¢X,.,+ (1—¢)X,., where ¢ is constant.

/0\3= CXa,:n+ (1— C)Xaz:n
where

o= ga)) — g(ay) — K(ay) + K(ay) h(ay)
g(ay) — glay) — [ W ay) — h(ay))?

g(a)= 2} (n—j+ 17

Now, we can also derive the other unbiased estimator and biased estimator among the

class of estimators of the form ¢, X ,.,+ ¢, S;X +:n Where ¢ and c,are constants.
~

@)X ain= M a)X o]
23 #a) = (s=Dh(ay)

/0\4=

/0\5= [1 —(s—l)cl]Xa,:n+ (o] nga,:n

where

Kapl (s— Dhla) = 23h(a)]
1= Vv
and

a; — 2
V= (= D2[Aa) ~ slap)+ 29 +2 536~ Ds(a) +( Syhca)
—2(s—1)h(a,)lgh(a,-)
From (2.4), the likelihood equation for ¢ is obtained as

Zal:n
=—%[s+(a1—1)%z:-nl) Zgn—(n—a)dZ,.,— ;Zai;,,

f(Za-:n )Za»:n_f(Za-_l:n)Za,-_,:n
D O e P 50 ]
=0

2.5)

Equation (2.5) does not admit an explicit solution for ¢. But we can expand the functions

f(Za,:n) f(Za,-:n)Za,-:n—f(Za,-_l:n)Zai_l:n

F(Za,:n) and F(Za,-:n)"'F(Za,--,:n)

as follows;
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Za n
LLoind » 42, e
Za-:n Za-:n _Za_.lzn Za,-_l:n
l f}('-‘(Z] _.))_F(’Za.f.(n) ) = ai+BiZa,:n+ 7/'212;—13” (27)
where
=F Y (p,)=—Ing,
A8 £(2,)
a= P, l+.*5‘,1+—-—1)al E,,,]
B= ffa‘) (o, + f(€.)]
__EIRE) = &) (6 (6D =60 (6 ) 2
4= pai—pai-l ( pai—pai—l
A& & AE) =& SE)
Bj_ ba -_pa -1 { ]-_Ea, pa,-_pa,_l ]
_'f(Sa _—J\sq 1— Ea, f(sa,)_sa,»_,f(éa,_l)
%= _pa -1 [ Ea = paj_paj-l ]

Upon using the approximation of (2.6) and (2.7) in the likelihood equation of (2.5), we
derive two approximate maximum likelihood estimators of ¢ to be

p—" 2—
G = B+“2ﬁ 44C ) 9 2.8)

where

A=s+ ]g(a,—a,-_l—l)a,-

B= (ag;—DeX,.,—(n—a)X,.,— 2Xa,-:n
=
+ jg(ﬂj— a1 = DB X ot 7 Xap i)

—[(al—l)a—(n—as)—s+]Z;(a,-—a,-_l—l)(ﬁ,-'*‘ 1 8;
C=(a,—1DB(X 4.,— ;)

3. Biases and mean squared errors

It is well known that the expectation and the variance of the ith order statistic, and the
covariance of the ith and the jth order statistics from the two-parameter exponential distribution
with pdf (2.1) are given by
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EX ) =p+o3y(n=+D)"" 29

Var(X,;.,) = ozg(n—k+l)"2 = Cov(X sy, X i), i<i (2.10)

Now from (2.9), we can obtain the means and variances of the estimators of the location
parameter ¢ as follows

E(8)= 6+oh(ay)

E(B)=¢6
E(G)= 0+[ch(a)+Q=h(aylo
E(8)=2¢

E(B)= a+[{1—(s—1)c1}h(al)+c1§h(a,-)]o

Var(f9\1)= o‘zg(al)
Var (6,) = MSE (8,)

- [h(az)'l‘h(al)]z [{#ay) — 20 a I az) el ar) + k¥ a;)e(ay)16

Var(@\g)=[czg(al)+(1—C)zg(ag)+2c(1—c)g(al)]a2

Ay 1 N
e [;gk(aj)—(s—l)h(al)]z [g(al)(jgh(al))

