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Abstract

We classify rotation sampling designs into two classes. The first class replaces sam-
ple units within the same rotation group while the second class replaces sample units
between different rotation groups. The first class is specified by the three-way balanced
design which is a multi-level version of previous balanced designs. We introduce an ex-
tended gencralized composite estimator (EGCE) and derive its variance and mean squared
crror for cach of the two classes of design, cooperating two types of correlations and threc
types of biases. Unbiased estimators are derived for difference between interview time
biascs, between recall time biases, and between rotation group biases. Using the variance
and mean squared crror, since any rotation design belongs to one of the two classes and
the EGCE is 2 most gencral estimator for rotation design, we cvaluate the efficiency of
EGCE to simple weighted estimator and the cffects of levels, design gaps, and rotation

patterns on variance and mean squared error.
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1 Introduction

The cntirc samplc units or population arc partitioned into a finitc number of rotation groups in
rotation design. One class of rotation designs replaces sample units within the same rotation
group to rctain all rotation groups in monthly sample. The other class consists monthly
sample only with one rotation group and the rotation group is replaced with another rotation
group as onc month advances. Thus, replacement of sample units is occurrcd between different
rotation groups in this sccond class.

Typical cxamples of the first class arc U.S. Current Population Survey (CPS), the Cana-
dian Labor Force Survey (CLFS) for onc-level rotation design (i.c., I = 1). U.S. Consumer
Expenditure Survey (CEX) for 3-level rotation design, and National Crime Victimization
Survey (NCVS) for 6-level rotation design. Here, the respondent in a ¢-level rotation design
reports the information of current survey month and £ — 1 previous months. We characterizc
this class as three-way balanced rotation design in which monthly sample is dalanced in rota-
tion group, interview time as well as recall time. Previous balanced designs arc special cascs
of the thrce-way balanced design (Cantwell 1990, Park, Kim and Choi 2001).

We characterize the sccond class of ¢-level rotation designs as /G desigus where G is the
number of rotation groups since cach rotation group returns to sample cvery G months in
this class of designs. Examples of such designs arc the U.S. National Ambulatory Medical
Carc Survey (NAMCS) for onc-level rotation dcsign, the U.S. Monthly Retail Trade Survey
(MRTS) and the U.S. Survey of Income and Program Participation (SIPF) for 2-level and
4-lcvel rotation designs, respectively.

Because longer recalling is expected to provide less accurate information for the recalled
month, recall time bias may cxist in ¢-level rotation design (Cantwell and Caldwell 1998).
The cntirc sample units or population are partitioned into a finitc number of rotation groups
in the rotation design. Becausc different rotation groups may have different expectations of a
characteristic of interest, rotation group bias can cxist in rotation design. The samce sample
unit is interviewed morce than onc time in the rotation design. Becausce of response burden
from repeated interviews, interview time bias may cxist in rotation design (Bailar 1975). For

cach class of rotation designs, we present unbiased cstimators for differences of recall time
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biascs, rotation group bias, and interview time biascs.

We modify the generalized composite estimmator (GCE) for one-level rotation design (Breau
and Ernst 1983) to a multi-level version and call it extended GCE (EGCE). This EGCE
provides an interim cstimator at any survey month before we have full information about
month ¢ and a final cstimator for month ¢t. We derive the variance and MSE of EGCE
for two classes of designs, cooperating two types of corrclations and three types of biascs.
Minimizing a weighted sum of MSEs of I-level EGCEs of genceral interest, we derive one sct
of the compromise cocfficients to preserve the additivity of cstimates.

By numecrical examples, since any rotation design belongs to one of the two classcs and
the EGCE is a most gencral estimator for rotation design, we evaluate the cfficicncy of EGCE
to simple weighted cstimator and compare the two class of rotation designs. We also study
the cffects of levels, design gaps, and rotation patterns on variance and mean squared crror
for different values of two types of corrclations.

The rest of this paper is divided into 4 scctions. In scction 2, we discuss the two general
classcs of [-level rotation desigus and present a simple algorithm to construct them. In scction
3, the EGCE and its variance and bias for various characteristics arc presented for the two
classcs of I-level rotation designs. In scction 4, we show the common cocfficients for GCEs by
minimizing their MSEs. Using the results of sections 3 and 4, we performs cfficiency studics

for two classes of designs in scction 5. Finally, we conclude this paper in scction 6.

