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Abstract: This paper presents an improved method that constructs an equivalent T-S fuzzy model for nonlinear systems expressed
by nonlinear differential equations including terms of power series. The method in this paper has fewer numbers of the rules than
the previous methods as well as exactly expresses nonlinear systems. Moreover, this method can get wider feasible area satisfying
the stability conditions than the previous methods. We show the improvement of modeling by comparing the proposed method

with two previous methods through an inverted pendulum on a cart.
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1. INTRODUCTION

There are two major methodsto construct T -S fuzzy model.

Oneistheidentification of T-S fuzzy model from input-output
datd® 2. (4. 18 the other is the construction of T-S fuzzy
mode! from a given nonlinear dynamicst® (7,

In latter case, Taniguchi et al.”! presented a systematic
method of T-S fuzzy modeling to represent a given nonlinear
dynamics exactly. However their method may construct so
many rules to represent it because each rule is constructed
from every element with nonlinear functions.

Later, Baeet al.”¥ presented another method that expresses
anonlinear system as aform of the sum of product of linearly
independent functions. And an equivalent T-S fuzzy modedl is
obtained in this form.

But if nonlinear systems are expressed by nonlinear
differential equations including terms of power series, there
are room for improvement to reduce the number of rules.

This paper presents an improved method that constructs an
equivalent T-S fuzzy model for nonlinear systems expressed
by nonlinear differential equations including terms of power
series. The method in this paper has fewer numbers of the
rules than the previous methods as well as exactly expresses
nonlinear systems. Moreover, this method has wider feasible
area satisfying the stability conditions than the previous
methods.

This paper is organized as follows. Section 2 reviews T-S
fuzzy model and the method of T-S fuzzy modeling proposed
by Taniguchi et al.l and Bae et al.l¥! Section 3 presents the
improved method for construction of T-S fuzzy model.
Section 4 shows the improvement by comparing the proposed
method with two previous T-S fuzzy modeling methods
through the T-S fuzzy modeling of an inverted pendulum on a
cart. And we conclude in section 5.

2. THEPREVIOUST-SFUZZY MODELING
METHODS

2.1 T-SFuzzy model

The T-S fuzzy model is represented as follows:
Rulei IF z(t) is M, & & zy(t) is M,

THEN X(t) = A x(t) + Bu(t) (1)

where i =12,---,r. M, is the fuzzy set and r is the

i
numbers of rules. u(t)T R™ is the input vector, and A
and B, are constant matrices with appropriate dimensions.
z(t) =[z(t) z,(t) ... z,(t)] areknown premise varigble,

which may be function of the states, external disturbances,
and/or time which are possible to be measured. Given a pair of

[x(t),u(t), z(t)], by using the cente of gravity for
defuzzification, the final state of the T-S fuzzy system is
inferred as follows:

KO =4 N0 AX0) +Bu) @
where
h (2(0) =220
Aw(0)

w(zt) = O M, (2 (0).

M; (z;(t)) is the grade of membership of z;(t) in M;
and it is assumed that
w(z(t))30, i=12,-r
&w(z(t) >0
i=1
for dl t. Therefore
h(t)2 0, i=12.r
r
&h () =1
for al t.
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2.2 Taniguchi’s method

Taniguchi considered the following nonlinear system:

x(t) = F(At)h(t) ®)
where the elements of matrix function F(z(t)) are functions
of z(t) and hT(t)=[x"(t) u"(t)]".Inoreder to exactly

represent the nonlinear system (3), they proposed the
following form:

. & ngm 1 F

X(t) =4 a a hy ()&, Uh(t) @

izl j=1 k=

where
1ay- i (z(t) 1
4 4 %o ij1

hoZ®) =1 ay- ay

% vz aT'J'O = aijl
h.(z(t)) = % 31- 0 v 8o &y

} vz a1'1'0 = ale
Qo = mzin{ fij (2)}

Q= mZaX{ f; (2)}

®)

f; (z(t)) denotes the (ij)-th element of F(z(t)) and U
denotes a matrix with same dimension to  F(z(t)) , whose
(i,))-th element is one and the others are zeros.

