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Design Sensitivity Analysis and Topology Optimization of Heat Conduction Problems

ABSTRACT

In this paper, using an adjoint variable method, we develop a design sensitivity analysis (DSA) method
applicable to heat conduction problems in steady state. Also, a topology design optimization method is
developed using the developed DSA method. Design sensitivity expressions with respect to the thermal
conductivity are derived. Since the already factorized system matrix is utilized to obtain the adjoint solution,
the cost for the sensitivity computation is trivial. For the topology design optimization, the design variables are
parameterized into normalized bulk material densities. The objective function and constraint are the thermal
compliance of structures and allowable material volume, respectively. Through several numerical examples, the
developed DSA method is verified to yield very accurate sensitivity results compared with finite difference
ones, requiring less than 0.3% of CPU time for the finite differencing. Also, the topology optimization yields

physical meaningful results.
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A4 ARAAY BEALE F2EAM 27HE ATl tdto HAHG Folopx g AA = Aol
t}. Bendsge$}t Kikuchi[1l9] #3233} %¥'H(Homogenization Method)& o83 A4 HA AA
olFe FBE A4 A AAJ WY viAY FzEA dEA FAse] 2] 944 FF
AAE B 59 AA d5E I3 Q7] didd F2 HA Fejel 712 HHI YEs
o] g3t & T3 ofrje] WEHog QFHE A ¥gd oigt s A UR=E
igHoz 7 vk B AA URAE 4 il FoA dEAE 7N de o=z
ER(Adjoint Variable Method)[3]°] 7} &#Holn RA&e}A A 97AEE Fiie ez
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delA o 4 HHAA NN EQA o] &1 gtk olx A&AE ez s WE 9UA
Aol AARS tig 13 MES HAFo=A 48 F Atk AF7AA AEE 9E4A 7w A
A 972 4 PdAs 2 7HA JeY HdA bFE OE § Utk # =39AME AE B4
Aot 2L v FA AARSF dF AEA JW A 9ZE Y EE AREe B A
A ¥ A= A dF ERHQA 4A 94T HE AT 2 FlME B dg A
3y dAx FAlol g A} BA A F¥ 2 (Weak Formulation) & F= 31, 3 FollMe

SR, AeTsa 248G T AT
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A& 7lwtoz 3 A wEH(Direct Differentiation Method; DDM)# o] =ZE H(Adjoint
Variabel Method; AVM)E AHEE HARIZEE FE3UY. 4 BolMe A A4 dia) 3
BN fEd AA NAEE A 94 AF A Qi A4S FEAYL sARe 5
Fode B A FXF dAE e HAAA HA NBEE 7T AR vagoz A
A8YE Bolxn, FEE AJ=ZUE Ho] AL FHA v EEHYS B} 13,
A4 AAsgd B B A JAE Bt de Ayt B BN ol BldEgS
3ok

2. QN BNo| Xjuj WYL o HiEL
33 194, ZAY Ig 719 4938 99 Q2 ojFo3 B4AE A4 Fo47 34 =4
& &% ZA(Temperature Boundary)3l I7, 94 ZAA(Flux Boundary) I'7, 2231 thF 27
(Convection Boundary) T27} 9131, £8 TRuUTFUTZ =T A7 dozn a2 FoiA &4
Ax W5 29&(Rate of Internal Heat Generation) Q & Fol3 AAZAY 9F& =) 2
= AA [PoXe 52 T, 3k, 9% 3A 1 olN 44 q & ZAR F43 844
2z sedn Adc a22n gF AT A4S F9 25(Ambient Temperature)S 7T, 2}
A AANAY 52 @9 WE ng AAN FASA GHA GR2 ks Pgos Jou)

0
1, Ir

a9 1 dAE BAA

&% 99(Temperature Field) T oA A A8 AT B34 L& thg3 2o

_’d:ii =Q (i=1’2’3)’ (1)
A71A, k& SHA(isotropic) EA 9] & AR AFRE &R JFE B4 g Y. o
A AFE SAdA XHd FEHE A 24L& g3 2ok

