Proceedings d Joint Corference d Korean Data And Irformetion Science Society and Korean Data Analysis Society,
June 21-22, 2002, pp. 17-22

On the Seady Sae Avalability of Age-Dependent Minima Repar Mode
Ji Hwan Cha', Jae Joo Kin?

Abdract

Avalability is an important characterigic of a repairable component. lyer(1992)
obtained the ‘limiting effidency’(not the “steady date availability') of the age-dependent
minima repar modd which was firs¢ consideed by Block et d.(1985). However the
exisence of the steady date availability of the model has not been reported. In this note,
the exigence of the steady dtate availability of the modd is shown and a brief remark on
the importance of the property is given.

Keywords : Seady State Avalability, Limiting Efficiency, Reparable Component,
Minimal Repair, Parfect Repair, Imperfect Repair

1 Introduction

Consder a component which can be in one of two gdates, nanely ‘up' and ‘down'. By
‘up' we mean the component is il functioning and by ‘down' we meen the component is not
functioning; in the latter case the component is being repaired o replaced, depending on
whether the component is reparable or not. Let the gate of the componat be given by the
binary varicble

1 if the component is up at time t )

X(0)= 0 otherwise.

An important characterigic of a reparable component is avalability. The avaladility a
time t is defined by
A(t) = P(X()= 1), @

which is the probability that the component is functioning & time t. Because the sudy of
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A (1) is too had except for a few smple cases, other measures have been proposed, and more
attention is being paid to the limiting behavior of this quantity, i.e., enginexrs ae mare
interested in the extent to which the component will be availeble after it has been run for a
long time. The deady dae availability (or limiting availability) of the component is, when the
limit exigts, defined by

A= !Ln;loA(t), 3

which is a sgnificant measure of peaformance of a reparable component. Some other kinds of
availability which are ussful in practical goplicaions can be found in Birolini(1985, 1994) and
Hoyland and Rausand(1994).

Another measure of peformance associated with a reparable component is efficiency
defined by

eff = £(UM) 4

t 1

where U(t) is the totd amount of functioning time during (0, t], that is, U(t) = JFOIX(u)du.

This messure can be intepreted as the expected proportion of time the component is
functioning during (0, t]. The limiting efficiency is defined by

Eff .= limEff = lim-E£(2(0) Q)
t—c0

t—>c0 t

which was firg condgdered by Barlow and Hunter (1960).
Note tha if A= !LngoA(t) exigs, then Eff, ds0 exigs and the rdaionship

lim A () = Eff holds. However, the lim A (1) does not dways exist even if Eff . exids

(See Balow and Proschen, 1975, ch. 7).

Bromn and Proschan(1983) conddered the imperfect repar modd where a component is
renewed with probability p and is minimaly repaired with probability 1- p, on each failure.
This modd was extended to the age-dependent minimd repair modd by Block e al.(1985),
wheae p depends on the component age t. lyer(1992) obtained the limiting efficiency of the
age-dependent minima  repair modd based on a Renewa Reward Process, but, as Mi(1998,
p211) pointed out, lyer(1992) ingopropriately caled the quantity the Seady dae availahility.

In this note, the exigence of the deady dae avalability of the age-dependent minimal
repar modd is shown and a brief remark on the importance of the propeaty is given.
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2. Man Reallt

An avalability modd for the age-dependent minima repair modd will be developed under
the assumption of non-negligible repar times. A piece of component with falure rate function
r(t) is put into operation a time 0. Each time it fals, a mantenance action is taken which,
with prabability p(t), is a complete repair or, with probability qg(t) = 1- p(t), is a minimal
repair, where t is the age a falure of the component under maintenance. Let v be the time
of the completion of i" renewd, i= 1,2,---.Assume that ater each renewd, the component
dae is as good as new dae. Define N ; as the number of failures in the i™ renewa period,
(Viy, Vi, i=1,2,---, where V,=0. Let T be the lifetime of the component which has
been renewed i- 1 times and has been minimaly repaired j- 1 times after the time of the
i- 1" renewd, i=1,2,---, j=1,2,---,N,. Let the conditiond didribution function of T,
gven N =71 be F ;(x), ad E(TIN;= =gy, i= 1,2, j=1,2,-,1, r=12,-.
Let us define the corresponding repair times R, and assume that the distribution of R s,
G,(y) with men v, for i=1,2,--, j=1,2,--,N,- 1, and G,(y) with mean », for
i=1,2,---, j=N;. This means tha the times for minima repars ae identicdly digtributed
accarding to G,(y) and the didribution of times for renewds is G,(y). Furthemore we
assume that R ;'s are finite with probability 1

