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Abstract— A concept of fuzzy wavelets is pro-
posed by a fuzzification of morphological wavelets.
In the proposed fuzzy wavelets, analysis and syn-
thesis schemes can be formulated as the operations
of fuzzy relational calculus. In order to perform an
efficient compression and reconstruction, an alpha-
band is also proposed as a soft thresholding of the
wavelets. In the image compression/reconstruction
experiment using test images extracted Standard
Image DataBAse (SIDBA), it is confirmed that the
root mean square error (RMSE) of the proposed
soft thresholding is decreased to 87.3% of the
conventional hard thresholding.

1 Introduction

A fuzzification of wavelets, i.e., fuzzy wavelets have
been presented in [2] [3]. In {2] [3], an image
compression and reconstruction based on the fuzzy
wavelets is formulated as two dimensional signal in-
terpolation by Takagi-Sugeno (T-S) fuzzy system.
Whereas, Heijmans et al [1] have presented a wavelet
decomposition scheme by means of the mathemati-
cal morphology and rank operators, i.e., morpholog-
ical wavelets. From a broad perspective, the former
is based on the space-frequency structure and the
latter is based on the ordered structure.

This paper proposes a concept of fuzzy wavelets
based on mathematical morphology and rank op-
erators, that is, it corresponds to a fuzzification of
the morphological wavelets [1]. By this fuzzifica-
tion, many schemes of the fuzzy sets theory, spe-
cially fuzzy relational calculus can be applied to
the wavelets. In order to perform an efficient im-
age compression and reconstruction, an alpha-band
(an extension of alpha-cut) is also proposed as a soft
threshold scheme in the fuzzy wavelets.
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Figure 1: Overview of decomposition scheme

2 Morphological Wavelets

Let V; and W; be the signal space at level j and
the detail space at level j, respectively. Signal anal-
ysis consists of decomposing a signal in direction
of increasing j by means of signal analysis opera-
tors d)J'- 1 V; — Vjq1, and detail analysis operators
wJT- : V; = W;. We have addition and subtraction
operators +, — on Vj such that z,+(zs—21) = 2,
for z1,22 € V;. Given an input signal xzo € Vo,
we consider the following recursive signal analysis
scheme, called the pyramid transform:

zo — {z1,y0} —~ {®2, 91,90} — -
= {Zr1, Yo Ye=1, Yo}, = (1)
where
241 = ¥} (25) € Vi, 2)
and
y; = ) (z;) € Wi, (3)

The original signal zg € V5 can be exactly re-
constructed from xgy; and yo,¥1,...,Yx by means
of the backward recursion z; = 1[)]1- (zj41)+y;.7 =
k,k — 1,---,0. The two dimensional case is
as follows. By n, 2n we denote the points
(m,n),(2m,2n) € Zy x Zy, Zy = {1.2,...,2Z;},
zZ, = {1,2,....2,}, respectively. and by 2n,,
2n*, 2nl the points (2m + 1,2n), (2m,2n + 1),



(2m + 1,2n + 1), respectively. The analysis oper-
ators are defined as

¥'(n)

@' (n)

z(2n) A z(2ny) A z(2nt) A z(2nd),

(wv(n), wa(n), wa(n)),
4)
where the operator A denotes 'min’ and w,, W,

wy represent the vertical, horizontal, and diagonal
detail signals, given by

wo(z)(n) = % (2(2n) - 2(20*) + 2(2n4) — 2(2n})) ,
won(@)(n) = % (2(2n) — z(204) + 2(2n") — z(2n})) ,
wg(z)(n) = —;— (z(2n) —z(2ny) —z(2n") — x(?ni)) .
(5)
The synthesis operators are given by
$'(2n) = '(z)(2n4) = ¢! (z)(2n")
¥ (2)(2n}) = z(n), (6)
and
@l (y)(2n) = (yo(n) +ya(0)) V (yo(n) + ya(n))
V{yn(n) + ya(n)) v 0,
@ (y)(2n+) = (vo(n) —ya(@)) V (Bo(n) - ya(n))
V(=yn(n) — ya(n)) VO,
@ (y)2n*) = (ya(n) - yo(n)) V (yo(n) — ya(n))
V(yn(n) — ya(n)) vV 0,
wl(®)(@n}) = —(y(n) - ya(n))V (ga(n) - yu(n))

