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Dynamic Stability Analysis of Non-conservative Systems
under Pasternak Elastic Foundations
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Lee, Jun-Seok Kim, Nam-1l Kim, Moon-Young
ABSTRACT

Mass matrix, elastic stiffness matrix, load correction stiffness matrix by circulatory
non-conservative force, and Winkler and Pasternak foundation matrix of framed structure in 2-D
are calculated for stability analysis of divergence or flutter system. Then, a matrix equation of the
motion for the non-conservative system is formulated and numerical results are presented to
demonstrate the effect of some parameters with using Newmark method.
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S84 FolidlA HAFGHE FFELS URE HEEE(conservative force) 22N XHIA AU E 72X
gt Hl B & (non-conservative force)2 XHA Y& 71 4 Qe §& Tl X9 HHFHAA A
e vhad, gHeE, a8z FEyel Wele ahel g Wike] ulAE follower forceEe] olo 3t
ol21&t follower forceE W AlA®] A EAle eAdxw A28kE aejx AAZA 5 o2 714 7
duie &l webs AA BOA BHAE (divergence)7t EAE Fo] AZ Moz HIE & Je A
o, flutter B3 2ol A HYFALehrt A4 &7) G Fo] FHA Wiel] M sjMe] 75
A2 s 5 9l
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o™ Lee 9 Yang (1994, 1993), Irie 5 (1980), Takahashi (1999), Takahashi ¢ Yoshioka (1996)<
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THEE vEoz B A g@AXNEdA BEERS we B-V7]F FAY A
F2A olo didt LEUAAE RE3AL divergence ¥ flutterdl] & AAA HM S FHT
Y (internal) 2 93 (external) Z285S $5UA A TEAZoZH 7,}&433}% 83
27} 1 ls S FE359 fluttero] MAE GFE FANET o]F Py [T MF HEE
&3k 4 ﬁéo}ﬁl X3 vREYHo] ity Ay 2 HFEHoE HEEH] i3 3
3} H)E go] wgnelng oo U YASFY 9% WA L RN 93 Winkler R Pastanak
Zlgkol] 2)gk ¢ l’é}%—l S-S 2k 2Abet At gt
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a3 13 o] §A4A YoM circulatory linearly distributed load(g)$t MDBEE( F3 M2, F3, M)&

e Huw o8 e EEoluX], eyl Faidkg el XdHEE e XA UR, a8 HEE
(A 2 93 74859 circulatory force)ol W YEL X3t ¥R EZHA S Hamilton g8+ o9&
3 2t

[
[, 1T~ + oWldr=0 M

A71A, Te BAY £5dUA, Vi B84y pEge Tade T3se 249 Tudduz o
g3 Wyce circulatory forceE $38He wja&go] #3d, o duix e HMES Yehinh o] do
Uzl Ao Ewgoz  #gsE BEIXHF g(x)7 FA JdAd HIEIEE olEdan sHHIY
glx) = (1 —x/DP; + x Pyl 2 EANG F 9ou, oln) Pigt Pl 44 x=0, A g9 a7
Uehdo, 49 Aol BAstd g(x)9 AEWFL o- v HF A HE2 vaF do] ax o 7

£33 g(0)9 98 2 FAREL 47 g(0)dxs a- vVg(x)de2 EANBY. A7IN, o' g(x) B3
€ zAste v, v(x)e AFolw, 28x ()% (Y& 244 ¢, xo diF #ArE S 9ujdh
AYH o2 ol& mAY N2 e g3 go] EAH

o7 [ ) @
2y = fo’[Ez(,/')? + kA + byt — F(2) (0)2) ax (2b)

—2(F o+ M "+ Fiv'+ M° &%)

! A e, ,
Wye = —fo(yl vty + aF v)Svdx (20)

37)4 m = @9Zolw A3 EI = ¥AA; b = Winkler 9% £y = Pasternak A|9AS F(x) =
a2 W AN 5 o = FEHY Wol w2 W3Po] viHE g(x) ) WY WSE 2Ae
gl 7, 7 = 27 97 2 WARAAS 283 U7 = ), 20,00 oDE AvEgEEe
F,T=(F}, M’ F3, M= AR g AU ol F(x)9 FAHA 4 ofdfgt o] g
on, 4@ WEL AW @)} 2o] E5YRNH AAzAE dET
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F(x) = ‘F’l’—f:g(x)dx = _F‘I,+ sz+ L (3)

oV ~p
v o s @
——— Y - dx , P> - 117
e » Detail of ® s

29 avgdx g-dx
e { v "