2 Three-Way Balanced Design and [/G Rotation Design

We describe a gencral rotation system for a I-level rotation design. When a sample unit is
sclected from cach rotation group, this unit returns to the sample for every [th month until
its r11th interview and is out of the sample for the next ro; + 1 — 1 successive months. Then,
the sample unit is again interviewed for every Ith month until its (ry; +712)th interview and is
out of the sample for the next 729+ —1 months. This procedure is repeated until this sample
unit returns to the sample for its final (3%, ry;)th interview. We denote this rotation system

as [Ti%, (r1:(1) — r2;). When a I-level rotation design follows this rotation system with m < oo

and the number of rotation groups is ;" | 71;, we call this design -level 711 —- - - =79 1 =11
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rotation design. When m = 1, we call it the I-level r1; in-then-out design. In particular, when
[ =1, the l-level 711 — - -+ — rom—1 — 71 rotation design is reduced to the onc-level rotation
design of Cantwell (1990) and the rotation design considered by Park, Kim and Choi (2001)

for their two-way balanced design.

2.1 Three-Way Balanced Design

The I-level 71y — - - — 72 4n—1 — 714 rotation design has Z:’;l r1; rotation groups and interview
times from 1 to >, 71; and { recall times from 0 to [ — 1. Thus, we can define the three-way

balanced design as follows.
Definition 2.1. The l-level r1; — -+ — r9,,,—1 — 71 design is balanced in three-ways if

(a) all 3", 71; rotation groups and interview times from 1 to ;% r1; arc present in cvery

monthly sample and
(b) (a) is truc for any rccall time from 0 to [ — 1.

The condition (a) for [ = 1 is cquivalent to the conditions that Park, Kim and Choi (2001)
imposcd for their two-way balanced design. Since all rotation groups should be included
in cvery monthly sample in the threc-way balanced design, all rotation groups have cqual
opportunity to be represeuted in monthly sample and the replaced sample unit comes from
the same rotation group. Characteristics of the outgoing and incoming units arc as similar
as possible so that units within the same rotation group are homogencous. The U.S. CES is
a typical ecxample of the three-way balanced design.

The following algorithm provides how to construct the three-way balanced design from
the I-level 717 ~ -+ — rou—1 — 715 rotation design as illustrated by Figurc 1 of the 3-level
5-8-3 dcesign.

Algorithm 1

Step 1: To create the column labels for the unit and group on the top two rows, arrange sample
units by their affiliation indices (@, g) in the order of (1,1), (1,2),---, (1, >/, r1i),- -+
(a*,1), (a*,2), -+, (a*, > i%, T1i) where o is chosen to be large cnough to last entire

survey.
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Step 2: Next fill in the third row of the first month ¢. According to the reverse order of the

ey (r1i(l) — r2;) rotation system, sclect cvery I-th index from Step 1 until the first ry,,
indices arc sclected and leave the next rg,,—1 +1—1 indices. Repeat this procedure until
the last 717 indices arce sclected. The ZZ';I r1; sample units with the sclected indices arc

the sample of the initial month ¢t. For cxample, the 3-level 5-8-3 design in Figure 1 has

r11 = 5,721 = 8 and r12 = 3. The first indices are (1,1), (1,4), and (1, 7).

Step 3: To fill in the remaining rows, shift the third row of the first month ¢ onc column to the

right for cach advancing month.

Figurc 1: The three-way balanced 3-level 5-8-3 design.
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Figure 1 illustrates how to construct the 3-level 5-8-3 design by Algorithm 1. The order
in Step 1 is interpreted as the time order for a sample unit to be introduced in sample. For
cxample, the sample unit indexed by (4, 6) which is denoted by u; at month ¢ is introduced
at month ¢, the unit indexed by (4, 7) is introduced at month ¢+ 1 and so on. By the rotation
system of the 3-level 5-8-3 rotation design, a sample unit introduced at month ¢ returns to
the sample at months, t +3,t+6, t + 9, t + 12, t + 23, £ + 26, and £ + 29. This implics that
the notation u; stands for the corresponding unit « in group g interviewed for the ith time
(i.c, 2 =1,2,---,8). For cxample, becausc the sample unit indexed by (5,1) is introduced
at month t + 3, it is denoted by w; at month ¢ + 3, by us at month t + 6, by uz at month

t + 9, and so on. The symbols “” and “" above the sample unit u; mcans that the sample
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unit u; provides the information for the two previous months. The recall time of u; is 0 at

Rl
|

the very survey month; the recall time of u; represented by is 1, onc month prior to the

v

survey month; and the recall time of u; represented by “” is 2, two months prior to the
survey month. Therefore, Step 2 and Step 3 ensure that cach monthly sample is balanced in
interview times and recall times.

