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Geometrically Nonlinear Analysis using Petrov-Galerkin
Natural Element Method
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ABSTRACT

This paper deals with geometric nonlinear analyses using a new meshfree technique which improves
the numerical integration accuracy. The new method called the Petrov-Galerkin natural element method
(PGNEM) is based on the Voronoi diagram and the Delaunay triangulation which is based on the same
concept used for conventional natural element method called the Bubnov-Galerkin natural element method
(BGNEM). But, unlike BGNEM, the test shape function is differently chosen from the trial shape
function. In the linear static analysis, it is ensured that the numerical integration error of the PGNEM is
remarkably reduced. In this paper, the PGNEM is applied to large deformation problems, and the
accuracy of the proposed numerical technique is verified through the several examples.
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W Mot e AfUSltest function)$ NEF4(trial function)?} T2A HEHE HEZZ-Be
(Petrov-Galerkin) 7Adol 719te 53 glch wetd, AAEL H2e $¥e HE2Z-BY Fd2ry
(PGNEM)ol2t F33Qk®® 2 =204 PGNEME ol4% 788y v4dy wau #HYe AN,
XA £3 PGNEM A5 ¢& HAF3x=5 .

2, HESZ-PMYU XHRLY(Petrov-Galerkin Natural Element Method)

21. Xt ol B 2ZHE=(natural neighbor interpolation function)
B =24 Rixo] gololads daksy AxstE 23%4d §29S(Buclide) FU KM AR
WA, gugel A2 ge 3 A¢ P & B 2o yehd £ gtk
P={p,, b2, D3.". Da}, P1ER 1
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A 9o, 802 tedt go] Hegt”
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A7V, w; (I1=1,2,-,m}E mAHe] AA o2 Helxe A4 HeE guids, ¢,(pE BH pol 87
8 Laplace 3848 Uehdth. Laplace B B4 dd A4S A Fa2d7olN d&
ATk

Delaunay Triangle

a4 1. B2x0] golojast dahoy st a9 2. AA ol% 71 Laplace B

22 "Weley MY gk AlY Halgs

Sukumar $°"¢] 7|2 BGNEM(Bubnov-Galerkin Natural Element Method)lME AE 2 NS E
Laplace B8 ol 83t FAsG o, ol HES,] Axgdn HEGHe BEIXE Fdsto 4
23 JEAL H3E oA o9 e HEQAZ st BGNEME AN E $HstA 23 2
gt ohdEl, F2H 4 (asymptotic convergence)S RPsHA Rt ASE HASHA Svh ARES A9
AroAE olgd HAELAE AAE] 3t NPT AANIEE ARIEH A P I
< ANFHULEY o)k 7|Ee Huwz A7 Jute] Ade iy g ARHSd NPFSE G2
T/437] Wi FEZ=Z-A7] 7Nty Adssgoes B F gtk A, M2 AA8ALYEE 71EY
BGNEMoel t¥}3te] PGNEM(Petrov-Galerkin Natural Element Method) 2 & %34t}
PGNEMeIA A@gse debey A4y 7lwte] 338sg ol&std FARD F Ax ¥438<4(tral
shape function)¥ BGNEMY] A& Laplace ATFE ol 8313, AlY PAFe4-(test shape function)
© g2y AAEe] AFE o143l AFA FAY olEF d9y A4y suke FAISE
CSFEM(Constant Strain Finite Element Method)'”9] #4349} $d80, HEAGMY F5ARL FA
2 H# (barycentric coordinates)& o] 43t 4& 4 Ut

a9 3@dA THE ¥AES gL Le 44 1 & Y 2394 AR § 495 Fd,
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HEGGol &3 dXEHA =v, BGNEMY 7b3 2 2l HE9 2R 98 218 34 Y #
AA €k PGNEME ©]-4¢ X% A& 4 (linear static analysis) & HEQ o] thdt 7t FnEH%
A #308 $ Utk

- 335 -



! 2

|
i 1N

1- Sub-domain of <Y, 2-Sub-domain of Q)
3 - Intorsections of (!, and Q)

Delsunsy trisngle based interpolation
]
constant strain finte el (CS-FE) shape functi

(a) PGNEMIA 8} A8 3334+ b) N8 2 AE B3PS 2A9S
a9 3. HE2Z-287 3 LAHUPGNEMAIA J33e A9

3. J1SH& vl MY P48

31. 7] gakol izt oF HAlg

A ddo] Q*tlo)m AAZ M WY Fo| ddAS A 999 BAS upe} w2 #Ad
We] 7 7+o] W47 (essential boundary) IB'el $4Hx, ¥R #7'o] A7 (natural boundary)
e mal Zess SARAd a§ A8 FPERALS ud AR Eigs }