28 1 circulatory linearly distributed load2} MCRIES e oA 3 HEHY g
EIV'" + (Fv') —aF v + hiv— kv +mv+ y,0+7(0)"""=o0 (4)

AAZA : 60’ = 0 EE EIv''(0) + F(0) v'(0) — kyv'(0) = — F}
0= 0 BE EIV''(I) + F(1)v(I) = kyv'(I) = F} (5
30 =0%E¥E EIV'(0) = ~M ; 80" =0 %% EIv'(I) = M

oluf AL (HE v= e VE NMASL =V/I[ x=x/1 < E4sd EI/ P2 ¥He Y
Fol ol T V= »*'(x") e 2 EAEA T3 2e 2143 @ gelujeE 92 4 gk

kT=_kLI-k§=—k2‘2. .= Fz_gt=_g_

Enje ElF > EljF El/ P {6a-6d)
7. — 7 12 7: — 72 A2 — 7')1(1)2
1 Elm + 7 "VEIm El L (6e-6g)

3. HIBERS| S5 FURLHY BAY

3 HAES AAE] st e weo] sl = 32 Hermitian thalal
stod A (2 Wddte] HEE #32 Hamilton g 2431w &t go] dYAoz FHH:
Al

Ho fo

&

MU+ C,U.+[K,+ K,+ K,— aK™| U, = F, @

4714, M, = AFgI; C, = ZHPd SEEE E K, = IEHLEE o|FE 40
e 718 Aegd; K = @48 4898, K™ = vREge) wagdsta A9 load correction

stiffness matrix(LCSM)& ztzt Yehn 288 7,=eA B, ,7=El- B2 om 2 (8)3} o
Rayleigh 2432 d&dcte A& & F Uk o5 AARFA] ulst PP LB PAAL 4
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Loys A3 3 g3 4 =6 2

C.=B M, + B K,= 7 105 420 420 t 7 L 1* L
By _1 e -12 =6

35 210 L3 Lt

105 L

MU+ CU+[Kg+ Kg+ Ks— aK¥lU = F (9)

4. HIREHS] SH YUY

divergence system® Zr4dtFo] e 299 flutter system, #H3FE nejdte Aol e flutter
systeme H|EEE JFoz ZEFo] vgPPPo] Hog E =AML o T A YRY IF
212 AAsE Aol 758 IMSLY subroutined AHEEHITE olo tidh AAIF W82 EF 130 AAlstA
71 Hol long B =RoxE Az duh

5. X ollxl

2 2abo)e ALY A{Te] JYF HREH] Fgite A4 UG EXE HREH] AL
e 4% 2 AgHoz vREHo| AL ALEN & =8 A £AHY dASoIt

P g=const. q=qo(1-x/L)
L > - L > - L >
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-
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22 2a) Beck's column 2% 2(b) Leipolz's column 28 2c) Hauger's column

5.1 Follower forced] Wakata}ule] adl gt dASSe G438

Beck’s column®l 2<% egtol 0.0904 032113744 = D.S.(Divergence System), a@kol 0.32113¢14 057}
2= DFS(Divergence-Flutter System), L8131 adto] 058t & wol& F.S(Flutter System)ol s}t
o2 #9187 e 1% 3& Beck's column® A%, af ol diF F'—A? FAE dehd Aotk
23] azto] 05004 Prztel Bddo] Uehds AL AItgon, ol 128 3@ el BXe] DS
o sgste FRelE A} 3 A3 o] whiE Ho| 9loy, DFES/F A&se FIH @=0.32113 )lA
A% st A o] whde Mol wAEe} TMo] £ RRo2 U] Ay) ARRA AT« 705 =2
gen A}, A} o Tdel ARRo] APAY R AH L F UA divergenceE ARIXA ok 3d
a-d)= olw z+ 77re] E4 AF (e = 0.0, 0.4, 0.5, 1.0) o ¥ Beck's column®] F*—A? 54
B2odF 3 glony I 3(e-h)e 218 a-d)E HUlF Aol
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(e) Detail of A (f) Detail of B (o) Detail of C {n) Detail of D

