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The Effect of Initial Combined Load on the Lateral Free Vibration on
the Arch and P-M Interactive Curve
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ABSTRACT

The effect of initial combmmed load on the lateral free vibration of arches is investigated. For the
analysis, P-M interaction curves for the arches are obtained The arches are craidar arches which
have constant cross-section and simply supported Also, the arches are subjected both radial uniform
distributed load which results in an axial compression on the cross-section and end moments that
cause uniform bending action at the same time. All analysis are performed by finite element method
based on Kang and Yoo's curved beam theory.

283k < = " 7
23 FxolMe AAEH] DA FHoJu B vt FRAETL A FasA ok oA U8}
A opAl e dHE FAo dEHos AYsA Heg F2HOR
oz At} webA ofARA Y A AT Aol T WL
A s ojAok gt ol otxl9] BRI ML Y-HE AFE
AR o] Beoe g 59, §EAUE, vFEHET} M2 /i85 o2 Fgsts o] ot} coupling H o]
ZgstA Hez e Bk 53 2715 AdolME o3 deH 5 coupling2 2 U 6L B

s RAPAF) 7169 FE 7Y
o WS EBHRF ST WA

‘ﬂ—‘

o?i

b b }’
v AR EEH T A
- 989 D Uey EEZRAFEY Yag

~ 452 -



o
2=

ot 1 aln

lo
U
w
o dm

X
=
)

(RS
I offt oX
s N g B

2oM ox
1o o

& 1o g
o

2o 2
[
o2
rle
o8
e
oQ
o
lo
14
o,
x

iy n

ol
o
¢ >
o2

e
e
o

i
i)
olrt
ML o
bl
o rir
o o
o

e o
fm
mo
ot rir
>,
2
o
L
S
2
2
o
ok
o
=
=2
R
2L
Ho
o 4
ot M
:olié
ax
4
o
ol
ok
32
)
R
o
o
L
2
2
2

o e
7
2
o
i
1
o
o
ox
iq
2
o)
vl
Y
ity
=o{=n"
1x
T)
2L
B
)
oftt
S R
2
rlo
o
%
ko
o
‘%
X
IRl
fu
[
o
tjo
2>
oo
2
4
o
in
2
3
)

N
30
ok

R4 A
AToN AR HOlT f384 A Z2ade TAFE THHRAE AMESE Zzados B o
14 Agre 18 Zzadolt ojxlel P-MASEE F4ets] Bl vlg) Adne) p-MABES vlma
obxo] P-MAHRAo] GRS ulxE Wae] BjalA YolRT w@ obxel TERY AFAE H4A
of M= Lolus, 27] sh5o] ASHHAL ol okHe AEe oW Fakg vjA = s

g

:[1

m>'

B2
iﬂ
1o

N 2

- o
ma‘zl;%ﬂ
;}g—h
Kuf

e Ho
re

o
f0
b

4 =g
PN AEHD 2L oelst 2o} A T AN A9 e
3 % B 20e st 2k g 19 29 2045k 2ol ekAlE ol
Zol i} obxlel 59 Aol WaWT HFL TEW PPoL SRE
At 2717 20 wagel whejel BAE 28 el Rk ofAe] A% Tl
Eo golatn o 3

I sl AHEE 249 AFE 607fR Fr

0 2
o
£
o
T

lo g
n
o
H

B e

o T off
Orye
(g ol

ey

N

X

i

i3

H oy g

o A
ta

o g 2 o

T o2
Hy
= |o
fu
1
oto
_?L
>
oo 2 £

o
B

ﬁd
o]
o,
H
J
o
(i3
=

e
N
S
Lo
)
i)
9,
)
o
=
2
i
oX
ta
=
Im
I
ox
1o
e
vl
o
e
fo n
08
%
1%
>
-y
ot
M

ofy

a1 SEE 9% ¥ S2uE

- 453 -



22 P-MAtME

B Q7oA opilol SRE 4EY% BUES Falol steld of TEUS 1§ AEFe WAPYE &
ohut Aolt o] ¥ A9 FL A2 Mol %1 FEAEOZ R ATl JHE MAA Dek. o]
o obxe P-MABINE Fal 2ok