36,','+l
—a-;ct,_’,—ﬂ-+b?+l =0, in Q! N
p)
W=, onIBY, ont =% on L ®

A7\A, oit'e BY e Cauchy &3 WA (stress tensor), e AFE L ot

A (e FAPFAl i ok ANsHweak formulation)E ;A AH A=Fitrial function)
ue V=[H(Q""H]*3 NPF4(test function) ve V0=[H},(Q”“)]Z% AR 47N, H(Q) ¢ 1
2ol Hilbert F+272 ugit. 4 (Dol APFSF 0,5 Fotd AA 99 7' digte] A2 F ¥
2ARH 244 (divergence theorem)& A48 AFHoz thgd & o YA A& & At

dv;
n+1 : ntl _ n+l +1 nt+l n+1
[ .d ST 4@ [t odr J, .07 vide (©)

A 99 o AN Qe WY ¥ Y Juld] EBF EA 99¢ vedrh $A AFE 3A
4 oAy Baoly 27 B4% 9y F A4S 2 Aol Boly] WEd JY Fhe) 4 0M'e X
o AuEli 2 4 ok wad, 4 99 AWAY e s, gEA 9 3% 5 ¥z R
(reference configuration) 2729 AFH(mapping)ol Y83tk £ =FoXe e} D Ja3A A2 3}
(total Lagrangian formulation)& H&3hm, ole &2 ¥o2d 27 ¥4 Q'8 A8 8¢ 9vdd
old] wel 4 (98 27 FA 0°2 NG, thg A 2L HFHQA & Yoz AFYHo Aot

n+1lpentl 0 _ 0 0 0
fgﬂSij Ejttde = Jmtividfo"'fgobividg (10)
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7|1, W8 F AT x7] AT DAL WYERE FI BB (determinant)e] 95 2@
axrt!
dx!
Sl & z7] gAd W@ ¥ME X A 23} Piola-Kirchhoff(PK2) 3-8 2u|3ln, th&9] #4 4 9

& Aejgct?

dQ”+l ]»-HdQO IF”+lidQO - dQO (11)

gnt! _]"_lﬁ ForignrLpnl 12)

Eg, Eif'e AERS ool o8 FAHE 9YEN BAE dM2A g o] R

wtl, | m+l _ 1[ 9v; av, durt! Gv,  Ov, duit!
EFf'C ", 0= [ o 7+ Py + ol ox + 20 axd (13)
8, Green-Largange(GL) W& @A = A (149} Zo] Aoag ™
b, ntly _ 1] 0wl 3wl duptt dupt!
E; ' (u ) 2[ X, + o + T o] (14

A drtist dr'e W vld o8 23 W(scaled) ERFo|W, HE do"T'H dO°) A Hld] o3
ZAE APolth WA, Aot bl 4 (159 2L BAS /M

tq =An+lt?+l ’ b? =]"+1b§'+1 Al = jn+1HFn+1 | a15)
A71M, nle dr'dl £ @4 deoln, A1 Nansond] B4V 2%E FoE B wlo.

32, o HAle] My
A (109 & AA2e] dYsHlinearization)& A3 Z+ HEA(integrand)E Taylor 5 AAAIE &
B g H¥5Y o Py 4L £ A
f CluEL Enadd + f SIES dQ® = f R, d® + f o d@” — fgo SEELQY (16)

A71M, Sie n AA HEY e ASE PK2 $ein, Eit 2 (13)90A o' didldl ufo] diyd
Ao n ¥4 HEY FddA ALE GL H¥Ee WRoz A44d 5 ok WU, 4 = WY F
(displacement increment)& &jv} i},

Cine n A HY Feolre] HAH 84 "M (tangent modulus tensor)ol®, Ejt EZE 242 4 (17a)
s} (17b)s} Zo] Aojdr),

A dui | du;  dus ou’ ul, du,,
EZ = .y i J m m m m
() 2[ 3x? + ax° + ax° ax? + ax° ax? ] (17a)
a a _1 Uy Ovy v, Oupm
Ei( u,v) [ o o + o (17b)

dgsd 4 109 4 BARE W8 YA(teration formSZ T 27, thg3 e P,
( A(k+l) (k+1)
JoCRELEPa + [ SPES" a0 = S iPviar + [ bPvae — [ SPEPae 13)
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a7|d, AR WE nd AR 3E DAY () A HES Yehie, o0& (ke]) WA W9 2oz
FHEE AL Itk 4 1994 & & %0 43 BAS YehiE AuAE By Aaan AN
@ W9 ZROZHY (k+1) WA WE T Wyl AN

