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Nonlinear Dynamic Analysis of a Cantilever Tube Conveying Fluid
with System Identification
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ABSTRACT

The vibration of a flexible cantilever tube with nonlinear constraints when it is subjected to flow internally with fluids
s examined by experiment and theoretical analysis. These kind of studies have often been performed that finds the
existence of chaotic motion. In this paper, the important parameters of the system leading to such a chaotic motion such as
Young’'s modulus and coefficient of viscoelasticity in tube material are discussed. The parameters are investigated by
means of a system identification so that comparisons are made between numerical analysis using the parameters of a
handbook and the experimental results. The chaotic region led by several period-doubling bifurcations beyond the Hopf
bifurcation is also re-established with phase portraits and bifurcation diagram so that one can define optimal parameters
for system design.

1. M

r

AAE dgolre SHE BT ol & AA Y A5 9

A F2o ‘%VN}— 2934t Sugiyama e 499
B omol gl Bo] ¢to g s2% £A7 YAXEE  (horizonta) ¥ FET] disjH ARE 2z AAn

A7 W #AZ(buckling) £ E2H (flutter) dAbo) o3k AR w}e QA % A8, FE22% gv 2z

of EaAstA e ol A8 HHe Tl duid A P A wEet T A%l 9 wizle] wE g

Aolt}, olgld FEo] e B e 4y Ay X $ 557}5}%3.5}

FA9 S e FHolW(piping) AL AAA F8 ol HHAEF old 712E § wo|ZAd 53 UAF

g ZAle]ch A Bzt ool HMFAAE s EEEE

o A2H 9 et diate 2F¢F e AF7 Uitk motions)?] EAE AYH o]Bo2 FHIe ATk oF

o] A7el AlxE 1950 Ashleye] 98 Trans-Arabian ] Zth Paidoussis®= & o] mAso} Qlm ehet

e A
$aue A5E4S A9 9 A7oltk Benjamin?  Fd AHolA T f59 Frb wat #o] 5 o F
& 239 go|Z(atticulated pipes)olA  WR-FEC] ¢ F2EE ¥ F UA=RF B Yo 93 VS FAShs
uy  FFA0 %ﬂ]ﬂ U}%Ml FagE  4FA F5 wHconstraints bar)E AT M uF-frsol F

Paidoussis™ & 9% +4@o] £h0z2 wwy Qg o A% gt 75 vieke] I os) AFdle EELE
(hanging) s} FellA ZIZIEM o0& ui(standing), Ztztell o} (chaotic motion)o] W& 2AREZ EdHsI A3
shod AL ZASRTE 2k o] AFA WYY By AT 4Po2 FYaATh olF, Paidoussis”e A A
& YASE oM ZeE £35& hu wihz Wold  §¥ o8 WEES AP 2] TH(bifurcation diagram)
¢} Lyapunov exponents® ARE-ste] Ajasglo] ofwl wlaly)
* s Ak Elo] ®1ReAo dlsted zARATE w8 % 9547}
o e 0.5 B2t ol NaY A% ool #7193 EE
$5¢ olgxor FYse AAz wAHE AS HAY

* AU Z(mechanisam) & %314 54T
ek ARRUST 7| AT o

- 495 -



2 vy F3 Mady EESEA Uig Bo] B
RN U550 e RN EEdYY &4 7
4E AR "tk 2 gAe 97Ed) oM @
9 4 A% Al 98 9L vlXe Heluiey A
Aol AF d7e Wik oy AYeEHe 2x9 FE
59 8743 A8 A7z Toll W] g APl
WP"} gad 4 iz gl XY §54 F U184

E2F & T2 YA ZA ot E3) B 4
:r“’“ A" AARNE of$ DEA Agstn ”
ole] & aAfoie Agel 2dle] dojd $HoTRE A
2H f9(system identification)& E§ #4e 933 3
HE Fstn oj2RE doj A 4 AFEE o)
& S A} Atole RolHE AR, =3 ’é?:l"“
o8} ngd B FEAH A2¥ wHE B FAE4Y
A3 Alole] HBAHE A, Hoh AA A -
By 5SS Foprsgin).

N
el
b
Ho
ol
_qﬁ
il
o
ng
-
r]

ol

5wy

Ho

2 Fig. 13 o] Zeo] LY #xeke]
Zo] & A%e m Y 7&*4 EI Ln
¥ 8% §A9 v 2ol B AFE Mold, FAE

2 #g o 523 AfddA wjZgch Tr‘ﬂ7} ZEE
el 2o oigt 712 dwye Aok #e °JEH *“%’ HA
F2 HEE A vge du, B9 & xF02 44

O A O

Az HgE TES

Hola, QF2A

o #@e] AP AAPLe T 1?& 2.dE-w 240)
B(Euler-Bernoulli beam) ©]&¢ A&3ch a2z & A
e %Y 5o spgU,

A9 713¢ 53 BAY WAL 4 0 2o

A714 t= ARtolH, FY JHEE g, AW-HOE
(Kelvin-Voigt) B9 A4 E, B9 y¥del wsle
y(z, t) ol ke F(constraint)o] & ZAAolh =F,
nE 79 9%, yt 5 AXAN B} T& v Aol
Agjo]tt.