221 FMEe| P-MABE
obA)olP-MARE 4ol A AMRo) o P-MABEE A4l Bk A4dRe P-MYR THEe B @

A glome A 78 471 ik WA §9as M6l oa) Juue) P-MABES AT FF
24 4o A4¥ ZZIAARCCGEO)®] 537 ZHES] UAAS AU FEE 5 YeAe ojng @
Wal 2 4 glon, o/ ulRoz JuRAele g2 FBL AN E opxolNe P-MyBES vlas) Eo
24 opxle] Zgo] P-MAT Tl ofd JFE vAE A ¢ 4 Aok AMRe P-MYT FHE e 2

& Aoz Yehjeizinh

()00

P, :Column flexural resis tan ce

P.: Column torsional resis tan ce

$9l Aol A BXZo] HMR P-MAH F4E Py/Pzol vlol et detx A €k Py, Pz @l what ¥
A HER AMdEe P-MER 42 gl F4b wet 2E A g Py/Pz=Ket & o ©@He] W
w2 P-MA% 34 29 39 2ok

_JME_J !';Hejou R pP-MARE i ARCGEO V 5 Trahair

! 100 =
| 090 *
! 080 |

070

. 060 ! 5
g 050 ! £ 050 ——ARCGEO
< 040 : & 040 ¢ vt Trahaic
030 : 030 ;
020 + 020 !
010 * 010
000 - S e Ny 000 o - — -
000 020 040 060 080 100 ; 000 020 040 0€o 080 1,00
M/Mcr : M/Mecr
a8 3 Chodd 0” [£|'E P-Mé,"t*E I3 4 ARCGEOS’-F ol24le) b

aPZojq Mere ZHED 283 do HFRAE| N Prd £ 24T w9 zastFojrt 2=

- 454 -



2oL F53% JFL2 4%9 2 stz Wial 7k sh, Pt Mof vl 24 LERARIT utebA 7he =]
© P/Pcr, M/MMere] #digh2 1o] €k 99l JEHiioi A H5o] k7t ARFE M 7M7hE Hej7t Aot =
3 B Aol ANl fite s T2 1Q(ARCGEO7} okx o] P-MA#EE A&stA J2d +
BAY o8 Adstr] g, AHEE 2 %‘ 8}04 Trahair*lol 2]$h P-MA 8 =9} vlisto] 2t a4 2
B a8 404 B o] BalEr|(M/Mcer)8l 7t £7184-% Z-u|(P/Por)e Fraste 48E Holw, Trahair
9 o|24ld 2% P-MA#E ARCGEOZH 38 P-MATE/ 7o 49X ¢ + vk wekA
ARCGEO: %% 3 BHE7} §Ad) 288 o] T 3159 JAAAE 2 sty ok & + vk old &
ATolA= ARCGEOE AHEste] obAjel P-MAHEE 187l2 3t

Cach

222 ofx|el P-MAFAIE

B Ao A= ARCGEOE AMR3te] ofx|9] P-MA
P-MA#AEE Ao e o] P-MAT TAd ©
g P-MAAEE #4389

=) ru

22 4T U FAZ 2718 WEAA olA 9
A date} goe. Aetd aiEel 2 o

SEE Y% 2RUE/ 98T 9 b9 P MgBmeld

P/Per

99 zeLellM B0l BRAEN(M/McenHl 7} $74845E ol mEbd EAu[(P/Per)e #adhe %S
BAnh £ iF S4Z] 3717t ALSE P-MAT 3L kel 2] FefolA HA Aol 7te g
B2 vk A doh ole HARAAM dHe Fido wE WA vkttt F AdEAME kgt wet
P-MA =4do) dstalAl HA gk ol M= R Sz A7)l wel P-MA# F4o] WatA frt o}

o

— 455 -



olA zzo] doid o) I 6olA EXo] REUS] W A MA(y)9} 250 U wlEH @9)7F 4
o olw) BIEY L dHe EHE FAoE FUE WV B Wge s dojuA drh DY WY §
4E 38 6ol Mg 2ok ol @ FFL AN EAAS g7 FAA A B He SHEX el b2y
o BAsA gt opxje] FEEe §¥ FEEE W 39 73 Zuh

