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Estimation for the scale parameter of Weibull Distribution
Based on Multiply Censored Samples
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Abstract

We consider the problem of estimating the scale parameter of the Weibull distribution
based on multiply Type-II censord samples. We propose some estimators by using the
approximate maximum likelihood estimation method. The proposed estimators are compared
in the sense of the mean squared error.

Keywords : Multiply type-II censored samples, Weibull distribution, Approximate
maximum likelihood estimators

1. Introduction

The probability density function of the random variable X having a Weibull distribution
with the scale parameter 3 and the shape parameter § is given by

f(g@:%xs_lexp{—(%)a } 0, &0, x>0 1.1
Estimations for the parameters in the Weibull distribution has been studied for censored
samples. In most cases of censored samples, Estimators of parameters may not be obtained by
the maximum likelihood method. The approximate maximum likelihood estimating method was
first developed by Balakrishnan (1989) for the purpose of providing the explicit estimators of
the scale parameter in the Rayleigh distribution. Estimation based on censored samples have
been studied by many authors. Kang et al. (2001) obtained the approximate maximum
likelihood estimators (AMLEs) for the parameters in the three-parameter Weibull distribution.
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For multiply Type-Il censored samples, Balakrishnan et al. (1995) derived the estimators
for the location and scale parameters of the extreme value distribution. Fei and Kong (1995)
compared the mean squared errors (MSEs) of the maximum likelihood estimators (MLEs),
AMLEs, beat linear unbiased estimators (BLUEs) of the parameters in extreme value
distribution.

In this paper, we derive the AMLEs for the scale parameter of the Weibull distribution
based on multiply Type-II censored samples. We also compare the proposed estimators in the
sense of MSE various censored samples.

2. Estimator of the scale parameter
Consider the Weibull distribution with cumulative density function (cdf)
8
F(x,8=1-exp{~ (%)} @.1)

We assume that & is known.
Let us assume that the following multiply Type-II censored sample from a sample of size

Xa,:n<Xa,‘n<Xa3:n< ot <Xa;n (2'2)
where 1<g,<ay¢ - <a,<n
ay=0, ag,=n+1 F(x,)=0, F(x,,)=1.

The likelihood function based on the multiply Type-II censored sample (2.2) can be
written as

. a;j~a;-1—1
L =an Illﬂxai)ji [F(xa,-) F(xa;—l)] - 23)

(aj—aj-1— 1N

By putting Z;,= )is”;” , the likelihood function can be rewritten as

[Fz,) — Flz, %7 o fza)
;1:11 B

= (a,-—a,-_l—l)! (24)

L =n!

where Az2)=682""lexp (—2z% and F(z)=1—exp(—2z° are the pdf and the cdf of the
standard Weibull distribution, respectively.
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We have the log-likelihood function to be

nL =In nl —sng+(a,~ ) MF(Z,,,)
ﬁ(a, a;— 1)

2.5)
+ Zz(ai_ai—l_l)m{F(Za;n)_F(Za,_,:n)}+(n—as).
Then the likelihood equation for g is given by
dlnL Rz,) Rz,)
F /3[3‘*‘(01 D Tz, )za1 (n—a)=—m—— T—F(z,) %
+ 2(a—am—D) f(zF():) f;z)z + 3 fﬂ(: 2 @6)

The equation (2.6) can’t be solved explicitly for 3. But we may expand the functions

f(z al:n) f(z aszn) f(z ai:n) f(zai:n)z a;:n_ﬂz a,-_l:n)z ai1in
F(z ) 2% 1T=F(z,.,) 29" Rz, 2ow F(z 40— F(z4_.0)

in Taylor

Series arOImd ﬂle pOints éaly éas; Ea,, (Ea,’ Ea,»_l)'