The expression (4) looks like giving 2" ™™ rules
athough some elements of F(z(t)) are constant rea

numbers. So we introduce another expression. Define the set
S &

S={(i, j)| f; (z(t)) isnot a constant real number}
and let Ng and § be the number of the elements of the set

S and the I-th element of the set S respectively, then (4)
becomes

KO =[F,+4 & h (A)a, VTN ©
where
h,o(att) =2 1= 20
i1~ Qo
f(Z1)- a
hsl(z(t)) = M (7
it~ Sjo
for 1 =12,..,n,,and
Fo= &_ fijUijF

(.ifs
S={(i, j)| f; (z(t)) isaconstant real number } .
From (6), we easily find out how many rules are needed. Thus,

the number of rulesis 2" . Since the expression (6) is same
to (4), we will use the form (6) to obtain a T-S fuzzy model.
The nonlinear system (6) is equivalent to the following T-S
fuzzy model:

X(0) = & 1 () Fh (D)
= & h(2O) AX(O + Bu(D)] ®

where
r=2%,
ns
h(z(t) = O hy, (2(0)
- ©
F=FR+aa,Ug,
i=1
[A B]=F
for i=12,--,r, and i, isthe I-th bit of the binary
expression of (i-1). Note that it is obvious that the T-S fuzzy

model (8) expresses the nonlinear system (3) exactly.
However, this method may construct so many rules.

2.3 The sum of productsof linearly independent functions

Bae presented another method of constructing T-S fuzzy
model using the sum of products of linearly independent
functions from nonlinear systems. This method considered a
nonlinear system such as (3):

X(t) = F(zt)h(t)
where h'(t)=[x"(t) u'(t)]" , the matrix function
F(z(t) is

F(z(t))
é fa(Z(t)  fo(z(t))
_ gf21(z(t)) T (z(1))

f:I( n+m) ( Z(t)) L‘;l

b g
S

@ D> D

afu(z()  fio(2(1) fonem) (Z(t))a

where
fi (z(t)) isthe (i, ) element of the F(z(t)) matrix.
The nonlinear system (3) can be rewritten as follows:

X(0) =[Fo+ & T, ()R (1)
where
f(Zt) =0 g} (z(1), "i=12-w (12)
j=1

where v is the least number of linearly independent
functions g;(z(t)) when we express f,(z(t)) to the form

of equation (12). |; is ‘1" if f,(z(t)) has he term of

g;(z(1) , otherwise | is ‘0'. Also it is always possible to

rewrite the nonlinear system (3) to the equation (11).
Substituting (12) into (11) gives

X() =[F,+ & 0 ) ZOFRI O (13)
and equation (13) is equivalent to

() =IF; +4 8 & hy () gkFh() (14
where
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(20 = 2o 920
it” Yjo

() = 920 9o 19

it 9jo
Gijo :m;n{gj(z)}
9; = max{g; (2)}
for dl j=212---,v. To verify that (13) and (14) ae
equivalent, we need to show the following are true:

g} (20) = A hy(20)g); (19
& h,(2) =1 an
fordl j=12---,v.Equation (17) is shown from (14), and

(15) isderived from

o' =[ho() g +h, (z1) gl
_ o@D gjothu (@) gp 1 =
1(: th(Z(t)) +hjl(Z(t))), Iij =0

= ho(2(t)gjs +hy ()9},
Using the T-S fuzzy model representation, (14) is rewritten as

X(t) = ah (ZO) AX()+ Bu(t)] (18)
where

r=2"

h(z(1) = kc”}lmk(z(t» (19)

qg X
[A Bl=F+a0g.F,
j=1k=1

fordl i=12--,r and i, isak-thbitof binary number of

(i-1) which is represented to binary number having v bits.
From (14) and (19), we have

h(zZt)3 0, =121
élh(z(t))=1 (20)
for al t.

3.AN IMPROVED METHOD

We consider a nonlinear system expressed by nonlinear
differential equations including terms of power series as
follows:

a .