SEE gEe ofx 9d WAl F5E £Y8 WAE A2 28 TN s 2 SARLE noly
Atk 28y YRAEAE S2lo] Bl AAle] Z5ehl Ageix ehevh gue) BAS FHoE AN B
WA Zolt= &) 2 FAXOL Q4o Agabl Bk 282 o] T AFo] SAlo| AgeA Fg
AR BN E Fo] 8 GE2 ol sjo] FEAES F YEol G Hof YEo] FraH Bt
Welo] $% FAAE o] AW FEHe] RuAEd ¢ AgA el FAsA 5 Bk AL
2 A% FAAE B SAART B4 o 2 4FAL WA B o9 2o ¢ RE BRol #3 gae
39 83 27l B3, A=) F7b] wel 4R FAA0) QA Fe| F7keh) HRo] FHulE Hopr)
£ A%e uolA Atk

TEE 35 ARUET} ofXol| #E T mojry. 2¥ 8ollM MRo| EHES(M/Mcr)Hl7t S5 o
of wety ZHu|(PPere 2318 Frbehe ZFE&S 2o £ WF A9 277 AZeS 94
(P/Pcr)®} 3717F A A o] AMBU FENEE W opx| o] Wt date ofF i =8 22 §
B 2TAA drh. FEUES ¥ Yok ohA7PA 2 39 9olM BRo] 2E Hepi g Y vy
zZ oig v EY @7 Ak 2y RlEY Y] WL ddit B EY L 9] =4S A= JYY
A7F 2 BEI Ol HFo s dojuA En.

=9}

mlm

- 456 -



060 080 100
M/Mcr

040

020

Arch® WHE2 E AU Wetol W P-

000

25

toll whe

1oy

-

Y:

ol
~
<0
Klo
I+

'

a8 8 Yy

HA =

5

i EA 9 o FAA o 2R

wjEolrt. ofAle] g}l He

M

oz 23 103 #oh

=

=

=

-<----.

=]
o

o]
84

Bild]

oo

=
-3

5

ol &) Fa=A

ol ciaj)A gt 23

5 ZdA = ¢Feo] AEeA Aok 182z o] £

of Al #AEstA HH AR ERA

2]
A

=
=

@

=l HuAE 9

|

o}
w/

A
mm

B

T 8 A
43S HolA "

L
L

o

G|

7}

=
]

z2u)7}

A
TE

et F7he

2

A

b ot e

o

3HAl drt thA

EdEyI ZQ

©

=2
i

A &Ho] F7t
14 o

[

ujo

- 457 -



ERES HIFRAUES A N &UF F/AIIEA AEFe Hsdde vt

D150 P/Pcrﬂl°l “4 SFOiI EE}—E— 5_%4‘- =R

1.00
090 *+ S

os0 - s
070 *+ N
5 060 * —®—P/Pcr=00 N
L 050 —e—P/Pcr=01
!% 040 -*—-P/szos \“\
| 0.30 - P[P C1=09
| 0.20 [
‘ 010 -
0.00 - : - .
i 0.00 0.20 0.40 0.80 0.80 1.00
M/Mcr M/Mcv
I8 11 FEulol atE AS di}(DlsoP PM) EA 12 EWIEHIOH wg S+ HWEHP-PM)

o 119 ag=e 2l
Bl{(M/Mcr)ol $F2 EJE7} 0¥ o] n{FJAFT st ZHE A3tr|e] 2{7AF5 vl(F/Fer)ol
99 adolA BKo] 27| E¥u|o} Auglo] RAEN 9 Z7d W AF5r gaste FEHE Holw ¢
o} =3 R FAZe @]9k Aaglel AEFY ¥ 23E ¢ 7 Aok 28 3 128 oA
B FAZ g 2 AFge wslolth. 27] o Fagle] AEFo W
P/Pcre] H|E 022 3o AFy #Hadds Yetldn. e 9] Frtd wet 14 AFFe gadth
T3 YR FAZY Arld ue} AF5o B Wt AolE 101715 3}7‘]“& w7 %‘*’%:‘7—}01 30° ©}
o] ¥ A9 ol E°lxl Zeth OEe okAY JFEE
7b dAAEA He R ARl e PRl F s
of digt ¥ gto2 FHE, ZEHY W dig Z-59 %EHX—M ‘*’H” 1"& 134 2