[1 40 (8/3r) Iy +[u —y(1—€) In" + 28" un’+ v’

+n+x (U-%(]Tl‘*"'lﬂ —In—n,1 )% (E~¢) =0

—> o]

Laser sensor

motion constraint

Y o3 (B VAt
n=g.8l= 7T (M+m) =
_ M2 _ M _ M+m 3
““(E} VLB = 3 7 T L
o= £ a= EI )‘”_a_,,__b‘_'

El’ M+ m 2T TR
()=08()/8¢, ()y=0()/or

4 (1o A7) H(Galerkin’s method)g AME8I 3t
A ArlE WA4E TE

1€, 7) = Y] ¢:(§)alr) &)

A71M AFRE B ¢, (€)= A™HL BE(mode)8AE

ok 4 (3% (Dol Wgetn el A Aolol] disjel Ay
sk ofalsh 2o}

{g)+[Clla}+ [K){q)+ [F(q)} = 0} @

B [Cl¢ [K], {F(@)9) & 8488 U537 2k

Co= ar¥s, +20%ub,, K, =28, + v¥c, + ve..,

®)
F=x[Y0.6)0 - 5 qz¢,(sb)q,+ - lzqs,(c,,)q, -mfFente)

F= UAAAY + (=D, r=s)
{2, r=s}

co=(4(X,0, =2 0)/[(-1)"" = (A7), r# s}
A0, (2= A0, }, r=s} 6)

L ={{4(d 0, A e, +2)(-1)
=201+ (A AN = (A /AN -, T s)
{2-1/2¢,,, r=s}

_496_



B Apdaes A2de nHY B854, & 52 &71(Hopf
bifurcation), T|X|X3 £ 7|(pitchfork bifurcation), —r7] B
7} ¥7\(period doubling bifurcation)} EELE & ZF
FHE 4 Qe F4 ALY 4YCAREA) 2dE sy
s

x84 Helg 8 4 (DF HuidA ez W
el AFHoR 4 (NFH L

= [A]{yg} +{F(y)h
{y}: {a, q.hq27q.2}T

"

A (g 42} £A-FeHRunge-Kutta) & AME3I F
A EkQth 7] 282 YA X9 #F F& upe
9] Azl yi(0) = y3(0) = 0.02583, y2(0) = ya(0) = 0°]ck
FAEAS 58 AAHE AT Fg 29 TAlstged
1 A7E A9EE Fig 29 (a9 2] 5 U = 70 ovs
ol A9 2o Hil(attracton) 2 FHIE S Ueh
T fE 7lm/sY de (b)) 2ol EE BRIyl A4 ¥
o] 29 Abo]E(limit cycle)& vEhITh 2 o]4e] f&d
AME (09 2o] Witde] Botalo] g8 gelsist

3. 2% o oot AE M

3.1 A" Ex| ¥ oWy

978 e Fig 3% 2ol 49 A FHlsks
Aol AL el AAMSE Table 19 2oh, Hxo]

29 339 $rgozRy L £A0E Yo oI
17t 54 sgn @ FNE TEEe o] 74858 &
2 fxsigd gEd dd" 2EHY &xE QIHEH
(inverter) 2 st PX {FFS WAL 1 WY &
£& $48 204 HAE A2 SAHHGT.

fr&ol o3 #eo] AT @4 @ ol A4X(Graham&White
laser sensor MBL/20)EZ ZAsn  FFT  £47]
(ONOSOKKI CF-350)% W24 ZAHRE(PO)Z 455t

ol

R

H

B8 -

Fig. 2 Phase plane plots of the system (E = 972X 10°

Nm?, E" = 1.723%10° Ns/m) ; (a) at U=7.0 mvs, (b)
7.1m/s, (c) 7.15m/s
32 AME A3
B dpo] AL ge IR Bgshs 75 Uy 9
Aol Eelo] ofsf Behgs|zch o] dAe 9 dx
{phase plane plot)ollA dAe] kg g9 A& YE
v} gul AlolZe] AE w3 f49 Fvldl Bl 2
Hug A YA #e 55 TFEIA HE #e

A&H WEL A A BB T IE T 393
A Ao £3 27) 21 o3t oA Ul Ato]Fo] H]
yioz Wake AAEA ¥7) Wyl BAH AFY F
717 o8 A7t fe F71 w7k £7) @4l 5] UM
o e} »}e}w