Note that if the sclected Y 7" 71; sample units in Step 2 arc from different rotation

groups, all subsequence monthly samples contain all rotation groups because the rotation

group indiccs arc arranged in increasing order in Step 1. This means that a l-level 71y — g —

m
i=1

- —Tm—1 — Tim design is three-way balanced when we have all r1; rotation groups in
Step 2. In particular, when we assumicl =1, 71y =719 = =71y, and 7191 = - - =T -1 In
the three-way balanced design, the design is reduced to the two-way balanced design of Park,
Kim and Choi (2001). Thus, the 2-way balanced designs (i.c., when [ == 1) constructed by
Algorithm 1 is morc genceral than the previous two-way balanced design. Since the number
of rotation groups used in monthly sample (= >, 71;) cquals to the nurnber of months that
a sample unit is included in the sample, the three-way balanced design is also a multi-level

cxtension of Cantwell’s onc-level rotation design.

2.2 /G Rotation Designs

Supposc that a [-level rotation design has G rotation groups with the recall level [ < G. At
any survcy month, only onc rotation group is surveyed. Then the rotazion group is out of
the sample for the next G — 1 consccutive months before it returns to the sample again. This
procedurc is repeated until the survey is completed. During the G — 1 out-of-sample months,
the remaining G — 1 rotation groups scquentially enter to the sample and follow the same
rotation pattcrn as described above. We call this I-level rotation design as I/G rotation design.
The U.S. NAMCS and SIPP can be expressed by 1/5 and 4/4 rotation designs, respectively.

Unlike the threc-way balanced design, incoming and outgoing sample units in /G design
arc from different rotation group and the same sample unit is repeatedly used during the
lifc of the survey. Thus, /G design can not be three-way balanced. The onc-level rotation

design by Rao and Graham (1964) is an cxample of 1/G design. Morcover, onc level-one
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group design or 1/1 design (i.c. I = G = 1) is cquivalent to the usual fixed sampling in which
the sample group sclected at the initial month of survey is repeatedly used for the entire life

of survey.

3 Extended Generalized Composite Estimators

Somec sample units arc used repeatedly for a pre-determined number of months according to
their rotation pattern. We can obtain cfficient cstimator by using such repeated information
of the same sample unit. The current composite cstimator by Rao and Graham (1964) and
the genceralized composite cstimators (GCE) by Breau and Ernst (1983) arc good cxamples.

Dcnote x(J

be the measurement for month ¢ obtained from the jth recall of the sample
unit interviewed for the ith time at month t+ 5. In a I-level rotation design, since information
for month ¢ is obtained fromn .L’g ; through xt U for i = 1,...,G, we should wait [ — 1 months
morc for complete information of month ¢. Thus, we need preliminary cstimators for month

t at survey months from ¢ to ¢ + [ — 2 until we have a final cstimator for month ¢ which is

obtained at month ¢ + 1 — 1. The followings arc thosc [ — 1 preliminary cstimators and one

final estimator. For cach recall time j = 0,1,---,1 — 1,
ZZ& ,a:tz wZZb ,:ct“+wy(J) for 7=0,1,---,1—-1 (1)
i=1 j/=0 i=1 j'=

where 0 < w < 1 and Z?:I ZJ 0 Z(JJ) ,‘Cil Z] 0 bZ(JJ, =1.

We call these [ estimators as cxtended generalized composite cstimators (EGCE). We can
interpret the EGCE as follows: yt( is obtained at the survey month ¢, and updated by y(l

onc month later with the recall information from month ¢ + 1; the y( ) is again updated by

yt( ) two months later with the recall from month t+2 and so on until we have yglhl). The yt(J )

in (1) uscs only available information for month ¢, obtained from J + 1 months from month ¢

(4)

to month ¢ + j. 3"’ can be interpreted as an interim cstimator of a characteristic for month

t, which lcads to the final cstimator yt(l_l) when all the information is available.

. (5) () () )y j j j
Define a; = (ay5,--+ ,ag0, - aljj e a(éj) b; = (ngO), - ,bg()), . bg; o ,b(é])-)', and
/Yt(J) = (:cg?), s g) yoe t({), e xgg)’ Then, EGCE given in (1) can be written by a
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matrix form:

yt(j) = a;Xt(j) - wb}Xt(i)l +wyt(i)1 for j=0,1,---,1-1 (2)

where a}1 = b1 =1 for all j.