i N
Al define Z,= 31 (T ,+R ), j=12-N;- 1 ad z,= 2 (T +R,,),

which is the length of the i" renewd period. Let the conditiond distribution function of z |
gven Ni=r be F , (1) i=1,2,- j=1,2,--,r- 1, r=2,---, and the didribution of z;
be H(1H, i=1,2,---. Asume that the z,'s ae mutudly independent for i= 1,2,---.

Oovioudy, Vv, is given by v, = i}lzi, n=1,2,--. Define H "(t) as n-fold convolution

of H(t) and M, (1) & nile M ().
Obsarve that for the cases of N = 1, the corregponding renewd period condsts of T,
and R, ,, and their digribution functions ae F ,,,(x) and G,(y) respectively.

The exigence of the deady date avalability of the age-dependent minima repair model
is shown in the following theorem.

Theorem 2.1 Assme that [ p(u)r(u)du = o then the Steady stdte availability of the
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Age-Dependent Minima Repar Modd exists and is given by

A = |1il)n0‘IOA(t) ©)
- #(p)
aP)+ N wit vy
where
up)= [ e (- f pur(udu o
and
p o= [ aren (- f per(udu)at
proof.
Obsave that

Ao = P{X()=1, t<V,}
Slp{xu): 1, t<V,N,;= r}P{N,= r}

P{T 1 :2tN = P{N = 1)+ 2[P{T 1 >tN = r} @
-

1
+ 21 P{Z;<t<Z ;+ T1;.1IN.=r}IP{N,;=r}

F o nOP(NG= 13+ 20F (u(d)

1 At
¢ 30T a1 90F (o, (PN, = 1),

whae F ()= 1- F () ad F (., -0 is the conditiona survivor function of
Tij+1 Oven Z,;=s adN;=r, tha IS, P{T,,>tZ,;=sN;=r}, =12,
ji=1,2,-,r- 1, r=2,8,-.

Note tha, by the definition of A (1), the following equation holds;

A=Ayt JC:A(t- x)dH (x), t=0, )

which is a renewd equaion. Then the function A (1) stidfies(see Theorem 4.1 of Karlin and
Taylor(1975)

A=A+ [[A(t waM, (u). ©

Note that, snce R;;'s ae finite with probability 1 and fom p(u)r(u)du = co(This means
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N

21 T ., is finite with probability 1), Vv, is finite with probebility 1 Then
I

lim A o() < lim P{V,>t} = 0,

and by the Key Renewad Theorem,

t
limA() = lim Jfvo(t- u)dM 4 (u)

T]Z-i) J(‘OOO A ,(t)dt.

By noting tha . ,=E[N;- 1] = Jfom a(tr(t)exp ( Jrotp(u)r(u)du)jt (s2e lyer(1992),
E(z ) is obvioudy given by

E(Z)=pnP)+ pn- 1 Vit vy,

where u(p) = fom exp ( Jrolp(u)r(u)du)dt. On the othe hand,

Jfo A o(Hdt

= Jro F m(dt- P{N ;= 1} + SZ[JFOOO F n1(Ddt

-1 a0 .t
¥ J'Zl Jro Jro F (r)j+1|zM:s(t' s)dF (r)zlvl(s)dt] -P{N;=r}

[<4] I
= P{N = 1}+ rz:z{/l mt jzzﬂ it P{N ;= r}

= JE(E T ING D -PN,= 1)
= u(p),
where

oo t

Jro Jro F (N +1Z 4, = s(t- 9)dF ()2 N (9dt= g (1j+1

by exchanging the order of integrds. This completes the proof.

Remark. Condder a coheent sysem condging of n components. Assume that the n
components operate independently of one another. Spedificdly, while a repar o a replacement
of a failed component is occurring in one position, the other components continue to operate.
Let h be the rdidbility function of the sysem. Then the deady dae avalability of the
coherent system is given by

A=h(A A, AL, (10)
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wheae A ; is the steady dtae availability of the component i (See Barlow and Proschen, 1975,

pp. 192-193). In this gStudtion, the condition of the existence of the Steady deate avalability of
each component is essantid.
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