Fig. 4@)olM= #o] 9ARE Uy = 551m/sE Yol +
& B3|z ¥x Z o] HHES B 4 Utk &
Fo) A% F7hs]d Bl AZo] YY AA BIdE &

T4 diel  FREEAN (D% o] aAkzSHhigher
harmonics) A%EE°] Ul f4dzdAe eyl Alelg
o] yehdth (o), (dAMe o] M2 & JFoe &5

3te] 23R 9ol 718 Fogre] ofxsHsubharmonic) /3
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Table 1 Parameters of the test tube and the fluid

test tube silicon rubber
fluid water
length of the tube, L (m) 06
outside diameter, d, (m) 0.011
inside diameter, di (m) 0.0076
are4a moment of inertia, 1 5555 107
(m")
mass of the tube per unit
0.006247
length, m (kg/m)
f the fluid it

mass of the fluid per uni 004577
length, M (kg/m)
Young’s modulus, E (N/m) 972 10°
mass ratio, 3 0.87874
coefficient of Kelvin-Voigt 5

* 1.723x 10
damping, B~ (Ns/m?)
laser sensor position, 0.0766, 018165
XL, X2 (m)
motion constraint position
and gap between the tube 0.28905, 0.02583

and constraint, Xs, v (m)
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Fig. 4 Power spectra and phase plane plots of
the system ;

(a) at U=55293m/s, (b) 5.6506m/s, (c) 6.019m/s,
(d) 6.0927m/s
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Fig. 5 Bifurcation diagram by the experiment
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Table 2 Parameters through system identification

Young's modulus, E (N/m’) 6011 10°
ctzeffldleng of Kelvin-Voigt damping, LOBY7IX 16°
E" (Ns/m")

stiffness of the constraint, ¥ (N/m) 43799

- 498 -



A&

ol B dfdMe d¥og et $9S 7An

RS FYdd B gdAF W% @%(ntemal
damping)® 74 vte] ZA £ 59 H4E 45Fsgch
AzEle HSE A7) A8 4 )E OLE ge 8y
Aoz gt
K=A-P 8
)
f]](f ) Qz(tl) 'Il(t ) llz(t ) ’Ix(il) ‘Iz(t ) f(‘l(t )) by by
[N
ﬁx(..) Qz(t) (Ix(t) f11( ) (11( )‘12 W) (q(t) dJ‘ d?:
9
H71A,
a4, =K, ,b,= Ky,e,=C,,d = Cu,f(q)=F/r,e=r  (10)

Fig. 101419} o] F7he] god AMZ 243 o) S5
< 4 (DA ugstd #a A5 2 p=(4T4) ATk
2XE T@f& W52 Table 290 2th o]w AL8-§ wo)
e A$E n = 70000}tk

SHE T%q Y& Table 15} Table 2014 B-A7AI39}
AegAse] $270 tade Aotk oz AL}
AA N2 FE A, FH 2T &% A2 A7)
w2l WL ojujsiy meld Ysre) Fxuiez Alxy
2 dAske Hde AV ULe ¢ & Yok a8EE 4
Aol AHe" Wt AR Al2dME agl2 Jehhea)
dRg iy Barh gl

5. 8lm R

oM

Fig. 6& 4801 333 %— A BTE Ao
N olck o] @ 4 (1DE o183} B LvolHe ¥

Ast SEE AxeiT, %oa—e— nestA) ik

Frase Dugm

Prese Cupan

Fig. 6 Phase plane plots of the system (E = 6.29% 10°

N/m’, E = 1.06971< 10° Ns/m® ; (a) at U=6.091 mvs,
(b) 6.0995 nvs, (c) 6.10 m/s, (d) 6.1005 m/s

(L 7) = d (1)y (1) + 8, (1) ys (7)

. . . an
n(L,7) = ¢ (1)y, (1) + &, (1) y, (7)

Fig. 2¢|A& EE E717} BAEe f&o] o244
BRIAAN 32T 2ol7t AN A A Fig. 4elde

7] w7t 3%‘3] AAo} Table 19142) AA4 $if2E=
du3 ARG 2 AllZE BAY & AU 2eu
Fig- GO‘I’K‘]E (a) ?_].'zétﬂ‘ 3]31 /\}-o]——éljv,]. b) 2 _7[:7]' © 5
F71, @ EE A YEEE £ £ Qo

¥
- .,nlm
arestnraanss s

tenngy "'lu
]

otenersnni & selacemecs

r—
60963 6059 6099260934 60996 6099 61 6 1000 6 1004 & 1005
velocay, U (mis)

(b)