(1) =[F, +_é’}lg' (z®))Fh() (21)

The nonlinear system (21) is represented in terms of
g'(z(t) (i=12---a). So if we express g(z(t)) as
follows:

9(z(t)) = hy(2(t)) gy, +hy, (2(t)) 9y, (22)
where
h (a1 = 227 9EO)

b1~ Y10

hy (2(t)) = g(z(t?) - O

9y = Mn{g(2)}
Ou = m?x{ 9(2)}

(23)

then

g9'(zt)) = [ho(z(t))glo +h, (z(1) g,

= a rh'oj(Z(t))hu(Z(t)) ') (24)

where

do il

85 -0

j!:\:'i, (i-)°---"2°431*0
i 1(=0)

Since hy,(Z(t)) +h,(z(t)) =1, (21) becomes

g'(z(1) (25)

=[hy(2(®) + h, Z0))F [, (2(1)) 9y + Ny (2()) gy, ]
={3 (é %%(Z(t))]a ITha(z)')

j

(4 %ho(Z(t))]i'k[m(Z(t))] Oi ‘it
&

a: éﬁg gk?{hm(z(t))]a " Tha(ZO) ' 9k o

Let b =j+k,then (24) isequivalent to

g'(2(1) (26)
_a kaoA- a-b j-k 4k
= a:‘ong(lgb kgk?[hlo(z(t))] [ha (Z(0)]° 945 9ss
% (RCOURIINCO

[ ? i '@gf) a

| O R 1

[ ab-kgkg ¢ (1

: kgkl 639 910 911%/

i by b

where

k, =maq 0,i +b - a}
k, = min{i, b}

Substituting (26) into (21) gives
KO =(F+ 4 4 B dho o (o)
- i@ 0o U
JyBokdd b o k%kg S

I

|

: 90 911)/': }h (t)
.I. ke = .
S :
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. a g0 A =lags b
K0 ={Fo+ AE Io@ON" (O [ 8] =lagh bo)
o (A, B]=lagz bo,
g - | (IBO [As B3] = [23(911 o) b(gy + 911)]
,ak gb - kgk“ Pk k And the feasible area satisfying the stability conditions is
élkaki T @6 gl gl ) shown Fig. 2. marked by ‘*'.

b
Therefore, a T-S fuzzy model for the nonlinear system (21) is
asfollows:

X() = & (O AX(O)+ Bu() (21)
where
r=a+l

1) = I (2O1 T, 201

a-1- Jg 9
g ';z | 1 k E
[A B|] =R+ 2ﬂ(§kl = - 1 glj() kglle (28)

i- 1g
where kK, =maq{ 0, j +b -a},k, =min{ j,b}
for i=12,---,r
Remark) This example shows that the nonlinear system (21)

can be exactly represented as the T-S fuzzy model (27) with

a +1 rules. For nonlinear systems such as (21), the method
explained in this section constructs fewer rules than the
previous methods.

Example) We consider a nonlinear system such as
X(t) = asin?x(t) »(t) + bsin x(t) xu(t)
p
for - —£ t) £—
or 5 X(t)
If we choose fl(z(t)) =gnx(t) and fz(z(t)):Sin2 X(t),

the method proposed by 11.3 constructs 4 rules.
We can get [A Bi] as follows:

[Al Bl] = [aglo bgzo]
[AE Bz] = [aglo bg 21]
[As Ba] = [agll bgzo]
[A B]=lag, bg,]

Gyo = M (sin?x)
Oy = m;cxx(sjn2 X)
Oy = min (dnx)
0, = mflx(sin X)

And the feasible area satisfying the stability conditions is
shown Fig. 1. marked by ‘*’.

If we choose g =snX, the method explained in this
section constructs 3 rules. We can get [A Bi] as follows:

In this example, method of this paper has more possibility
to get wider feasible area satisfying the stability conditions
than the previous methods.

