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Abstract— Two component analysis methods
based on the fuzzy relational calculus are proposed
in the setting of the ordered structure. First compo-
nent analysis is based on a decomposition of fuzzy
relation into fuzzy bases, using gradient method.
Second one is a component analysis based on the
eigen fuzzy sets of fuzzy relation. Through experi-
ments using the test images extracted from SIDBA
and View Sphere Database, the effectiveness of the
proposed component analysis methods is confirmed.
Furthermore, improvements of the image compres-
sion/reconstruction and image retrieval based on or-
dered structure are also indicated.

1 Introduction

In the image processing based on space-frequency
structure, various methods of component analysis
have been developed, e.g. eigen values and corre-
sponding vectors [1, 2]. In this paper, by using the
fuzzy relational calculus, two component analysis
methods based on ordered structure are proposed.
By using the image intensity normalization of each
pixel into [0,1], an original image can be regard as a
fuzzy relation. The fuzzy relational calculus can be
applied to the analysis of the original image. First
one is a component analysis based on a decomposi-
tion of fuzzy relation into fuzzy bases. Second one
is based on the eigen fuzzy sets that correspond to
the component of images. By using two proposed
methods, analytical results of images extracted from
SIDBA and View Sphere Database, are presented,
respectively.

2 Component Analysis (I)

2.1 Problem Formulation

First component analyvsis based on a decomposition
of fuzzy relation (original image) into fuzzy bases,
is shown. An original image of size A/ x N (pixels)
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can be treated as a fuzzy relation R € F(X x Y),
X = {1"1?1"27"'733M}7 Y = {y11y27"‘7yN}, by
normalizing the intensity range of each pixel into
[0,1]. The original image R is approximated by
the composition of two pairs of fuzzy bases, {4; €

FX)li =1,...,c} and {B; € F(Y)|i = 1,...,¢}
such that
R(z,y) ~ R(z,y) = \/ (Ai(@) A Bi(y), (1)

i=1

for all z € X, y € Y, where ¢ denotes the Schein
rank of the fuzzy relation R, that is the smallest
integer satisfying Eq. (1). As it can be seen from
Eq. (1), the max-min composition of fuzzy bases A
and B corresponds to the approximated image R,
that is fuzzy bases A and B express components of
the original images. Obviously ¢ measures the ap-
proximate performance R of R, in the sense that the
possible larger the value ¢, the better approximation
R is. The approximation problem (Eq. (1)) which
is equivalent to identification of the component of
the original image, can be seen as an optimization
that minimizes the cost function:

> (R(x,w—\/(m(z) A B;-(y))) :

(z,y)eXXY i=1
(2)

A solution of the optimization problem, based on
the gradient method has been presented in [6]. The
following improvement, [3] i.e., a fast solution of the
optimization problem is presented as follows:
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for all z € X, y € Y. where “iter” denotes the iter-
ation number of the gradient method. For simplic-
ity of notation. by setting @ = Qiter,» Ai = AZ(””)
and B, = Bl(””), the derivation of the cost func-
tion Q with respect to A;(x’) can be written for
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Figure 1: An overview of the component analysis (I)

age R, Schein rank = 25, (right)

1=1,2,...,c, as
oQ _ ' y (ot .
@) -2 Z (R(m Y) — \/ (Ai(z’) A B’L(Z/)))
yeEY i=1
¢(Al (‘T,)a R(.,L.” y))v (5)
and -
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Figure 4: Fuzzy bases A and B, Schein rank = 25
where
¢(a,b) = { 0, otherwise. @)

An overview of the first component analysis
method is shown in Fig. 1.

2.2 Experiments of Image Compo-
nent Analysis

A result of application of the component analy-
sis (I) to an image extracted from Standard Image
DataBAse (SIDBA), is presented. Figure 2 (left)
shows an original image 'cameraman’. Under the
condition that the learning rate « is set at 0.005,
the approximated image R is obtained. The ap-
proximated image R with the Schein rank being 25,
50, and 100 are shown in Figs. 2 (right) - 3. The
value of the cost function @@ with respect to iter is
shown in Fig. 7. The fuzzy bases A and B with
the Schein rank being 25, 50, and 100 are shown in
Figs. 4 - 6. As it can be seen from Figs. 2 - 7, if
the Schein rank is higher, the approximation of R
is better. In other words, the Schein rank is higher,
the component of the original image included in the
fuzzy bases A and B is larger.

Figure 5: Fuzzy bases A and B, Schein rank = 50

Figure 6: Fuzzy bases A and B, Schein rank = 100
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2.3 Extension Proposals

A lossy image compression method based on fuzzy
relational structure {fuzzy relational equations) has
been proposed in [4]. The component analysis
method (I) can be a candidate of the design of ap-
propriate coders in the compression scheme, in order
to achieve an efficient compression. Furthermore,
the fuzzy relation R can be regard as the concept of
keywords in natural language. Therefore, the pro-
posed component analysis method (I) can be also
used as a visualization scheme in order to perform
an efficient data mining in text processing.