i
r2 oy

Z-rotation(P-NM) ' F'/Pcr‘O '-H-.— §’“7~t ¥ gto] g Hllﬂ(F)
g‘ggig . — 0.009 ——D§  mD30 s D60
0.0040 - 0.008 1 —3-DYO —¥—D150
: 0.007 ¢ e
€ 0.0035 - § .
s : 2 0.006 P ol
5 0.0030 - 5 0005 g
2 00025 *+ < 0.004 émz—v /‘
Z 0.0020 ——DS0.M/Mcr=0 H 0.003 T e
3 0.0015 - —-D30,M /M cr=0.9 2 0003 |
0.0010 } —e D150,M /M er=0 .
0.0005 - o D150.M/Mcr=0.9 0.001 )
0.0000 4 - —— - ; 0 e oo :
0 10 20 30 40 50 €0 0 0.2 0.4 06 0.8 1
joint aumber M/Mecr
a 13 2-&% “EH“4 |(P NM) a8 14 42 Sz we AEHHI-S- 2 (P-NM)

2% 139 azolN, BF el Auslel 25 dEY gol F( @2 2k ot GHel I8

— 458 -



el uhako] Wi} WaEle Mo R TAS SR gusigche A vl £ UR 4 o] 150°
gl Aol RaEw ] BAlgle] vlEZY A7t AH AT 0% Ffe RAENd e} S ghojA
Aolg meliu Utk F, 78 RAENIL 245 duo] o go] vlEoiA A Hi S Bolx gl ofd
ofxe] AR v]EY ol diste] Yelrh 1¥ 148 2 EE FHuZL PPor= 09 9 WiR F4A
Ze] wistol] wpE w]EYzte] Wik g vehd Zlolrh iR T4 e 77 A& FE0 olshel e ZAE
l7h Zobetel o} Bl EY S AgH o Ikt qlvh 22y 907 o] 4l Aeele 2RES|Y BAglo] v
99 st YA B8 R Faze ARLE BAse Hd viEYe] Foprh FAZe| ARFF
gl dojd of W] ARy} WEE dosly] B F2RE YA} fH0ls FAEES s €7 Y&

ol

Z7] 4% Aslg & YLAEE AFRdEY dA B &0E Z7MAIEAN AEF wWEGtS YeR
Ak WE F47e] 0% A9 150°¢) FF-olet 2315, 16004 B5o] ElEny} 271845 HESe v
7 A gk £ 2uis AAeE A% e g4 Sl

D150, Fpcralel HaG GE HES B PPor=05OLA % BAZS WHoL GE NET W
1pp  ~FIPci=0 r D5 a3
so . TwTRPe0338 e — —
o oz ey Do
. o 5 4 el
z £, -
? é";ﬁ:}f“ﬁw‘ ______ e
. 0
o000 020 D40 080 DAD 100 0 02 04
M/Mor M/Mer
38 15 Sasjof] e MES BHE{DIS)P-PM) 2% 16 B Saizio) w2 NES HsHP-PM)
a9 152 WE 472 ¥l ©E A% daolr) oA dHES So| HHuld uel AFFY
w3l Gabo] BEbAlng Y8 E P/Por= 052 YA AR R 479 78 H3ANA %59
Hglolg vebid a9 169 gl olA g iR FAZdo) HE4E ZaEev el Zold el A5 v
Z7tekA gk ol ZEng) F99) v S Holu Qv 49 B9 i H
o