V(ya(n) - yn(n)) V0, M

where the operator A denotes 'max’ and we write
y €W asy = (Yv, Yn, Yd)-

x(2n) x(2n*) x{n) y.(m)

Wavelet
Transform

x(2n,) x(2n}) y,m) ¥y(m)

Figure 2: Two-dimensional wavelet transform an input
signal x to a scaled signal z1 and the vertical, horizontal,
and diagonal signals, yu, yn, Y4, respectively.

Example)

By using the test images extracted from Standard
Image DataBAse (SIDBA), 'Lenna’ (Fig. 3, left),
the example of decomposed images obtained by Egs.
(4) - (7), are shown. Figure 3 (right) corresponds to
the signal and detailed image. The histogram of
frequency with respect to intensity of signal space
x1. horizontal space y;. vertical space y,. diagonal
space yg. are shown in Figs. 4.
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Figure 3: Original image 'Lenna’ (left) and the decom-
posed image (right)
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Figure 4: Frequency histogram with respect to inten-
sity, z1 (left), yv (right), of 'Lenna’

In the case of the wavelets, an image compres-
sion and reconstruction can be achieved by thresh-
olding the frequency histogram shown in Fig. 5.
The thresholding of the histogram corresponds to
replacing the pixel which is greater than the thresh-
old value, by zero, it corresponds to an ordinal hard
thresholding.

3 Proposed Fuzzy Wavelets

By using a normalization of the original image z¢ €
V, of the size Z; x Z,, i.e., normalizing the range of
the brightness level {0,...,255} into a closed unit
interval [0,1] (= U), the original signal zo can be
regarded as a fuzzy relation g € F(Z; x Zy), Z; =
{1,....2;}, 2, = {1,...,Z,;}. The transformed
signals {Zg+1, Yk Yk—1,---,Y0} also correspond to
fuzzy relations by normalizing the brightness level
into U. The analysis and synthesis schemes (de-
fined as Egs. (1) - (7)) can be used in the setting of
the fuzzy relations. In this paper, an alpha-band is
proposed as a soft threshold scheme of the wavelets,
in order to perform an efficient image compression
and reconstruction.

[Alpha-band (Hard-thresholding))

The alpha-band is a sub-closed interval of U defined
as

lar.a,) C U,

(8)

where a;.a, (€ U).



By using the alpha-band, the thresholding of the
fuzzy relation xy is performed as follows:

zo(n) if zo(n) € la,ay),
0 otherwise.

Fo(n) = { 9)

The filtering process based on the alpha-band is
equivalent to the ordinal hard-thresholding as fol-
lows:

, _ | Histgo(w) if u€lar,ad),
Histzo(u) = { 0 otherwise,

(10)
where Hist;, denotes the frequency histogram of
the pixels of the fuzzy relation z¢ with respect to the
brightness level u. This correspondence is shown in
Figs. 5. The image compression and reconstruction
can be achieved by using the thresholding shown in

Egs. (9) and (10).
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Figure 5: Correspondence of the filtering of fuzzy rela-
tion (upper) and histogram (lower)

The alpha-band scheme corresponds to the ordi-
nal thresholding of the wavelets as previously stated
in Sec. 2. In this paper, a soft thresholding of the
wavelets is proposed by extending the parameters
ay,ay (€ U) to fuzzy numbers. The fuzzy numbers
&y, 8, (€ F(U)) are defined as three tuples

a = @®a?, &™), (11)
Gy = (&g),&ff),&ﬁu)), (12)

where @, @9, and &@® denote the lower bound,

the center point, and the upper bound of the fuzzy
number a., respectively, and the example is shown
in Fig. 6.