3 Component Analysis

Method (II)

3.1 Problem Formulation

Second component analysis based on eigen fuzzy sets
[7] is shown. In this paper, the eigen fuzzy sets of
max-min and min-max composition type are consid-
ered.

Let R be a fuzzy relation between a finite set X
and A be a fuzzy subset of X, i.e., R € F(X x X)
and A € F(X).

[Max-min Composition Type]

An eigen fuzzy set associated with R, is a fuzzy
set A such that

A= AoR, (8)
where

A(z') = max{min(A(z), R(z',z))}

z€X

vz’ € X.
9)
[Min-max Composition Type]

An eigen fuzzy set associated with R, is a fuzzy
set A such that

A= AeR, (10)
where
A(r") = néig{max(A(x), R(z',z))} V2’ eX
(11)

An overview of the eigen fuzzy equations (Egs.
(8) - (11)) is shown in Fig. 8. The eigen fuzzy set
A corresponds to a component of the fuzzy relation
R in terms of the ordered structure. The greatest
cigen fuzzy set (GEFS) for max-min composition
type. and the smallest eigen fuzzy set (SEFS) for
min-max composition one. are presented using nu-
merical example as follows:
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Figure 8: An overview of the component analysis

(1)

[The greatest eigen fuzzy set]
Let R be given by

0.3 0.5 0.9
06 08 01 |. (12)
01 02 04

Step G-1: Find the greatest element in their cor-
responding columns (See Eq. (13))}, and construct a
candidate fuzzy set A; by using them (See Eq. (14

),
03 05 [09]

06| [08] 00 |, (13)
01 02 04

Ay =[0.6,0.8,0.9]. (14)

Step G-2: Calculate the composition of R and
Apy(n = 1,...) until the convergence of the fuzzy
set Aj,.

The composition of R and Ap,,(n = 1,...) is
shown as follows:

Ay o R=1[0.9,0.8,0.4] = A, (15)
Ayo R=1[05,08,04] = A3, (16)

A3oR=1[05,08,04] = Ay = A5.  (17)

Step G-3: When the fuzzy set A, is converged,
GEFS can be obtained as the fuzzy set A,.

The SEFS of min-max composition type is also
obtained by the dual process of the above GEFS
algorithm {5].

3.2 Experiments of Image Compo-
nent Analysis

A result of application of component analysis
method (II) to images extracted from 'View Sphere
Database’ (8] is presented. The size of the orig-
inal image is 256 x 256 pixels, therefore, X =
{z1,22,...,T256}. By using image intensity nor-
malization from {0,..., 255} into [0,1]. the orig-
inal iimages can be cousidered as fuzzy relations
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R € F(X x X). An example of the original images,
the GEFS, and the SEFS are shown in Fig. 9. Ta-
ble 1 shows a comparison of each eigen fuzzy sets in
terms of iteration number of the proposed algorithm,
where the iteration number denotes the number of
times of composition to calculate the transitive clo-
sure of fuzzy relation.

Figure 9: Original image (File-32-36)

‘
R v — R —

Figure 10: The GEFS (left) and the SEFS (right) of
(File-32-36)

Table 1: Comparison of Iteration Number of the
Algorithm

Average | Max | Min
GEFS of Max-Min 5.52 14
SEFS of Min-Max 5.93 11 3

[

3.3 Extension Proposals

The proposed component analysis method (II), that
is, eigen fuzzy sets of the original images can be used
for are useful candidate of image feature, in order to
perform an image retrieval.

4 Conclusions

In terms of ordered structure, two component anal-
ysis methods have been proposed by using fuzzy re-
lational calculus. First component analysis is based
on a decomposition of fuzzy relation (original im-
age) into fuzzy bases. The decomposition is for-
mulated as an optimization problem and it can be

solved by using a gradient method. {3] Through the
experiment using the test images of SIDBA, the re-
sults of the proposed component analysis method
(I) is shown. Second method corresponds to the
eigen fuzzy set of the fuzzy relation under the con-
dition that the composition type is max-min and
min-max, respectively. The proposed algorithm to
obtain the eigen fuzzy sets of the image is based on
the transitive closure of fuzzy relation. By using the
image of 'View Sphere Database’, the greatest and
smallest eigen fuzzy sets are shown, and the iter-
ation number of the algorithm (II) is also shown.
The proposed analysis methods can be applied to
various fields, e.g., an image compression based on
fuzzy relational equations, an image retrieval, and a
text mining. These developments should be a future
study.
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