When [ = 1, EGCE is reduced to the onc-level GCE of Breau and Ernst (1983) and hence
the previous current and A — K composite cstimators arc included in EGCE as special cascs.
When we let a; = 1/jG where 1 is an unit vector and w = 0, ygj ) defined in (2) is reduced
to a simple cstimator. It can be also shown that the 2-step composite cstimator by Wolter
(1979) is a spccial casc of EGCE for [ = 2 by choosing ag = by = 1/G, al(-(l,) = b,f(l)) = 3 where
0<B<1,andal) =b{) =1-gforalli=1,...,G.

3.1 Bias and Variance of EGCE in Three-Way Balanced Design

It is common in a Il-level rotation design that the expected random measurcments from a

samplc unit may depend on its rotation group, interview time, and recall time. Let 7y, 7,

and &; be biascs from the gth rotation group, the ith interview time, and the jth recall time.
m

Because three-way balanced design has G(= )/, r1;) rotation groups and interview time

and { rccall times, we assumc that
E(zﬁ{)) =pt+719+m+§&, for gi=1,...,G and j=0,...,[-1 (3)

where g is the monthly level to be estimated and the subscript ¢ indicates the index for the
rotation group containing the mecasurcment CL‘EJZ) This rotation group is uniqucly dctermined
in three-way balanced design since there is one-to-one correspondence between the rotation
group and the sample unit producing xg,ji) by three-way balancing.

To cstablish such one-to-one correspondence, let ¢¢(i) be the rotation group interviewed
for the ith timc at month ¢, in which the rotation group is interviewed through its sample
unit. The three-way balancing ensures that there is the unique interview timne myg such that
gt(mg) = gerxy1(1) where £ = 0,1,...,G — 1. For cxample, in the 3-level 4-8-4 design in
Figure 1, the rotation group indexed by 7 is introduced at month ¢ + 1, the rotation group

indexed by 8 at month ¢+ 2, and the rotation groups indexed from 1 to 6 at respective months

from t + 3 to t + 8. Since the rotation groups indexed by 7 and 8 arc interviewed for 6th and
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3rd times at month ¢, respectively, we have mg = 6 and m; = 3. Similarly, we have my = 8,
ms =93, mg =2, ms =7, mg =4, and my = 1. This is also truc for any ¢. Using this my,
define L to be G x G matrix with the (4, j)th clement

1 if (7".7) € {(mka”nk‘—l); k= 1|27 o aG - 1} or (ZaJ) = (m()’mG—l)a

(L)ij = (4)

0 otherwise.

Then we have the following result.

Lemma 3.1. Forty =1,2,..., let L' =L'""1L where L° = I. Then, by three-way balancing,
(L) = 1 implies that the two rotation groups interviewed for the ith time at month t and

interviewed for the jth time at month t + ty are the same.

By this lemma, (i) = gr44(j) if (L)i; = 1 and g(i) # geaso(s) if (L¥0);; = 0.
Thus, the matrix L is uscd to identify whether or not two sample units interviewed at
two months ¢ and ¢ + tp from the samc rotation group. As an cxample, consider 3-level
5-8-3 design in Figurc 1. The matrix L for this 3-level 4-8-4 design is (L)iyq, = 1if
(i1,i2) € {(1,4), (2,5), (3,6), (4,7), (5,8), (6.1), (7,2), (8,3)} and (L),,,

Thus we have (L), ;, = 1if (i1,72) € {(1,2), (2,3), (3,4), (4,5), (5,6), (6,7), (7,8), (8 1)}

= 0 otherwisc.

and (L), ;, = 0 otherwisc. That is, the two sample units interviewed for the 8th and the 1st
times and the ith and the i 41 times for ¢ = 1,...,7 at the respective months ¢ and ¢ + 3 arc
from the samc rotation group.

LCt Ty = (Tg,(l)ngf(Q)a"' 7Tg,(G)),7 n = (7]11772"" ,"7G),, and £J = (£Oa£1a"' afj)l fOI'
j=0,...,1— 1. Using L matrix, definc £;;, = (L'~%: L''~% . ... . L'i=¥)_ Then, we have

Lemma 3.2.

G-1
; 1
E(y,(J)) = Ly + u)Ga E kL k‘rm— a 1,91+ a’jﬁj®lc

1-

G-

1 kbl w
1= waj w + £J"k-+17'f - 1—_;1);1‘, ®’I7 —
k=0

Wy
-8 ®le

where 1 is the k x 1 unit vector and ® is Kronecker product.