T =T, on I}, (2
kTn,=q on Iy, 3
KTin; +h(T-T,)=0 on T7, (4)

g7 h & % AZF(Convection Coefficient)olx %o @S ze=vh &) F7H(Trial
Solution Space) Y &= th&3 Zo| Aol €}

Y={Te[' @} : T=T, on I}}. ®)
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T

7F¥ 2% 27F (Virtual Temperature Space) & T3 Zo] Beldt},

e

F=(Te[n' @] : T=0on 12}, )

#(Homogeneous) A7 ZAL #E A7le A4 ¢ T & ol4std 4 ()& dew 2

o] f¥AoT FHAC

rir

[ «T,-0)Tda=0 forall T, ™

G714 AL 7 459 P (Principle of Virtual Power)’& 3l &9 Alzholl thsiA
AES 3, ‘7MY 49 ¥ (principle of virtual work)"#t1 £ itk AA A A(2)-
(DF o833, A(De d&F 2o £ + Ut
{6,107 ,d0~ [OTdQ~ [ gTdr+ [ WT ~T.)Tdr =0, forall Te¥. ®)
22 oidha] M3 o oA FA(Thermal Energy Form)& th23 Zo] Aojgic}.
ATT)= [ 18,7 d+ [ prTar. ©)
250 sl A¥HQ 8F F4(Load Form)& th& Zo] Fodie},
L(T)= LQTdQ+ L qTdr + L hT,Tdr . (10)

289, A8)S v o] g € F Ao
Find T €Y suchthat A(T,T)=L(T) forall Te? . (11

3. & JlEle] &7 BIAE A

3.1 Direct differentiation method
Z 229 9 AE AFE o]FojA v A HA dF uE 1y & w, FoijF AA A
udll didfA, A 1) g3 go] TdE 4 Atk

Find T €Y suchthat A4,(T,T)=L,(T) forall Te?, 12)
71 "z we A(12)7F A B dE) HMES HAE o 74 P o] A Wy IS
Btets 9otk A(12)8 AA ¥4 uel s 14 ¥ES A o AE & £ Uk

AT\ T)=L,(T)- A, (T,T) forall Te¥. (13)

oz GAE AN AHEEA B ERF5E AL FHE JYEuE O 2

v=[g0T,VvIdQ+ [g,@T,VT)r. (14)
A(14)o) sl Aol g 12 AES FHEW s 4L 48 4 Qv

v = %[Lgl {u+76u,T(u +76u),VT(u +r§u)}dQ+ [ {u +76u,T(u +‘r5u),VT(u+r5u)}dF

=0
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= L(gl,u‘su+gl,TT'+gl,VTVT'}iQ+ _[.(gz,u&'+gz,TT'+gz,v7VT')dr- (15)
A(13)AA A& T' & o] &3t A(15)9 B go] g BA WA=EE 44 78 5 Aok
3.2 Adjoint variable method
AQEZJAE HoME AL EAld g A=ZUE AL L3 o] At}

A, 7)= L(gui +gLr VA HQ + I(gz,TZ +820rVAMT forall 17,  (16)

4714 A& 2L AAZRAL UFHE AJE uRUE ot Te¥ olx, 1ef o=
2, 2(13)& ggd &l & 5

A (T, A)=L,(1)-4,(T,A) forall 1Y an
¢ T'eY 3} Ae¥olnz, A6 ded 2o & & Yok

4,(NT) = L(gl,TT'*‘gl,VTVT')dQ*‘ ‘[(gZ,TT""gz,VTVT')IF forall T'e¥. (18)
A, (e,0) & A Aatz(symmetric operator)] 22 thg o] A},
A4, ) =4,(A,T). (19)

A0D% 419e A2 BoBD, Bedt 2L 4 & & 3ok |
L(g,,TT' + gy VT HQ+ I_(gz,TT’ + 829 VI ML = Ly (M) - Ay (T, 1) . (20)

A0)E 4156 A Bg Ao dojet,
v'= L £1,00dQ + ng,,,&ndr+L;;,,(/1)-A;,.,,(T,/1). @1

ARDE Aord, o=2JE AANARE To7 A 24 $F T & o=xUE §8Y
Ang dez e AS ¢ F Atk AQDY A&YH FEHL 53N Asien