* 4 o F #
LA I A
* 4 o F #
L I A
2 I I S 2
* 4 o F #
b L I A
L S . S 3
L I A
Or * + * + #
* 4 o F #
L I A
L S . S 3
L I A
5*** 0 é 10
a
Fig. 1
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #
* F £ * o+ o+ ¥ o+ o+ F o+ o+ o+ F 4
£ *F ¥ + F 4 F £ F F + F ¥ + +
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #
G o+ 4+ £ + £ + ¥ o+ * o+ + o+ o+ ¥ 4+
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #
b L T S . S R S I S S I R S
+ *F £ F F + ¥ F F ¥ + F + o+ #
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #
O + 4 + 4+ + + + + + + + + + % +
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #
L T S . S R S I S S I R S
+ *F £ F F + ¥ F F ¥ + F + o+ #
# 0 £ # o+ + F o+ o+ F o+ o+ & o+ #

a

Fig. 2

4. AN EXAMPLE:
INVERTED PENDULUM ONA CART

In this section, we consider the nonlinear dynamics of an
inverted pendulum on a cart to construct T-S fuzzy models.
The equations of motion for inverted pendulum system are as
follows:

(1) = %, (1)
%, (1) = %, ()
%, (t) = %, 1)
X,(8) = %, (0
X, (1) =[mA12g2 (1)) - ablx(t)
+g,(2(t)[amg
- PIg,(2(1)g, (), ()
Cfan®+ i gk (29

- gy (2(B)u()
% (1) = [ *g5(2(0) - ab]x,(t)
+ga(z(O)bm g,(A1)
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- Mg gs (2], ()
+f,m g5(z(1) %, (t)
- f bx, (t) + bu(t)
where
a=M+m, b=J+m?.
g,(z(t)) =[ab- n’l?cos” x (t)]™*
g,(z(t)) =sincx(t)
g, (2(t)) = cosx(t)
9.(z)) =X (t)
X, (t) is the angle(rad) of the pendulum from the vertical,
X, (t) is the displacement(m) of the cart, Xx,(t) is the
velocity(m/s) of the cart, u(t) is the force(N) applied to the
cart. g =9.dm/s?] isthe gravity constant, M isthe mass

of the cart, m isthe mass of the pendulum, | is the length

from the center of mass of the pendulum to the shaft axis, J
is the moment of inertia of the pendulum round its center of

mass, f_ isthe friction constant of the cart, and fp is the
friction constant of the pendulum.

We represent (29) as
& M)
Ez (t) = AF +a f(z(t))lzgg 0!
éx,()u 6 000 0 Oy
() 1000 oY
& mu _ € 0 0 0 0 ou
z0=8 o0 E5% 00 1 0 o
ex(t)u go 0001 og
8%, (Dg € 0 0 0 0 0
f(z(1)) = g(2(t)
fo(2(t)) = go(2(1))
fa(2(1) = g5 (A1)
f,(2(t)) = 9,(2(1)) 9;(z(1))
fs (2(1)) = 9, (2(t)) 94 (2(1))
fo(2(t)) = 9,(2(1)) 95 (z(t)) 94 (2(1))
@ 1 0 0 0 0 O0f
go 1 0 0 0 og
_& -fa -ab 0 O 0 ou
%% o o 0o 1 o o
go 0 0 0 O 1 og
800 0 0 0 -fb -ab by

0

)
I
a D> D> D> ('D>8> D D D
o o é o o
o o o o o

o
o O O O o

3

o

%('D>8> (DéSD) % (%(D)&) %(D)B) (‘D6D> 8\
O O O OO OO O O O O —
o

3
N
Q
N

O O O O o o

o oo oo
o =
O 00000 o600 oo o

@> D> D> D> D> P> D D D @(‘D>CD> D> D> D> D D D @ D> (D> D> D> D> D> D> D «B(‘D>8>
o

Since  f, (z(t))
g,(z(), g,(z(1),
(22)[from g,(z(t)),

“(2+D) [from g,(z(t) . 93 (z(1)]
=12 rules will be constructed.
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represented by

Although the numbers of rules made by methods of 11.3 are
16, the method presented in this paper only make 12 rules.
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5. CONCLUSION

This paper has presented the improved method of
constructing T-S fuzzy model to exactly represent a given
nonlinear dynamics. For nonlinear systems expressed by
nonlinear differential equations including terms of power
series, we show thatthe improved method has fewer rules than
previous methods. And this method has been able to get wider
feasible area satisfying the stability conditions than previous
methods.
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