Since L, is a permutation matrix and 7 is a permutation of 7, the bias of y(J )is invariant

to survey month ¢ and is a weighted average of rotation group biascs, interview time biascs, and
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recall time biascs. In particular, when we assume that, for cach j =0,1,...,0—1, ag) = a}cj )

regardless i for k = 0,1,...,j (i.c, aj = (aé’ ,a(lj R ,agj))’ ® 1g) and similarly, b; =
(béj ), bgj ), e ,bg-j ))’ ® 1¢ such as Wolter’s 2-step composite cstimator and simple estimator,

onc can show that Lemma 3.2 is reduced to
J

E@) = m+ GZ i+ ) +—wGZ - wb e (5)

@ _ P ()

In this casc, E(yt — Y to) = p¢— Mty for o = 1,2,--- which implics that ytJ is unbiascd for

changes such as monthly and ycarly changes. The expected revision defined as E(yt(J + —yy ))
for j = 0,1,...,1 — 2 dcpends only on recall time bias. This is not truc in non three-way

balanced design.

Remark 3.1. The ith rotation group bias 7; may be different when it is represented by different
samplc units (Cantwell and Caldwell 1998). Namcly, when we measure m(J ) from the sample
unit indexed by (v, g), E(xiJl)) = py+ Ty + Ya + 7 + & where 7, is the cffcct of the ath pancl.
Then, the bias of EGCE given in Lemma 3.2 varies with survey month ¢ becausc a varics
with ¢. This mecans that 7, and p; arc confounded and they arc not scparatcly cstimable.
Thus, without a better alternative, it is practical that an average of pancl biascs included in
cach month ¢ is taken to be part of the monthly cffect y; so that py; in Lemma 3.2 reflects

pancl bias in a widc sensc.

The repeated interviews of the same sample units arc more likely corrclated. We call this
the first-order corrclation or time corrclation. Furthermore, since sample units in the same
rotation group arc usually closc to cach other characteristically and mere likely correlated,
we call this the sccond-order or spatial corrclation. Thesc two types of corrclations arc
incorporated into our variance cstimation. Previous works (Rao and Graham 1964, Huang
and Ernst 1981, Cantwcll 1990) ignorcd the sccond-order corrclation for the calculation of
variances, while Kumar and Lec (1983) and Park, Kim and Choi (2001) showed that the
variance of the GCE is generally underestimated when the sccond-order correlation is ignored
cven for small sccond-order corrclation.

The interview time and recall time of a samplec unit may also affect the variance; hence

we allow that the variance varics over the course of interviewing time and recalling level of
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-1 afJ) ()

rccall time biascs. In particular, when we assume that, for cach j =0,1,..., =a;

(7 ) (])

regardless @ for £ = 0,1,...,75 (ic., a; = (a5’,a7’, - ,a > ) ® 1¢) and similarly, b; =
(bgj ), b(lj ), ‘e ,bgj ))’ ® 1g such as Wolter's 2-step composite estimator and simple estimator,
onc can show that Lemma 3.2 is reduced to
J
E@y?) M+GZ Ti + 1) +—¢;GZ —wb(J )k (5)

@) _ )

In this casc, E(yt -y, to) = fit — fi—t, for tg = 1,2, - -+ which implics that y(J)

is unbiased for
changes such as monthly and yearly changes. The expected revision defined as E (yéj +) —yt(j ))
for j = 0,1,...,1 — 2 depends only on recall time bias. This is not true in non three-way

balanced design.

Remark 3.1. The ith rotation group bias 7; may be diffcrent when it is represented by different
sample units (Cantwell and Caldwell 1998). Namely, when we measure x(J ) from the sample
unit indexed by (a, g), E(:vg l)) pt + Ty + Yo+ + & where 7, is the cffect of the ath pancl.
Then, the bias of EGCE given in Lemma 3.2 varies with survey month ¢ because o varics
with ¢. This mcans that v, and p; arc confounded and they arc not scparately cstimable.
Thus, without a better alternative, it is practical that an average of pancl biascs included in
cach month ¢ is taken to be part of the monthly cffect y; so that p; in Lemma 3.2 reflects

panel bias in a wide sensc.

