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Estimation for Exponential Distribution
Under Multiple Type-II Censoring

Suk-Bok Kang', Se-Gi Ryu’

Abstract

When the available sample is multiply type-Il censored, the maximum likelihood
estimators of the location and scale parameters of two- parameter exponential distribution do
not exist explicitly. In this case, we propose several approximate maximum likelihood
estimators by approximating the likelihood equations appropriately. We present an example
to illustrate these estimation methods.

1. Introduction

The exponential distributions have been used as models in analyzing life-time data quite
extensively; for example, see Lawless (1982), Kambo (1978), Balakrishnan and Cohen (1991),
Kang et al. (1997), and Kang and Cho (1998) etc. Most works are based on the assumption
that the sample is either Type-Il right censored or Type-II doubly censored, and some are
concerned with Typel censored samples. Balakrishnan (1990), Balasubramanian and
Balakrishnan (1992), Fei and Kong (1994), and Upadhyay et al. (1996) considered the inference
for the exponential distribution under multiple Type-II censoring. They obtained several point
estimation methods for the one-parameter as well as two-parameter exponential distribution.

By considering the likelihood equations based on multiply Type-II censored samples and
noting that they do not admit explicit maximum likelihood estimators, we propose some explicit
estimators derived by appropriately approximating the likelihood equations.

Multiply Type-Il censored samples may arise in practice in different ways. They may
arise, for example, in life-testing experiments when the failure times of some units were not
observed due to mechanical or experimental difficulties. Another situation where multiply
censored samples arise naturally is when some units failed between two points of observation
with exact times of failure of these units unobserved.
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In this paper, we derive several type point estimators of the location and scale parameters
in an explicit form for the general case when the available sample is multiply Type-II
censored.

2. Approximate Maximum Likelihood Estimators

Consider a two-parameter exponential distribution with the probability density function
(pdf)

Ax; 6, o)=%e“"‘"””, X206, >0 @1

and the cumulative distribution function (cdf)
F(x;6,0)=1—e "0 x>0 >0 2.2

where @ is the warranty time, o is the residual mean life, and x =84+ ¢ is the expected
life-time.

Suppose »n items are placed on a life-testing experiment and that the
a;th, asth, ..., ath failure-times are only made available, where

1< <a; << a,<n.
That is,
Xa,:nsXagan“'SXa,:n (23)

is the multiply Type-II censored sample available from (2.1)
Let ay=0, ag,=n+1, F(x,,)=0, F(x,,..)=1, the likelihood function based on

the multiply Type-II censored sample (2.3) is given by

L= (ai_n! _1)1[11[1’(24, )=F(Z 0 )1 “""] Iif(za,

L ! o= = a1~
=1 Sﬁ;(al_"al — Pz (AiFza,0 -z, 0] e

<= F(Z,,)1" I AZ0s0)

where Z,,=(X;,—0/o, (2)=e * and F(z)=1—e * are the pdf and the cdf of the
standard exponential distribution respectively.
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Balasubramanian and Balakrishnan (1992) derived the maximum likelihood estimator of @

as follows;

,9={X1:n’ if ;=1

Xa,:n+81n(*n—‘:+1 ) it a>1

Since this maximum likelihood estimator is the function of the MLE of the scale
parameter ¢, we now consider an unbiased estimator of @ that is function of order statistics
as follows;

a~ __1_ B
0= oy —iay (a2 X on— M a) X o)
where

ma)= 3(n—j+D

. Also we can derive the other estimator by minimizing the mean squared error (MSE)
among the class of estimators of the form c¢X,.,+ (1—¢) X a:n Where c¢ is constant.

/9\2 = CXalzn+ (1 - C)Xaz:n
where

_ _glay) — g(ay) — K(ay) + Wa)ay)
g(a;) — glay) — [ M a)) — h(ay)]?

g(a)= 2 (n=j+1)?

From (2.4), the likelihood equation for ¢ is obtained as

oL __ 1 W Za) _
do 0[S+(al D F(Zm:n) Zan (n aS)Z"’:" ;Z;Z““”

f(Za,:n )Zaj:n_f(Za,_lzn)Za,-l:n
+]§(aj—ai—l_l) F(Za,:n)_F(Za,_lin) ]
=0

2.5)

Equation (2.5) does not admit an explicit solution for ¢. But we can expand the functions

f(Zalin) f(Za,-:n)Za,:n_f(Za,_,:n)Za,_.:n

Fz,,) F(Z )~ F(Z,

as follows;
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Z 4n)
Iféza:n) = a_ﬁza,:n (26)

Zai:nf(Zai:n)_ Zai_l:n f(Za,-_,:n)
F(Za.:n)_F(Zav :n) = aj+BiZa,-:n+7jZa,_,:n (27)

where

~ i =1—p,
pi— n+lr q; 1 pz

Er=F—l(p7)=— an7

_f(&,) f(&,)
a_—j);_ l'i'fal'l'_“""‘baI Ea.}
B= ff?)[pa,+f(5a.)]

E,2f(8,)— &, F(&,) L (L F(E) =60 S(Es) 2
i~ pai_pa,-q ( pa,-—pa,-_l )
&) . 6 &), S(E,)

B"* pa,_pa,-_l [ 1 Ea; paj—pa,--, ]
= fl&,) l—g - &, &) &, (&, )
i p,,,.—pa,._,[ b0~ ba., ]

Upon using the approximation in (2.6) and (2.7) in the likelihood equation in (2.5), we
derive two approximate maximum likelihood estimatosr of ¢ to be

~ _ —B+VB*—4AC
0 ZA ¥y

i=1,2 (2.8)
where
A= s+1§(a,-— a1 l)a,-

B= (ag;—DaX,.,—(n—a)X,.,— ,Z(X“ﬁ"
+ 2=~ DB X gont 7K 0,
—['(al—l)a—(n—as)—s+lg(aj—a,~_1—l)(/3j+ 7)1 8;
C=(a,~DB(X 4.p— b))
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3. Mustrative Example

We consider the data presented in Balasubramanian and Balakrishnan (1992). Thirty items
were placed on a life-testing experiment and their times-to-fail (in hours) were recorded as

given below:

0961 099 1565 2031 2204 2340 3642 6.008 6.538 7.145
- - - 11937 15433 18234 18307 22.096 - -
- 28.799 30.692 30.737 33702 34.245 - - - -

Here, some middle observations were not recorded exactly due to experimental difficulties
and the last four observations were censored since the experiment was stopped as soon as the
twenty sixth item failed. This is a simulated data set from a one-parameter exponential
distribution with ¢=20

Some point estimates have been provided by Balasubramanian and Balakrishnan (1992). In
fact, the best linear unbiased estimates of 8, o and u are

6*=0.3081, ¢*=19.5863, x"=19.8944
and the AMLE method yields
9=0.9610, 0=18.8623, 2=19.8233

respectively. In this case, our proposed estimates are

f

9330, ©0,=18.8946, x,=19.8276

9,=0.
0,=0.9470, 0,=18.8784, 1, =19.8254

I

Since the AMLE 9 overestimate the location parameter 4, the proposed estimates can be
more reseanable than the AMLE provided by Balasubramanian and Balakrishnan (1992).
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