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Controller Design for Discrete~Time Affine T-S Fuzzy System with Parametric
Uncertainties

Sang in Lee, Jin Bae Park, and Young Hoon Joo

Abstract This paper proposes a stability condition in
discrete-time affine Takagi-Sugeno (T-S) fuzzy
systems with parametric uncertainties and then,
introduces the design method of a fuzzy-model-based
controller which guarantees the stability. The analysis
is based on Lyapunov functions that are continuous
and piecewise quadratic. The search for a piecewise
quadratic Lyapunov function can be represented in
terms of linear matrix inequalities (LMIs).
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1. Introduction

Most plants in the industry have uncertainties and
it make hard to control the general nonlinear,
uricertain plants. In order to surmount these
difficulties, fuzzy control is developed recently. It has
been shown that fuzzy logic control (FLC) is a
successful control approach for complex nonlinear
systems [1]. There are a number of systematic
analysis and controller design methodology in the
literature, where the Takagi-Sugeno (T-S) fuzzy
model is used. The original T-S fuzzy system has
not only linear but also affine terms in the consequent
part [1]. But affine terms in the consequent part are
ignored in almost all paper and called homogeneous
T-S fuzzy system [6). Based on homogeneous T-S
fuzzy systems Lee et al proposed the stabilization
methodology of nonlinear systems with parametric
uncertainties in [2].

The T-S fuzzy systems considered in this paper
are allowed to have an affine term. This can be an
advantage, because affine T-S fuzzy systems may be
able to approximate nonlinear functions to high
accuracy with fewer rules than the homogeneous T-8
fuzzy systems with linear consequents only [3-6].
Motivated by the stabilization methodology in [2], this
paper aims at studying the control problem for the
affine T-S fuzzy systems.

This paper is organized as follows: In the Section
2 we review the basic notation of affine T-S fuzzy
systems and assumption of uncertainty model. We
propose a stability analysis methodology of affine T-S
fuzzy systems with parametric uncertainties in the

Section 3. Finally conclusion and some discussions are
given in Section 4.

2. Pretiminaries

Consider the discrete-time affine T-S fuzzy
system in which the #h nue is formulated in the
following form:

Plant rules:

RI (D is T and -~ %8 is T,
Then x(t+1)={(A+JA Y(D)+(B+4B )il
+{a+da)), (1)
where % (i=1,.q Jj=1,-,n) is the fuzzy set,
() € R" is the state, {HeR™ is the control input.
The defuzzified output of the discrete-time affine T-S
fuzzy system (1) is represented as follows:
1+1) = 3 u (LD (A +4A D)
+(B,*+AB;)14([)+(G,‘+AG,‘)) (2)
where
w (x(D)
BoldD,  and
Ti(x,(9) is the membership value of A9 in T
Throughout this paper, a state feedback affine T-5
fuzzy-model~based control law is utilized for the

stabilization of the T-S fuzzy system (2).
Controller rules:

RiIf %D is I'§ and - %0 is T,
Then #(8=K a9, 3
The defuzzified output of the controller rules is given
by
)= 3 b DK x() “@
The closed-loop system with (2) and (4 is
represented as
K+ D) = 3 3 (D, () (A + 44,
+(B+4B)K )x(h+a;+da) (5)
For convenient notation, we introduce followings:
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Using this notation, the system (5) can be expressed
as

HHD = B S G (KONA + 44,
+(B+4B) K)x(h
= 21 B (HDu A T2 ()

where G,= A, +4A +(B,+4B) K, For leL.
(6) becomes

(D= 32 S D KOG 1D ()

Since the affine T-S fuzzy systems (6} have
time-varying uncertain matrices, it is difficult to
decide the stability of the system. In this reason the
parametric uncertainties considered here are removed
under some reasonable assumptions.

Assumption 1  The parametric  uncertainties
considered here are norm-bounded, in the form

[dA, da ; aB1=DF (ODIE, ExE;) (8

(44, 4B)="D, F,0[E; EJ]  (©

where DwEy . Ea and Ey are known real constant
matrices of appropriate dimensions, and F /) is
unknown matrix function with Lebesgue-measurable
elements and satisfies F ) "F{(D=I in which I is
the identity matrix of appropriate dimension. And
extended variables have following notation.

welf] 5wl B

5] 7ol

3. Robust Stability of Affine T-S Fuzzy
Systerns

Before proceeding main theorem of paper, we call
the followings which will be need throughout the
proof.