A kD

wtt) = u® + u , k=0 (19

33 MysE o HAIS| o|ME}
AP o ZA3e ZAHE Fa7) A8 FE 1,049 99 22 4% 3 APF(est function)
vE T A3} o] HAEH4(shape function) ©| &3k o] AFeTH

A @D

=g ur" =240, (20)
71N, ¢, ¢ 44 AF 19 HFE A Z(tdal) € A ¥ltest) FAFSFon, B =ZdMEe AL §
AFFEM B2xo] golo]aPg Jurez ¥ Laplace RIIFE, AF A4 N 989y A8 e
Zlteo 2 & dA HWYE {382 (constant strain finite element ; CSFE) 7} A &4 (basis function)}& T¢
g},

2] (2005 ol43te 2] (18)9) oF BFA3E o3 IY g PFWAHAL 4L F Qo
[KP+ELIw =78- 7% @
A71N, [KP] & [ KP)e 24 84 B4 2939 A(material tangent stiffness matrix) ¥ 713t HA
73 2 (geometric tangent stiffness matrix)& UYehl®, £ ¥ o} B = 242} 99 e (external force
vector) 2 W2 el (internal force vector)& ¢ju] g},
A CHERY k+1) WA B8 F9 49 FE £ 98 F I A5 BES 53 n+l HA 3F 9
o] HPdeol 3T sl(convergent solution)E AL F gow B =T A FdAJHES a3
7} 913 Asle 33 BdY P 2A(convergent condition)E Ao HLgT)

a e+ 1)

| 2 l (k+1) (k+1)

iy — (k+1) - - f

AU = 1‘_ FF1 Saul u | y Afml= lfm T int Saj| f;;*'l) (22)
I u I l fect

ANM, DUy R A S 22t ) ¥} SE(relative displacement increment)®} o) 313 2ke] (relative
force residual) S Yeti™, a9 o/ 247 WS 8F 9 £Y71F A (convergence criteria constant)Z
A B =294 E IE-58 Hedt

4. X X YW

g4 A% B4 292X Saint Venant-Kirchhoff €4 A2 & 293909, 44y 2ARA WG
AR 9% #<(strain energy density function), PK2 €3 9 HAH 24 dA: g A3 o] FojA
E]_.(ll)

W(k+l)=_%_ C,{,'LH)E},}EH)E#H), S,(jk+l)= C!'J'ME;:.*D’ C,(j::l):/iaijapq‘*'ﬂ(sipajq'*' 811181'#) (23)

A71M, A%} pE Lame’ A5oll, SPHVE (kDA WHE F9f PK2 $Fojct
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plane stress

h=2mm
t=1mm
a=12°
E=4E9Pa
v =0.0

r=855mm| °

29 4. FA(arch) 4L A 2d J43 2F X

Under uniform pressure (33 nodes)

Under uniform pressure (63 nodes)

204

0.0

204

1.0 4

Presswre P (MPa)

e Anglytic Solution 054 = Analytic Solution
o PGNEM o PGNEM
X BGNEM X BGNEM
4 CSFEM & CSFEM
0.01
T T T T T T T T T T Y T T T Y T
0.0 05 1.0 15 20 25 30 35 0.0 05 1.0 15 20 25 3.0 35

Vertical Deflection 5, (mm)

Vertical Deflection 5, (mm)

29 5. o}x 2de] i@ A o=

. S Y (@ #A4 29 (b) PGNEM 23 (405 24)

29 7. PGNEM3 BGNEM &4 ZAxe| wliw
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HA, obA(arch) Zdo) g A& sPsiov, a9 49 AY 2dd A E¥XE =A%AG 29
59 A & & 1%l CSFEME AFL o|&39 A} vl¢ & Aoj& Bolx lou, PGNEM#H
BGNEM9] Z¥+ 3L 9 AYo2E o J&¥ ZAHE 4333 Ao o2 19 6()d A
R go] w7y & 7289 59 AHHE Y 2EE o839 AN, 24 6(b)E dF27]9
& PGNEM A3 ¥3E& =AE AHolth ¥ 7o BGNEM# PGNEMY s4d7et 94 fFdasd &4
EZ23%A MSC/MARCY Z3#E vl2dtden, MSC/MARCH 2= 834 248.4(F 1613 BA)E °
83ka] AN AY. 2ol & ¢ ARl PGNEM3 MSC/MARCH Zae A9 4H3A g3y,
BGNEMS] A& td 24 4F=H3 Y. o2 Zde gudE U 7133y add HYdMxE
AGE PGNEM9| 450l 7]&<9] CSFEM# BGNEMd vl3) $53itte AL noEd
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