Fig. 7 Bifurcation diagram for the tip displacement of
the system

(a) for the range of 6.05m/s <

(b) for the smaller range of 60987 < U <

U < 61lm/s;
6.1005m/s

- 499 -



Fig. 79X e Al2® fHeE de vsz®e 7] &8

()} Bt} §2 HYIAY £7] =X (BT ZAEHHC
Fig. 7& 4929 d¥d 48 A7 £7] L F5(H A
o8 ZIEI §£L 552w/, F7) wprl B &%
5993m/s, 6.053m/soli, Al2d 7 X9 IXRY] f5&
6.058m/s, 57) W7} ®7) F4& 6.0991m/s, 6.0999m/s)elA
opzhel eyt BAFAT ARAQY BY AFS AY &
Ae O F ik

AARY sEve 3 442 FFY e Aade
sietolg] gro) ofghe] Apelr} dsd® A9E AWRtE
e AFE Aol Ak He 9%H o YugAs
Aol AAAe) Fx|9k wlmsle] 065X 10°Ns/m 2 37.7%
AEgn GAASFE 37<10°NV/m2 oF 38% Aol AR
At o] o= BT Hetdel EAd HlzH¥E W o
& vjol@ golgt & 5 vk el Az wWge] 9%
ANzdle] EAe gl g3t} o)A B Syl
2 FF ooz gg i, 53] 8o 249 9y 9
o SJsiA 1§54l TReA WE 5 AL UrhdTh

g 2 A7E o BAT 6 B4 9% P WS
ol 7 MEdT T AN 2T £ IFE 03
F 9lenz o) HaE JIME o 2 Aol

6.8 &

2 A7olde AASEA % 449 B 1489 1Y
¥ £4 AFL Aungth ol dd A2de 2REE
298D, 4 $52 48 4§ TSRS 29

[e]

d¥oz 239 $9 dgjo] A2 F3E T F4
R AFF HFE FAAAL, ol TR UY

o) 4 SAg Aseh 4Y L A Feuiy e
AEE 43 vinse ten 2e 2B AR
SAASS HOAAS B3 2e B BANE A2
$8 8739 gel W 5 A7) AE] AA A RS B
o] A%z A4 gof LEL TUES Y 5 Ut

T3 #e) AEL Bl AT Azl B4 wsel
Btk B Q99 B4 sl AHE okl UA
Yol 2ehy @abol vepd 4 ke kil 24X W
o o5 A TEEANA WY 5 ok

dep B Aol ASE AN e fAFER Ao
2 AT QoA ol 87 Wae) Aol U A
2% nevt Bage 29

B A7E 54 ¢ 4 %ol A2Y AU BW AHs)
A% AR o) 23t YA 1 oAl Aoz §
= ndgn PREse) /e 4B 5 e W, 4%
aFaME oldld /e nHaA g Azddl aY §
A AL sds R,

e U |
() H Ashley and G. Haviand, 1950, “Bending
vibrations of a pipeline containing flowing fluid,” Applied
Mechanics, 17, pp. 229-232.

(2) T. B. Benjamin, 1961, "Dynamics of a system of
articulated pipes conveying fluds - 1. Theory,”
Proceedings of the Royal Society, 261(series A), 457.

(3) M. P. Paidoussis, 1970, "Dynamics of tubular
cantilevers conveying  fluid,”
engineering science, 12, 2, pp. 65-103.

(4) Y. Sugiyama, Y. Tanaka, T. Kishi and H. Kawagoe,
1985, "Effect of a spring support on the stability of pipes
conveying fluid,” Journal of sound and vibration, 100, 2,
pp. 257-270.

) FEBR, ASE, olF4, 2002, ‘Ut AZH AXE 3
I FEFA T AR FA sfo|xLe) FF MM &
FAESAEFTEI =T, A 1248, A 123, pp. 979-9%5.
®6) M. P. Paidoussis, and F. C. Moon, 1983,
"Nonlinear and chaoctic fluidelastic vibrations of a flexible
pipe conveying fluid,” Journal of Fluids and Structures, 2,
pp. 567-591.

(7) M. P. Paidoussis, G. X. Li and F. C. Moon, 1989,
"Chaotic oscillations of the autonomous system of a
constrained pipe conveying fluid,” Journal of Sound and
Vibration, 135, pp. 1-19.

(&) 2Hdsl, $49%2 A3 19%, "ZIANEFFFTLT T8 A
A slol=AY FE F AT FFASAEITHHA, A 6
A, A 23, pp. 233-244.

(9) F. C. Moon, 1987, "Chaotic vibration,” John Wiley &
Sons, New York.

(10) M. P. Paidoussis, G. X. Li and R. H. Rand, 1991,
"Chaotic motions of a constrained pipe conveying fluid :

Journal of mechanical

comparison between simulation, analysis, and
experiment,” Journal of Applied Mechanics, 58, pp.
559-565.

(1) R, Johansson, 1993, “System modeling and

identification,” Prentice-Hall, New Jersey.

- 500 -