+h2(a1){§g(a,-)+2§(s—j)g(a,-)}

~ (s~ DiaDg(a) 3yha,)]e

Var(B)= [ [1- (5= Derliea) + ci( 3ea)) +2 55— a(ay)
+2¢1[1 - (s— e 1(s— Deglay) 1

From the means and the variances, we can easily obtain the biases and the mean squared
errors. The numerical values of the biases and the mean squared errors for various sample
sizes » and censored samples X,,.,,...,X,., from the above equations about the means
and the variances are given in Table 1.

From Table 1, 9, is an unbiased estimator and better than the other proposed estimators

in the sense of the mean squared error.
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Table 1. The biases and the mean squared errors for the proposed estimators of the location

4.

5.

parameter 4.

n=5 2 [ [ [ [
a; bias | MSE | bias | MSE | bias | MSE | bias | MSE | bias | MSE
1,2,3 4,5 0200 | 0.080 0.080 | 0.100 | 0.060 0.045 | 0.043 | 0.048
1,23 4 0200 | 0.080 0.080 | 0.100 | 0.060 0.044 | 0058 | 0.050
2,3,4 5 0450 | 0305 0305 | 0225 | 0204 0.129 | 0.129 | 0.153
1,345 0200 { 0.080 0 0060 | 0.068 | 0.054 0 0.045 | 0043 | 0.048
2,34 0450 | 0.305 0305 | 0225 | 0204 0.107 | 0202 | 0175
2,35 0450 | 0305 0.305 | 0225 | 0204 0.120 | 0.139 | 0.157
1,35 0.200 | 0.080 0060 | 0068 | 0.054 0044 | 0046 | 0049

n=10 2 0, [ b, [
a; bias | MSE | MSE | bias | MSE | MSE | bias | MSE
1,2,34.56.7.8.9.10 | 0100 | 0020 | 0020 | 0050 | 0015 | 0011 | 0010 | 0.011
1,2,3.4.56.7.8.9 0.100 | 0020 | 0.020 | 0050 | 0015 | 0011 | 0012 | 0011
1,2,3.56.7.89 10 0.100 | 0020 | 0020 | 0050 | 0015 | 0011 | 0010 | 0011
1,2,3.4.56.7.8 0.100 | 0020 | 0.020 | 0.050 | 0015 | 0011 | 0014 | 0011
2,3.4.6.7.8.9.10 0211 | 0067 | 0067 | 0.106 | 0045 | 0.026 | 0024 | 0.027
1,2,3.4.7.8.9. 10 0.100 | 0020 | 0020 | 0050 | 0015 | 0011 | 0010 | 0011
1,2,3.4.56.7 0.100 | 0020 | 0020 | 0050 | 0015 | 0011 | 0016 | 0012
2,3.4.56.7.8 0211 | 0067 | 0.067 | 0.106 | 0045 | 0.027 { 0035 | 0.029
3.4.5.7.8.9. 10 0336 | 0.151 | 0151 | 0.168 | 0.094 | 0.049 | 0045 | 0052
2,3.4.56.7 0211 | 0067 | 0067 | 0.106 | 0045 | 0.027 | 0043 | 0030
1,3.57.9.10 0.100 | 0020 | 0015 | 0033 | 0013 | 0011 | 0011 | 0011
2,3.4.7.89 0211 | 0067 | 0067 | 0.106 | 0.45 | 0.026 | 0029 | 0.028
2,3.4.56 0211 | 0067 | 0067 | 0.106 | 0.045 | 0.026 | 0056 | 0.032
2, 4. 6.8 10 0211 | 0067 | 0.045 | 0071 | 0037 | 0.026 | 0026 | 0.028
23478 0211 | 0067 ) 0067 | 0.106 | 0.045 | 0025 | 0035 | 0.029
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