- 1
Let p=—t7, F '(4)=[-n(1—p)}°=§;,, we may approximate these fimctions
as
Rz o)
Tz, Zans Ot 012 o @7
Rz oin)
T=Hz,.) e~ 8T 12 an 238)
F (24
f(za»——”) Za,:n20j+ YR ain (29)
Az on)
Fz,)—Flz, ) 2an~ 0T 1iZant X126 n (2.10)
and
Az 4:0)
F(za 'n)_F(za.-n) zai-‘:nzazi+yZizai”+x2izaj—1:ﬂ’ (211)
where
——ClEal
&)
n=C+

Dq,
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_ pa,(a_ 1- 66501) - Ealﬂéal)

Cl (ba')z f(Eal)
a;=—C&,,
RE,)
7:s=Cs+ 1—2.,
_ (1 —pa,)<6— 1_ SE‘Z,) - éa,ﬂéa,)
Cs_ (1_pa’)2 f(Ea,)
a;=(6—1X1+ 8 £°,)
y=—0& &, °!
_ (6—'1_8 Eaa,)éaﬂéa,) Ea,-ﬂf(éa,--l)_éaif(éa,-)
= Po,~ ba,, T b 2a )’ S ftE)
_ 8(1’— 56(,,.) ﬂ(éai)éa;
i~ pa,-—pa,--x f(éal)— [ﬁa,«_pa,_,lz

1j [Pa,- _ pai—l] 2

_ (6_ 1-4 Ssa;_|)5a,_,ﬂ5a;_l) _ éa,,,f(éa,_,) - Ea,-ﬂsa,)

%= o~ Da,., [$a,~ 0a,..)° fa M)
K&, IREDE,,
T b, 1
and
- &) Plea )6,

f( Ea,v-l) -

T = b, [bo,— 01"

By substituting (2.7), (2.8), (2.9), (2.10), and (2.11) into (2.6), we obtain the approximate
likelihood equation for £ as follows

Gl = —Llst (@ - D@+ nz—(i=a)at 1z,

+ lgz(aj"‘ aj—1— il (01,'— (1’2,‘) + (71,'_ 72)')za,-+ (xlj_ szj)za,_,] (2-12)

+ g(a,Jr 7)20,=0.

Upon solving the equation for B, we derive the estimator of g as follows;

o~

_B
g =8 2.13)
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where

A= —(a— 1)71Xa1:n+(n_as)7$Xa::n
- ,Zz(aj_ a;—1— 1)[(71]'— 72;')Xa,:n+ (xli_ij)Xa,_,:n] - ]; 7/'Xa,:n

B=s+(a,—Da;—(n—a,)a,+ ]g(a,-"'d,‘—x—l)(a'u_ ay) + ]giai

3. Estimation based on the extreme value distribution

Let X be a random variable with pdf (1.1). Then it is easy to see that the Y= InX has
its density function to be

| =a (= 1)
Ryud)==e ° exp{—-e d } @B.D
where 0:% , #=1ng and its cumulative distribution function to be
{y—p)
F(y;ﬂ,6)=l—exp{—e ? } (3.2)

That is, Y has the extreme value distribution with the location parameter » and the scale
parameter o.

By putting Z,,= Y"—';——’i, the likelihood function can be rewritten as

[F(z,)— F(z, )17 & fz,)

7= (dj—d,'_l—l)! =1 0

L =n! 3.3)
where Az)=e"exp (—e*) and F(z)=1—exp(—¢°) are the pdf and the cdf of the standard
extreme value distribution.

Then, the likelihood equation for 4 is given by

dInL _ Rza) 1 Rza) 1
ou ~Ha=Dpg (=) =) TR 5 (=)
Rz ) =Ly = fz, )(=L)
+ 3(g—a-D) A A G4

f(z,)

1y
+,= f(za,) (_0_)—0.