Lemma 1 [7] Given constant symmetric matrices N,
O, and L of appropriate dimensions, the following
two inequalities are equivalent:

(a) 050, N+LToL<O

o 125 Ja o[£ o

Lemma 2 [7] Given constant matrices D and £ and
a symmetric constant matrix  S$  of appropriate
dimensions, the following inequality holds:
S+DFE+ETF™D7 (10

where F satisfles FTF < R, if and only if for some
>0

S+leTET ED]{IS%{Z;E]‘O (1

Since we are interested in analyzing exponential

stability of the orgin, we let 1S/ be the set of
indices for cells that contain origin and  1S! be the
set of indexes for cells that do not contain origin. It
is assumed that @,=0,4e,=0 for all keK() with
i€l

The main result on robust stability of affine T-S
fuzzy system with parametric uncertainties is
summarized in the following theorem.

i€l If there exists a

Theorem 1 For each

symmetric matrix T and some scalars €4,
(¢,j=1,-,¢ such that the following LMIs are
satisfied, then the continuous-time affine T-S fuzzy

system is asymptotically stable:

P =FITF, (ipel, (12
P~ F;'TF, Giel, 13)
satisfy
0K Py
— Py * * *
GAHHK, —Pi' x x|
EtEyK, 0 —eul
0 DT 0 —e;
(1<i<q)
-P, * * *
G+ HEK - P *
E+ Ey K 0 —e <0
0 D0 —eju
(1=i<q)
—~4P, * *
G:+H1'K1+G/+H1Ki~P;1 *
EVE.K, 0 —e,1
E+E LK, 0 0
0 D+ 0
O Djr 0
Ed * *
* * *
* * %
gl » . |0
0 —ejll o«
0 0 —e;Y
(1=iKjsq)
-—4}3‘.] * *
G G P
E,+ B, K, 0 el
E,+ E, K, 0 0
0 Dy 0
0 DT 0
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* * *
* * *
* * %*
_Eli[ * * 0
0 —e;'1 =
0 0 —e3Y
=gi¢j=sq

Prodf: Tt is omitted by lack of space.

To reduce the conservatism of Theorem 1, we
introduce  S-procedure [3]. After applying the
S-procedure, Stability condition of Affine T-S fuzzy
system will be represent as follows.

Corollary 1 In solving the inequalities in Theorem
1, if we replace (12) and (13) to (20) and 2D
respectively, and Py P in (16)-(19) to (22} and
(23) respectively, then the continuous-time affine
T-S fuzzy system is asymptotically stable in the
relaxed condition.

KP,~ETU.E, (20)
0K P~ E; U, E; @n
0KP+EGWE, (22)
0< ~~i’i’*’ E—;TTV‘;TZ.; (23)

where U, Wi and £ are defined in [3].
Proof: 1t is omitted by lack of space.
4. Simulations

Consider the following nonlinear discrete-time
system:

£(t+1)= Zu (DA 1+ 44 )
+(B+dB)uD+a+da) (24)

where A1=H —8.5], AZ:[_II _8.5],

A= 75740=]) 5 =[]

ol a3 2] w

i1=1,---,4 and normalized membership value is

i (M =1{x<=2), #o{x  (D=1(~-2=x <0),
ﬂ3(11(0)=1(031;<2), /14(x|(f))=1(2£x1), From
Assumption 1 and Corollary 1, we find the P, K, W
U matrices. Thus one can verify that the system is
asymptotically stable in the large. By using gain
matrices, we simulate with initial  condition

[x, %,]7= {4 0} and result are shown in Figure. 1.

rm

Fig. 1 Simulation Result

5. Closing Remarks

In this paper, we have developed and analyzed a
new robust fuzzy controller design method for affine
T-5 fuzzy systems. The search for piecewise
quadratic Lyapunov functions for affine T-S fuzzy
system is convex optimization problem in terms of
linear matrix inequalities.
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