4. A HH dAl9| Frl%
A2 FFHAE A8 AR EXE O dA T Aold d&HA e #T AT AsYE
(Normalized Bulk Material Density) &4 # & EH3IT. 43 22UL o) 8317] 98 99
& NE 719 242 od3@ 8289 W3, ARLEE 74 Q4vd dAGL FH A8 &
EE O3 2ol 33 & F U
K; =ul Ky (i=1,2,...,NE), (22)
O<u,, <u <1, (23)
Ko e ARY @ AT Aol P AFHE AE EEXE A% ¥ A (Penalty Parameter) ©]T}.
FAH Eol3 (Singularity)& H3}7] A8 HAAH p & FA3AUT ol ddA HAt HAH A
A FAE o 2ol AA3E 4+ .
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Minimize T1= [ QTdQ+ [, qTdl + [, AT Tdl, (24)

(25)

allowable

Subject to LudQ <V

ANA V yasie = 8 AEF(Allowable Volume)S vl @ttt A3 HA A Astq oS 4
3} Zo] & AZto]AX(Thermal Compliance)E A <]}zl

v=[gWT,VI}dQ+ [g,,T, VTl =L,(T). (26)
21(26)8 AA W uol 3 13 HES HIE gg S 45 & ¢ vk

y'= L(gl,u&l +g 7T "'gl,erT')dQ*’ L(gz,u&‘ + g2,TT'+g2,VTVT')‘1F

= [OTdQ+ [,qTdl + [,hT,TdT . 27
4714 g 4ol AHHA.
L,(T)= [ g,.00dQ+ [ g,,0u0dT =0 (28)
JEZUE AL ug Fo] £ F Ut

4, (/1,,1_,)= L(gl,rz"‘ gl,VTV”{'_)dQ + _[_(gz,ri*' gz,VTV/T)dF

= LQZdQ+ I_ q,1ar1*+_[r hT 2dT (29)

D3 40)E vEs BY g BAY 4du.
A=T. (30)
4(26)% o83k, A AFold 2ol e 47 URE A& thest go] AL F Utk

v'= [£.00dQ+ [ g, Sudl + Ly (T) - 45, (T,T) (31)
A8)st AEDE 1§38 the Aol HE= e,
V' =-Au (@) == | T,x8,T,d0. (32)
5. 212 oixy
5.1 QG AI:=0f Tt 259 A s
L= A @4 FEF HA U= 1Y 4R 584S gYErl A8 a9 29

B 2de AR F9 2= T,=20 TH 33, tif zdo] Ju vidg AN =&
Aol 2gstn JAokn AR 4% ¢=100 (W/m®) 7t B vig FUo] 7 Ax F
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AT AFe dF AFe 44 x=14 W/m-°C), h=20 W/m*-°C) e FU}. 4A 4=
BE 829 dAE Afoln B F5E 2219 AP 250tk 2¥W 3L 221W M o
AE Ao dE 2= 47 9FEE ENE A3, GAdE 4 dF0) 7MAE £I0A4

=]

Mg agEte A% ¢ 4 99,

T ey
11 e

Ehment 127 H U] o 252
\s\ i

Element 25 - H [~ Node 221

N i Flanent 171
Ta~ 20T 9]

I 248 3 24 2¥ 3 94E Al A URx

E 12 4 8249 A9 ﬂl—’F(x Yl distd, 221 W A9 A WPRES {3 F2Yny
g Aotk dT,/dx, & (7] DDM EE AVMLE T3 Hy AA
NAEE deU™ AT, Ak 2 #8 P2 7@ 4A UREelt £ 19 oA
4¢ B9 3 A3 H44 Aoz 7@ AA URE o] AY AN AL & F

Table 1 C

parison of design

Table 2 Comparison of CPU time

Dosign T Afy /J(%) CPU time (seconds)
Varigble o] .l oM DOM (DDMEDM %) AVM (AVMFDM %)
e -TRI047043x107 7.89057786x107 1000036

o -S2mumsa0t 8285138008104 0001 2048292 1421052(5.296%)  0.100144 ©247%)
K 275000803x10% 275004899x10° 10090149