We may expand the functions
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f(Z alzn) f(z a,:n) f(Z a,:n) f(Z a,:n)—f(zu,-_,:n)

F(zalin) ’ l_F(zas:n) ’ ﬂzal:n) ’ F(za,:n)_F(zai_,:n)

in Taylor series around the points &,, £,, &,, (&,,&, ) as follows;

and

where

Rz op)

) =08 THE 0

Rz 4in)

_1:7’(—2_,,-,,7 =gt Yr24:n

JACI

R 0BT TB2 0

f(Z a,-:n)

Flz g~ Flz, ., Senit YniZont Xni2ain

Rz 4;0)

F(Z a,-_l:n) _F(za;n) _aE2j+ YRjZ a;=n+ XpjZ g a0

A&,)
aQp = ﬁéa, _Aléal
ra =4
_ (1—e"™)-R&)
A= L A&
Aps™= ljiégz —Aséa,
7Es=As

(1—e™)1—p,)+AE,)

A=

(1—p,)* ea)

&, s
agi=l—e"+e’&,

_ &,
Yg=—¢€

Ké,)

= gy~ A Bk,

Tmi= Ay

xp;= By x;=

A&, IRELDE,,
(s, — Da, ]2

3.5)

3.6)

3.7

(3.8)

(39)
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(1= e")ba,— pa.) +AEL

A= (bo— 1) Réa)
RENREs Ve
B3, =0, T’
A&.)

aszj= m + B]jéa,-_ BZani—l

and

=N by ba I+ A
B [pa,-_pa,_l]z

Réa ).

By substituting (3.5), (3.6), (3.7), (3.8), and (3.9) into (3.4), we can obtain the estimatior
of p as follows;

Bg

=2t
E
where
Ap=(a;—Drn—(n—a)yg+ g(a,-— a1~ DI (rmi— )+ (xmy— 2 )] + gm
j= =
Bg =— (al_ 1)(0’E10+ TR Ya,:n) +(n— as)(aEs0+ 7&Ya,:n)
+ ]Zz(aj—a,-_l—1)[(am—am;)a—(rm—m;)Ya,.:ﬁ(xm,-—xm,-)Ya,_,:n]
-— lg(O'E,‘O"" ‘}’E,'X a,;,,).

Since 4= Inp, we can obtain the approximate maximum likelihood estimator of g as
follows.

Bg=e* (3.10

We simulate the MSEs for the proposed estimators of g in the Weibull distribution and
extreme value distribution for various censored samples. The simulation procedure is repeated
10,000 times in multiply censored sample with 3=1,2 and sample size »=5,10. From Table
1, the MSEs of the 7, is smaller than the MSEs of the fj in the §=2.
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Table 1 : the mean squared errors for the proposed estimators of the scale parameter A

MSE

n k a; =1, 6=2 =2, 6=2
B Be B. BE

0 12345 0.049 0.050 0.194 0.201
1234 0.060 0.061 0.240 0.243
1 2345 0.049 0.050 0.195 0.200
5 1345 0.049 0.051 0.196 0.202
234 0.060 0.061 0.242 0.243
2 235 0.050 0.051 0.202 0.205
135 0.051 0.052 0.202 0.207
0 12345678910 0.025 0.025 0.099 0.101
2345678910 0.025 0.025 0.099 0.101
1 123456789 0.027 0.028 0.109 0.110
1234678910 0.025 0.025 0.099 0.101
1235678910 0.025 0.025 0.099 0.101
45678910 0.025 0.025 0.099 0.101
1234567 0.035 0.035 0.139 0.140
3 3456789 0.027 0.028 0.109 0.110
10 2345678 0.031 0.031 0.122 0.123
23468910 0.025 0.025 0.099 0.101
34578910 0.025 0.025 0.099 0.101
34567 0.035 0.035 0.140 0.140
23456 0.040 0.041 0.162 0.162
45678 0.031 0.031 0.123 0.123
5 246810 0.025 0.026 0.101 0.102
13579 0.028 0.028 0.110 0.112
23478 0.031 0.031 0.123 0.124
34689 0.027 0.028 0.110 0.111
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