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Abstract

We obtain the asymptotic distributions of tests statistics for various types of seasonal cointegration based on
GRR estimators of Ahn and Cho (2003). These tests are useful in testing for restrictions about cointegrating
vectors after Chi-square tests for CCl and common PCIV in Ahn and Cho (2003) or tests for the known CCI

and the known PCIVs have been performed.
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1. Introduction

Unlike the approaches of Johansen and Schaumbug (1999) and Cubadda (2001), GRR estimation in Ahn and
Reisel (1994) and Ahn and Cho (2003) enables estimation of models with common PCIV's at different
seasonal unit roots imposed. In this thesis, we obtain the asymptotic distributions of tests statistics for various
types of seasonal cointegration based on GRR estimators of Ahn and Cho (2003). These can be easily
deduced using the results in Ahn and Reinsel (1994) and Ahn and Cho (2003). These tests are useful in testing
for restrictions about cointegrating vectors after Chi-square tests for CCl and common PCIV in Ahn and Cho

(2003) or tests for the known CCI and the known PCIV’s have been performed.

2. Model and Error Correction Representation

Let y, be an m -dimensional autoregressive (AR) process with nonstationary seasonal behavior with

period s such that

O(L)y, =1, - > 0,1y, =%, , ()

k=1
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where L is a lag operator such that Ly, = Y,.1» and g are assumed to be independent with E(e,)=0,
Cov(g,)=Q. We assume that each component of y, with a first-order seasonal differencing of period s
exhibits stationary behavior. That is, z, = (1~ L)y, =y, ~y,., stationary. Let us further assume that
det{®(L)} =0 has some roots on the unit circle and the remaining roots are outside the unit circle.

For a nonstationary distinct root w;=exp(ig;) for 0,€[0.7] and j=1,...,K, where i=v-1 is
an imaginary number, we assume that rank{®(w )} =r,, r,=m —~d,; >0 and define, as in Cubadda (2001),

I-cosd.L or 0,=0o0r x

v,(= {l - 2cos€,1j + 12 ;or é/. e(0,7) °’

and
SO = 119,01
#j

which can be viewed as a linear filter to remove nonstationary roots except @ , and its conjugate @, oras a
Lagrange polynomial from approximation theory. In additon it is assumed that

- O(w) fPw)=a,8, Jor 8,=0orx @
(@) lio,f (w,)sin0}=a,f;  for 6;€(0,7)

is a full rank factorization of the scaled ®(w;) where a@,=a,+a, and
B,=Py +ﬂﬂi=[1,,’ﬁé,-k]’ +[O,l,ﬂ(;j,]'i are complex-valued mxr, matrices of full rank, Ay Ay By
and f3, are mxr, real-valued matrices.

Following Ahn and Cho (2003), the error correction representation for model (1) can be written as

LY=Ly, = Y aufay?

¢,e00rx
N ' )
+ Z{(a,-k /’1 +a, 00wl +(a, BV} +e, 3
6,€(0.7)
where y/) = f’(L)y,, is the filtered series of y,, with all the nonstationary roots except w, and @,
removed, w{” =sinfy”, and
W —0or
Vo —cosfy,” for 6,=0orx .
b |—cosOy +y) for  6,e(0,7)

!

We define B, = (B%,B),) with B, =vec(fy), By=vec(B,,), a=vecl(aya, ->,®y,.., @)},
and n=(¢f, B —,a’)’ where vec(A4) denotes a vector formed by stacking the columns of matrix A

. . . "
and <« a,,a, — denotes an arrangement of a,.a, side by side for all j’s.

3. Tests for Cointegrating Vectors in the Presence of Contemporanous Cointegration or

Common Polynomial Cointegrating Vectors
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It is often of interest to test if a seasonally cointegrated time series is contemporaneously cointegrated or if it
has common PCIV’s corresponding to different seasonal unit roots. Contemporanous seasonal cointegration
or existence of common PCIV’s lead to not only parsimonious modeling but also different or new
interpretation of the process (Lee, 1992; Cubadda, 2001). Ahn and Cho (2003) developed tests for
contemporaneous cointegration and for common PCIV’s at different frequencies. They use the Chi-squared
test statistic based upon the GRR estimator for testing these types of cointegration.