The repeated interviews of the same sample units arc more likely corrclated. We call this
the first-order correlation or time corrclation. Furthermore, since sample units in the same
rotation group arc usually close to cach other characteristically and morc likely corrclated,
we call this the sccond-order or spatial corrclation. These two types of corrclations arc
incorporated into our variance cstimation. Previous works (Rao and Graham 1964, Huang
and Ernst 1981, Cantwell 1990) ignored the second-order corrclation for the calculation of
variances, while Kumar and Lee (1983) and Park, Kim and Choi (2001) showed that the
variance of the GCE is gencrally underestimated when the sccond-order corrclation is ignored
cven for small sccond-order corrclation.

The interview time and recall time of a samplc- unit may also affect the variance; hence

we allow that the variance varies over the course of interviewing time and recalling level of
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q af
sample unit. Thus, the variance and covariance of acg’i) and :rEfH), . arc summarized below.
{
a?j if ¢=0,i=4¢ and j=7j,

) y p1r 045045  if both arc from the same unit
Cou( () .G )=< ST (6)

Trir Ty
por0ijoyy  if both are from the different units of the same group

0 otherwisc.

\

where pyy is the first-order corrclation and pay is the sccond-order correlation between months
tand t+t.

By the [[/%;(r1:(l) — r2;) rotation systcm, a sample unit introduced for the first time

at month ¢ is intcrviewed for the ith time at month ¢+ ¢; where s = 1,2,--- 37" r; and
ti= (- 1)+ ;":_11 rsz{i>Z I mel This implics that thc sample unit interviewed for ¢3th
time at month ¢ is the same unit as the sample unit interviewed for igth times at month ¢ +¢
for ¢ > 0 only if ¢;, = ¢;, +t’. This rclationship can be cxpressed by the G x G matrix of LY
in which the (7, 7)th clement is 1 if ¢; = t; — ' for j >4 and is 0 otherwise.

The matrix Lt is used to identify two sample umits interviewed at two months ¢ and
t +t' from the same rotation group, and the matrix L’i' is uscd to identify two mcasurcinents
obtaincd at months ¢ and ¢+ from the same sample unit. We define the watrix L = L' — LY
to distinguish the two measurcinents from the two different sample units but from the same
rotation group interviewed at months ¢ and ¢+ ¢'. If (Lg)ij = 1, two samplc units at month ¢
and t 4+ ¢ with recall time 0 and respective interview times ¢ and j arc different but from the
salne rotation group.

Thercfore Ltl" and Lt2/ matrices completely identify the two sample units at the respective
survey months ¢ and ¢ + t’ only by their interview times: if (Ltll)i ;= 1and (Lg),- j = 0, the
two sample units with the respective interview times ¢ and j at months ¢ and ¢t + ¢’ arc the
same unit. On the other hand, if (LY);; = 0 and (LY);; = 1, they arc diffcrent units but from
the same rotation group.

Decfine xgj )=(x£{), mg), e ,xﬁ@)’ where G = 3%, ri;. Using the two identification matri-

ccs, L1 and Ly matrices, we show the following lemma.
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Lemma 3.3. Suppose that [-level rotation design is balanced in 3-ways. Then under the

covariance structure given in (6), we have
Cov(x™, x72)) = pru iy LY ™2, + par Ly A, (7)
where j1,j2 = 0,1, ,l =1 and Aj, = diag(o1j,, 02j., -+, 0qy,) for k=1,2.

From Lemmna 3.3, for j =0,1,--- ,1 — 2,

Qt',o,o Quo1 Qt’,OJ+1
20 B Quio Qranx - Quigs
Cov(X; Xt.;.t') = . . . .
Qv j+10 Qrjsir - Qv j+1j+1

where Qyp j, j, =Cov(x Sm (”)) given in (7). Denote Cov(&X; x9 x9

Xitt! pyp) be Vpj for j =
(5)

0,1,---,1—2 where Vi j_1=Vp ;2. Then we have the variance of y;”' as follows.

Theorem 3.4. Under the same assumptions given in Lemma 3.3, the variance of EGCE for

recall level  =0,1,--- ,l — 1 1s

(1-w?)Var(yl) = a,(Vo, +2wB10(j))a; +w?b}(Vo; + 2wBi0(4))b;

2wb(B1o(j) + B 1(4))a;

. o0 oLy
where Bu, ny (7) = Y pen W2 Vi 4keny,j for ny > my.