33 a o Wil g T2 DR [

AHEDR Qe FREC flutter Aol WAY W AFF o T axbi o FHE /RG o] ff ¥
9 6 C-e® (cosbtisind) & Uehd + stk ©]& Beck's column®] 7l tangency
coefficient®] W&o watd FS. 74¢ Fo, o A o gez ¥ 1o JYedew, o 7t 104 39
AZrel wE gr Buel Weel Fr A% Iy 49 Yetdnh ol2RH & QR0 o 9 FFol
AASZ AESE Tk, RE9 Avle Eote APl dSE ¢ F U

E 1. tangency coefficient®} %3}ol] 93 © 2010
Beck's columnd AZ4 #3} ' 0= $1.936+4.602i
8.00x10" — v = 32810 eI
F'cr E \
a A of IOIF.C, § 4.00x10°
(1.01F:,) £ ]
0.5 16.05 (16.21) 1.2223 + 0.0024: §°°°’"°°
0.6 16.26 (16.42) 1.3286 = 0.0013: § 4 00x10°
0.7 16.79 (16.96) 1.3988+0.001667 2
0.8 | 17.59 (17.77) | 0.8724%0.00085: 800107
0.9 18.67 (18.86) 1.4934+0.00087: 1.20x10" —
1.0 | 20.05 (20.25) 1.5275+0.0012: O O endenionat T
T7 4 Azl 2 ojTE Bl ¥
5.2 Dampingol Wigt gJAsEY 98 (a=1.0)
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flutterA] 2® 9l A$ mAad Av)el WA 748E(internal damping force)ol A dAEF ghol
A5 74T £ duEs AL A e Aot E 28 Beck's column® Z¢ oldl &gt
Rao(1989)¢] #t= Wl stdon, 7 el 27t BFAE & A& AEEZ A dAste AL & F 3
oo WaiH 1 (6)€ Beck's Column, Leipolz’s Column 2 Hauger's Columno] th#t flutter load®] 733
< ehd Aol

B2 WA 2 93 gHsgol dsste

S 0.0002 — m= 00116 + 26,8277
BeCkIS column-9] flutter load (F:r) \"' ] vt = 6.0450x10700547
* 1 0.0001
~Jlo00 1.0 100.0 g
72 3 4
20.053 =
0.0000 (20.049) 20.11 37.22 £ .0000
0.0010| %™ | 19.98 | 37.21 £
: (10.942) ‘ ' 5 N
10.57 E _0.0001
0.0100 (10.969) 17.80 37.21 2
13.64 F 1
0.1000 | e | 17.33 | 37.38 5
_— £ -0.0002 :
16.95 2 — T T T T |
0.1500 o 20.89 37.59 0.0 20.0 40.0 60.0 80.0  100.0
(16.958) Non-dimensional time (t*=t/4.72)
21.51
0.200 o .86 . .
0 (21.525) 25.8 37.85 a2 5 Ajzlof wh2 Beck's column Btel MY ( 72=0.001 )
% External Damping Ratio y; 100 Extersal Dsaspiog Ratiey; 35 External Damping Ratlo ;'
e 0.0) B 10.0 e 0.0 el 0.0 :ZZI :Bu:;z:
.01 = 20.0 v 0. 8] = 20.0 ——10 —tpm30.0
’40 —i 14} 0.0 . 80 .0 ——S0.0
& & &
: § F
) fo o
g & s
3 T 3150 4
=20 =0 3 4
100 -
b
10 | L R A P T T T 1 T T 7 1
(1] .04 0.08 9.12 0.16 0.2 0 0.04 0.08 0.12. 016 0.2 0 0.04 0.08 0.12 0.16 0.2
Internul Damping Ratio v,” Internal Damping Ratio v," Internal Damping Ratio ,”
(@) Beck's Column {b) Leipolz's Column (©) Hauger's Column

a2 6. 9N LSS Uiy UAsE Gzl olst ABEo fiutter load (2=1.0)