In thie thesis we study further tests for simple linear restrictions on seasonal cointegrating vectors such
as (i) H, :p,x =b in the presence of contemporaneous cointegration, (ii) H,: Byr=By=b for j=k in
the presence of common contemporancous cointegration at different frequencies, and (iii)
Hy (BB = (Bigs By ) = (b, b)) for j#k inthe presence of common PCIV’s at different frequencies.
These tests are useful for the further analysis after the researchers test for contemporaneous cointegration or
common PCIV’s using Theorem 2 of Ahn and Cho (2003). Or these may be useful for testing the known

contemporaneous cointegration or the known common PCIV’s.

First, we consider the case: f,:f,=b in the presence of contemporaneous cointegration.

Contemporaneous cointegration corresponding to the seasonal unit root @, means B, =0 (Ahn and

Reinsel, 1994). Theorem 1 shows the asymptotic distribution of this case and its asymptotic normality enables

us to test for H,:p, =b in the presence of contemporaneous cointegration using the Chi-squared

distribution.

Theorem 1. In the model with no deterministic term, let N denote the Gaussian estimator for

n={(« P By =) . In the presence of contemporaneous cointegration  the asymptotic distribution of

B« is, when the correct model with B, =0 is fitted,

i
A ~ I ~ ~
T(ﬁjk —b)—)D (Fm) vec(G,Q e, -G, Q 'a,), 4
Jor 6,e(0,x).

In addition,

(Z )"(;{3{2"5(;3’)” (ﬁm - b)—)" N(O,I,)

where X[\ =[d, ®Wy) ~a,®Vi] isa mx rd, matrix, Q isa consistent estimator of Q.
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Next, we consider testing for the hypothesis f,:f,=b, in the presence of common

contemporaneous  cointegration at different frequencies. Common contemporaneous cointegration

corresponding to different seasonal unit roots means f,, =f,, and B, =f,=0 for j=k.

Theorem 2. Under the assumptions of Theorem I, the asymptotic distribution of B, in the presence of

common contemporaneous cointegration is, when the correct model with B, =8, for j#k isfitted,
T(ﬁ R b)—)“
~ W ~ ~
(F sy + By ) (rectG @t = G o2 ') + vec( Gy - G '),
In addition,

- ~ ~ ~ ~ 12~
D) 4 FEOIONFD 4 o D
(CLEG + X029 + 20 B0 -b)>? MO,
A s . oo Lo . o . .
where XD+ XV =, @wy) —a,®vi) +a, Wi -a, @V is a mxrd, mawrix, Q is a

consistent estimator of €.

Finally, we consider the case: H,:(s,B;) = (b,b})" in the presence of common PCIV’s at different

frequencies. The existence of common PCIV’s means (B,.B',) = (BB, for j=k.

Theorem 3. Under the assumptions of Theorem I and in the presence of common polynomial cointegration
corresponding to nonstationary roots 0,0, € (0,x) for j#k, the asymptotic distribution of (B,.B,) is.

when the correct model with (§',.B;) = (BrsB,)  is fitted,

~ ~ ~ ~ -~ -1

71 Q;R -b, 0 5‘33 + @33 Ijj}i + fm] a(j,k)

B,-b, Flat+Fay FautFa

with G(jk) = vec(5]3Q'la 5/49”alk) + vec((z,‘_,Q"ak, - GJAQ"a,‘R) '
’ vee(G Q' + G, ') +vec( Gy ey + G, 'ty

In addition,

Ala " ﬁ -b
-t k r ~ Dk D
(Z[Xm +X(k) Q [X:(:{) +X;E|)]) % N N(0v12r,d,)
g - U
; k 3
where X9+ X1 = [ 1 ® Wil - a,® Vil +ay @ WP -, ® VP ’

") i) k) CRE : ; : :
QR ®w, ta, Ovyl +a, ®w,l +a, ®Vy1 ] isa mx2rd, matrix, Q s a consistent estimator of

Q.
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