Forcach j =0,1,--- ,I—1 and the intcgers tg, t' > 0, we arc also interested in the variances
of (a) the change z/t(J _ q,SJ to> (D) the aggregate Sho(j) = i? 01 y,( v, and (c) the change of
two aggregates Si0(j) — Si%, (j y=3"to 1 yt(J - St ytj )h _; for t; > tq. For the variances of
thesc three cstimators, let Py;(t*) = 2(1—52 )(Vo Jj+2wBio(j Z:L ‘01 By 5 (J), Poj(t*) =

—%(Bl ()( )+Bl e +22n—- (U-)Bt*+1,n( )+Bt‘ !L+l( )) and PJJ(t*) = wzle(t*) for

t* > 1. Then using thesc definitions, we show the variances of the three estimators as follows.
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Theorem 3.5. Under the same conditions in Theorem 3.4,

(a) Var(y? - v = a;Pyj(to)a; + b;Paj(to)a; + b} Pyj(to)by,

to—1
(b) Var(S{°(j)) = a}(toQu — Y_ (to — t*)Py;(t"))a;
t*=1
to—1 to—1
+b5(t0Q2; — Y (to — t)Py;(t"))a; + b (tow?Quj — D (to — ") Py (t))b;
t*=1 t*=1
and
(c) Var(SP(j) — S, (1))
' to—1 to—1
=aj( > (- NPyt —t) =2 (to— t)Py(t"))a;
t*=—tg+1 t*=1
to—1 to—1
B DD (b~ [Pt — £) =23 (to — 7 Pyy(t"))a
tr=—to+1 tr=1
to—1 o1
#B5( D7 (o= [Pyt — 1) =2 3 (o — ') Pyy(t")) by,
tr=—tg+1 tr=1

Since the simple estimator is defined as yt(J Y Xtu )/jG, it can be shown that Py (t*) =
2(Vo,; — Vi ;) and Py;(t*) = Ps;(t*) = 0. The variances for the simple cstimator arc casily
obtained by letting w = 0 and a; = 1/5G in Theorem 3.4 and 3.5.

If the sccond-order corrclation pyy = 0 for all ¢, the Ly matrix is no longer necessary in
variance cstimation for the {-level 713 — 721 — -+ - — r9,—1 — 715, design because the matrix Lo
is rclated only to the sccond-order corrclation. Thus, the following corollary can be stated

for this situation.

Corollary 3.6. Suppose that py; = 0 for all t is the l-level 111 — 7191 — -+ — To o1 — T1m
design. By letting L, = 0 for all t in Lemma 3.3, Theorem 3.4, and 3.5 still hold for any

[-level Ty — 191 — -+ — T2m—1 — T1m design without balancing on three-ways.

Note that when [ = 1 in the -level 713 — ro1 — -+ — ro -1 — 71, design, the variances

given in Corollary 3.6 arc the same as thosc of Cantwell (1990).

3.2 Bias and Variances of [-level composite estimators in [/G design
Let xij ) be the measurement for month ¢ by recalling the jth prior month fromn the interview

month £ + j for j = 0,1,...,0 — 1. Because there is only onc rotation group for cach recall
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time j in [/G design, we define EGCE for [/G design as follows.

yt(J) - ZG(J) O _ Zb(e)ng i +“”/t(J)1
7'=0
= a*;xt‘j ~wb* Xy wy) for j=0,1,---,0-1, (8)
where a% = (af’,af”, -,y by = (0§, 6, 09y, and X = (@, &V, 2.
For bias of y(J ), we assumic in [/G rotation design that the first rotation group is inter-

viewed at the initial month ¢ = 0 and then the sccond rotation group is interviewed at month
t = 1, and so on. Thus, the ith interview is performed from ¢ = (¢ — 1)G to t = ¢G — 1 where
i=1,2,---. Let Iy be (j + 1) x G with (I;);,, =1ifl =m and (I;);,,, = 0if | # m and Ly
be G x G matrix with (L);; =1if j=i+1fori=1,--- ,G—1andif j =1 fori= G and
(L)ij = 0 otherwise. By the similar approach usced for three-way balanced design, E(y, U )) in

/G design is as follows.

Lemma 3.7. For l/G design,

j 1 Lk
Bw) = i+ ——ga’ > WL - b*’Zw’”I LRy
=0
*/ */
+1_w(a j—wb)E;.

where T and §; are given as before.

As for I J-Lg_kr in Lemma 3.7, LY %7 is a permutation of 7 and I ; sclects the first j
clements from this permuted 7 = (71,72, -+, 7¢). Thus, unlikc three-way balanced design,
the bias of EGCE for I/G varics with survey month ¢ because time dependence of I;L5*
Since LY = L*C, E(y, Uy = E(Un(ic) This implies that [/G design has a cyclic bias with G
months as ouc cycle period.