7;=0.001 Q@ o F, =109492 9 & 110% ZF7HNAE | Azl
Y (5)9 2t} o]2EE & 4 U%o), internal dampinge flutter forceS #
o2E A AZto] A G o= AE Al WS TANAYE A& ‘Q % gtk w2 internal
damping® Gl o3 flutter forced) @& A Zashd, AAHezE 4T
2 #99 2717t FEeRE weakly unstable AEo &S & + Uk

5.3 Winkler, Pasternak Foundationol W3 ¥ AslZe] 4%
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Winkler Foundation®] %3] divergence loadl¥t &2 v|xitie A& ojnl 4zl Apdelt}y 1d
Beck’s Column®] 7-%-ol thg b4 M(Stability Curve)E 41 2 k3 SthalA Uehd Aotk a2y
e & %ol Pasternak foundation® &2 DS, DFS, FS.¢f #7H& HAHOE o|FA7 & &
S Yetie, flutter load®) EA&3 0] ZH2 A, B, C, DollA Wdte Z& a} F Adden, A 9o Fed
divergence loadol ¥t 93 U]ili, Pasternak &3 A X3l M= AAH o7 YASHEo] ST EMN,

-3
rlo

—U oo 10

229 240l AL & & Atk

160 —

120 —

Load Parumcter F*
Lond Parumeter F*
8

T - T T s - .
0 02 04 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1
Tangency Coefficient a Tangency Coefficient o
(a) Winkler foundation Effect (b) Pastemak foundation Effect

1% 7. Beck's columnoll 8 Winkler foundation 2} Pastemak foundation®] %8¢

7.482

egAxste] HEEFHA A glolA 28F HAwosde dHHES HESNZ 9984 Hermitian
polynomial & 482 A&t Hamiltons %_ali—.—Ei NEYL LFWFASE Fr3dor {38 s
ANE A AXRM GARE dEZYL AYnjEddr A 9 @4PEY dAFoE FHHE 74
EA ZwuHd i 7|8 FE wlEYX Circulatory force®] WaFdstE 3el8}: Load correction
stiffness matrix, A8 §&& 323} Winkler foundation Effect matrix % Pasternak foundation effect
matrixg WY 2GRN, Fxds 2 HH0HE fEse dFAT TUFo N upsfs A
°ﬂ &3t 3%ch 8 Newmark W& A43to] £X402 2y HEFozH JA}E o Fq 2

2E9 75E A8z FHEUY. 2 243 uSH 2 AES 9 F+ U

D ?Zﬁ“% FTES AT F¥2AZ UFAS W), & A7) sl P BEY Q HEEdA o F
Hu ) T2 divergence load 2 flutter load7t T3¢9 AHE3} F Y5},

2) 7*4343 23 & Flutter system?] #$- Rao(1989 9] Ao}l Z dA3E AL
2% WH ZstFe F7t2 A8 dAsES) ol 7438 Aashy WA ZeFe] 3 17}
gt oAl dAEF 27171 Frks A 7’-4?*?4 Fao] 23S W FxE <
=2 Frres e gHAABF A7\t FIHgel W FREY YAEFS oW o F
PR l=Y

3) Winkler foundation®] %d&o] Z7135te uwhe} divergence load®) Z7]e Z7181Y flutter loadols 4 &
< HAA Fgoh = Winkler foundation®] 93] A9 we DS. 2 DFS 7+& Z°j§31 FS. 77
ol A7) ¥a7b YUk Pasternak foundation® T7ZE¢ AAH B Z7A91 3, weld dAEEe
2715 F7HAIH I, stability T7He] 2712 A A )

o]2gk 27]9 internal damping® 922 Beck's columnd flutter force’t ZA FAstgout
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Newmark T3] Zat HAHOE FZEL AT Azte] AgFool A& Frh7t FEAE weakly
unstable®] AHUS o = Uon wapd AA flutter forceR Tt} A28 7|9 3FL 7S wolof F
B9 29l F7F ¥4S A% F Uy

e 2
2 A7e gEstahatte] 247 2Akdu(FAME © RO1-2002-000-00265-0)8k BK21 A7ule] 2)5tod
A7HAN0l ol 2e AE =YL
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