K 821570461107 821582671 X10° 100.00149

K 233197840x10° 233012854109 10000148

K -120091450x10% 27.20101849x30° 10000144

E 28 HA 9= A A DDM & ol£¥ Wit AVME °]&¥ wie] At AzkS ulmd
Ao, #F ARUY vITAHNE DDM & F 35% AVMS o 0.25%2] A4 Ago) A8
S92, AVME DDM9] ¢ 0.7%9] At Azl 22 H A4S & & Uk

5.2 & 2= dA| ol

3¥ 46 & 47 2 2A6A9 94 HHLAE £ & Ado|th ALEF 249 £ 400
7} ol, 7hE ASHLE 30%E Fh T3} A3 EFX HFE A3 HF LA (Penalty
Parameter) P = 302 3t 2479 AN 4, dF As, L= A 234, A= Ase
242t ¢ =100 (W /m?) h=20 W/m*-°C), T, =0 (°C),k =14 W/m-°C) & FU}.
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29 4= diF 230l glol LE AAZAH 2EF F9o @ fdol AN AL U, YR B
£ QF ZANT1UA £33 94 24 WA Aol

= o o o Tomparstice Boundary.

LN = P By

100 /nd

1
Heat gmaate @

(RN SN
IEEREEN)
1T

-
=
d
7
N

(@) A% gurd (b) Q=0 () Q=100W/m* (d) Q=500W/m’
a9 4 9y AN R 2d g wE JAdA A

¥ 99 QF FHAUA Ushbe 94 A34A Fsholn

2 @int cyrancans Convection boundary.
] T
1o
Heat ion rate Q-
(a) A1z Pued (b) Q=0 () Q=100W/m* (d) Q=500W/m’

a¥ 5 48 JHA WE 2d g e Y4HA 29

a¥ 4% 39 594 & F IR0l UF 2dge] FUl3tel wa, 49 HRAFE AMF Fo] W
L2 Wie £ A2l HA FUEle A ¢ # St o E¥Fez AAFY 2%
EEE divde ¥ T Aot a9 62 7|38d 2dE d2A st a¥n
of 443 UlR 2d g QE 1000W/m’ & 7ML dol 944 JHdE Fas7] Aol H|F 43
g Fo 2= BEV NAHANS S BAFE dAoth 4 HH AHA AdE &% B¥}
34.33C~194.03C FERAT A4 H4 HAE +39% Fole 25 E¥J} 961C~153.80C
AER o dAlo disis HEH o2 257t Weizte s B
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e o v wu Tomperature Boundary
To=0C = Flux Boundary

(a) AAHZ Hed
T L EyERERERRREEE
¥ ! {I,,_,,P }“ ! | // / P.ms} ! z i I ol ry
foom { [ masl as | o /uzzs\ ®e uvs.um sz he ol 1 b
& \‘ I | ' \ s A PN \\ \ \‘"“I ‘ o™ ‘usas\'ﬁ‘”\ ‘ms;s(‘\‘ e
ALty wh LU LU LT
() B33} 4 28X (@ H¥3 ¥ L2
2y 6 A4 B3 % 2EEE
6- aE

B =RAgAE AA AHdgMe dAdg FAd W@ ARAE fkstq AR
EZJIEYE ol8&3id A& 7iwte] MA UA% A& AT T3 UG £A disA
qEZAEHRS olfsld, 94 HAFEA JUS AL J=xJEHL o FiAZ

A28 fEG2E ALRE7] Wi Au & ““ﬂ’ﬂ—% A7 g3t 8 A& Qs A%
ARHAAEZ dstod 4A BFLEL ARUEE Assste] AMEsIRH 283 948 7HA] £
dAE Fad, 43 AR vl {EE Ao 7 AA URE gl W FE%S
B2Ach =3, $PE A4 AFd EYHLE BBYE ¢ & da BA”AC vt 45

P o9dge vgd mwa o g g¥ e F USE gdsigid. 94 A
FY=7] Ao = BX £3P9 Fo ¢ FEE 03 F7YY 2 EX AA 2A
NAHASE & + Yo
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