WHA 2 SEYY Wy 2
3L 2=

ot
o
&
i
&
¥
=

<
gl Tl ¥ A goz v viEH] YEE vehiW 2

W07 Bgoleh ¥RAES} e qob gol AEus Fohuel W WEY o] FHel AN &
(12)9] oz 257} wiln ook ol wuol BB wae] viAn AL elvgn, 2 Wrol RulEy)
7t A48 = TR ware] sl B4 go AL FH02 R RAEN} Ao ajeb
SEA9] ke A7 WA Has Gz wSeld HE ol ol b BAXI} AR Fax urp

- 459 -



YFee o 27 W) gt

D90, z rolahon(P PM) P/Pci=0.5 W& EaZ ezt W} o] JY(F)

0.0048 ; g'ggg "
! )

0.00%8 | 0.002
g 00028 - ——D90,M /Mcr=0 s 0.000
5 00018 ! ——D90.M/Mcr=0.8 T -0.002
S 00008 L ——D90.M/Mcr=0.9 2 -0.004 -
E 0,000 . — 2 o006 +
3 é\ £ “o.o0 —+—D5 —=—D30 —&—D60

-0.0012 \ - w ~0.010 —»—DY0 ~-¥— D150
-0.0022 r o i -

i e | 0.012
-0.0032 - ™ ! -0.014 -

joint number | M/Mcr

a7 Z-% MLHE‘:(DQOP—F’M) a3 18 YRSz g Hd v|ER(P-PM)

T2 opx|o FYP R HIEH Fol theto] Lottt 1 189 Y& FYu| 2 053 1T
3

R FAze Waol BhE NEY 2ol WHPPS vekd Zolch W FAzl 2 ui w5 Zo) 4
o2 BARAT FAZe] A4S TUYH BA A £ FAZe 277} ALSE wRe) A
ol vt ZAENZ} AXD gk aelm of B9 G4 Bzl ADSE guie] YR WS do)Y)
BoE 722 AT S0t ZALEE dn

3 um
£ @ osl P-MARES obo] 213130] AR W oble) 38Rl Aol syl B
"o A ofxo] BAlo] MEA Hri, BAES) g wel ne} £ 71
At FERS AHAE AAL sl 4 TEU Jr%oﬂ U@ obA s P-MATE
7 AT P-MEREE A4Re Z9s vndogon 289 AFAE AL ofxe YR F4
7o 27)8 WeE oo A 271 59 A7le] B Baei R, |

P

3.1 ofxl9| P-MAHME

%14 Aok o P P-MARIAH FHE wols Yok oA TaE, AMBe) P-MAREE
Wel o] me WatA Bt watel ofXE U 34z A7)d wel e Feje P-MYBREE HX
A ek 547 &89 ek F A9 A9 drel EE WA
i) SEE 437 RRUE 4§ A, 23} BAES} SAlol AEFO Aske] o T aFe] F7IeA
WO 3 1 wF pastd 8ok oA 2aY, S6P/Pe)7t F7hekA S ZAES] (M/Mer)Hl s
A28 91 ZRERMMen¥I7t 27404 58 Z56)(P/Per)7t Zashe A% RolA Atk

i) X 453 ARUE 28 A, 83 ZAET}L S 28 o, o= & dF o] FteHA HYE o

- 460 -



F7hetAl foh ok oAl Rk, SHul(P/Pen)7t F7H8HAl s1E RAEB(M/Men)¥] 2 F7tsHA|
EA[(M/Mcn)Hl 7k S7kstAl S| Z4n|(P/Pen)7h F7kete 28 HolA doh

0]
3
to

i) TEE 4E% FEHUE 8§ A Agete aFH7L ARFE Qe LHAE T vlE) ol
Z, 44T FHulol ZEHE F7hgtel) wel AFFHlE Ao

i) SEE 4EFH ARAE g A, ﬂ%o} o};‘-am ARFE ATFE 2HAEF w8 At &,
A oA 30115 17} 2718 w2 = Z718).

SE2002), 7181738 nEF ofA F2Ee AAFAFY, FEAAL G =E, Yot
H(19%5), "15 A vt o}x]e] FHF" FEAAL FYEF, m sty
.S.Trahair,"Flexural-Torsional Buckling of Structures”, Chapman % Hall, London, 1993

- 461 -