[Soft Alpha-band (Soft-thresholding)]
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Figure 6: Example of definitions of fuzzy number of
alpha-band (left) and interval (right)
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Figure 7: Correspondence of the soft filtering of fuzzy
relation (upper) and histogram (lower)

The soft alpha-band is a fuzzy sub-interval of F(U)
defined as

[61,d.] € F(U), (13)

where the parameters G, 4, € F(U). An example of
the soft alpha-band is shown in Fig. 6. By using the
soft alpha-band, the filtering of the fuzzy relation xg
is performed as follows:

zo(n) if =zo(n) € [a?,a),
Softi(zo(n)) if zo(n) € [a",a),

To(n) = Softu(zo(n)) if zo(n) € [62,aM),

0 otherwise,

(14)
where Soft;(zo(n)) and Soft,(zo(n)) produce
zo(n) with being the probability p € [0, 1] defined
as

a{” —zo(n)

FICIPTON 'Lf Softl (350(11)),
ooz e 6ot (zo(n).

&l —aeu

p= (15)

The proposed thresholding can improve the qual-
ity of the reconstructed image compared with the
hard thresholding. The other types of fuzzy num-
bers (Gaussian etc) are used as the bound of the



alpha-interval. The fuzzy sets theory can be applied
to the soft thresholding expressed by the fuzzy num-
bers, and many improvements also may be proposed
in terms of the human perspectives and subjective.

4 Experimental Comparison of
Soft-thresholding and Hard-
thresholding

In the experiment of image compression and re-
construction, a comparison of the hard threshold-
ing and the soft thresholding is performed. The
conditions of the soft thresholding are defined as
Condition 1 : & = (@ — 0.04,a?,a® + 0.04),
a, = (@2 —0.04,a9,a9 + 004) Condltlon 2
= (a‘°> 0.08,5(?,a{9 + 0.08), a, = (@ —
0.08, aﬁf),an’ +0. 08) and Condition 3. &= (@ -

0.12,a,a{? +0.12), a, = (@ — 0.12, a&c),aEf)

0.12), respectlvely The test image of the size
256 x 256 pixels is shown in Fig. 3. Fig 8 shows the
result of measurement of Root Mean Square Errors
(RMSE) with respect to the file size of compressed
image, where the ﬁle size is adjusted by changing the
values a ~(C and a, (9 As can be seen form Fig 8, the
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Figure 8: RMSE comparison with respect to the file
size of compressed image

effectiveness of the soft thresholding (specially, the
condition-3) is confirmed. Figure 9 shows the recon-
structed images obtained by the hard thresholding
and the soft thresholding with the compression size
being the same. It is confirmed the effectiveness of
the proposed thresholding as shown in Fig. 9.

5 Conclusions
A concept of fuzzy wavelets has been proposed as a

fuzzification of morphological wavelets. In the pro-
posed fuzzy wavelets. analysis and synthesis schemes

Figure 9: Reconstructed images, hard threshold (left:
RMSE = 21.23), soft threshold with condition 3 (right:
RMSE = 18.53)

can be formulated as the operations of fuzzy rela-
tional calculus, i.e., the proposed fuzzy wavelets is
based on the ordered structure. In order to per-
form an efficient compression and reconstruction, an
alpha-band is also proposed as a soft thresholding
of the wavelets. In an experiment using test images
extracted Standard Image DataBAse (SIDBA), the
effectiveness of the proposed soft thresholding has
been confirmed. Specially, under the condition that
the file size of the compressed image is the same,
the Root Mean Square Errors of the reconstructed
image obtained by the proposed soft thresholding is
decreased to 87.3 % of the conventional hard thresh-
olding.

In the proposed soft-threshold scheme, the other
types of fuzzy numbers (Gaussian etc) are used as
the bound of the alpha-interval. Furthermore, the
fuzzy sets theory can be applied to the soft thresh-
olding expressed by the fuzzy numbers, and many
improvements also may be proposed in terms of the
human perspectives and subjective.
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