For the simple estimator, let a*; = 1;41/(j + 1) and w = 0 where 141 is (j + 1) x 1 unit

vector. Then, Lemma, 3.7 is reduced to
J
E@") = pu+ =1, LI+ —— & (9)
g1 i+l1&

Thus, the bias of simple estimator in /G design also vary with survey month ¢.
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Remark 3.2. Interview time bias also cxist in {/G design. Since interview time increascs as
time advances, interview time bias and monthly cffect u; arc confounded ir. I/G design like as
pancl bias and p; arc confounded in three-way balanced design. Thus, an average of interview

time biascs is practically taken part of y; in I/G design.

Comparing to the simplc cstimator in the threc-way balanced design whosc expectation
is p¢ + % Ziczl(ﬂ- + ) + ﬁ Ei-:o & from (5), the simple cstimator for /G design whose
cxpectation is given in (9) is biased for characteristics such as monthly and ycarly changes
while that for threc-way balanced design is unbiased. Since the expected revision of the simple
cstimator in [/G design is, from (9), E(y(j+1)) ——E(yt(J ) = J+2 1% Ly Lyt — J+1 vV LLAT+
J+2 ZJ+1 fk“m ZJ —o & while that in three-way balanced design is ; +2 Zf;(l) £ — T Zi:o &
the simplc estimator in [/G design needs the extra revision of Fi 15,1 LT — J%l; LT
than that in threc-way balanced design. Morcover, if Y% 7 = 3% ;= Zi;}) ; =0 can
be assumed, the simple cstimator as an final cstimator in /G design is biased for y; but that
in three-way balanced design is unbiascd.

(3"

Since no sccond-order corrclation cxists in {/G design, if zgj ) and z,, - arc the measurc-

ments from the same sample unit, the covariance structure in I/G design is
() —
Cov(z; zt+t’) = PLy 00y (10)

where j,§/ = 0,1,---,1 — 1. Now, sincc cach of G rotation groups rcturns to the sample for

cvery Gth month in [/G rotation sampling design, the rotation pattern can be cxpressed as

(4) ;

qt = gﬁi)nc forn =0,1,--- and for cach j = 0,1,--- ,1 — 1 where the g,°’ is the rotation

group with the recall level j at month ¢. Hence, the covariance of (10) can be cxpressed as
C’o*v(:zgj) xﬁi,),) = pryojoy d(modg(|t’ + 3" — j]),0)

where d(modg(|t' + j' — j]),0) = 1 only if modg(|t' 4+ j' — j|) = 0. This cxpression yiclds
Cov( Xy g, Xy k) = Vi with its (7, j)th clement, for £ =0,1,...,1 -1,

pr0i-10j-1d(modg(|t’ + j —i),0)

where 4,5 =1,2,...,k+ 1.
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Since the EGCE for [/G design given by (8) is the same form as the EGCE for threc-way
balanced design given by (2), we can obtain the variances of monthly level, aggregate level,
and changes of monthly and aggregatc levels for the I/G design from Theorem 3.4 and 3.5 as

summarized in the following corollary.

Corollary 3.8. Suppose that a multi-level rotation design follows the 1/G rotation system.

When we replace aj, b; and Vi ; by aj, bj and ;‘j, respectively and let poy = 0 for all t
in Theorem 3.4 and 3.5, all results provided in these two theorems for the three-way balanced

design hold for the /G rotation design of l-level recall with G groups.

Wolter (1979) derived the variance of his own GCE in 2/3 rotation design. His variance
formula is obtainable by applying Corollary 3.8 when we let a(()n) =1 and b(()o) =0forj=0

and (agl),a(ll)) = (w1, —wy) and (bgl),bgl)) =(0,1) for j =1 where 0 < w; < 1.

4 Optimal coefficients of the [-level GCE

When we have many different cstimators and these estimators nced to be consistent, it may
not be possible in practice to usc different cocfficients for every different estimators. Thercfore,
for this practical rcason, we obtain onc sct of cocflicients of the I-level GCE by minimizing
a weighted sum of the MSEs of monthly level, aggregate level, and changes of monthly and
aggregate levels.

We have the four types of l-level GCE : yt(j), y,{j) - yt({)to, S{o(j) and SP(j5) — S+, (j) for
to 21, t1 >ty and cach j = 0,1,--- ,1 — 1. Defining specific valucs of ¢y and t1, we assume
that there arc H Il-level GCEs of interest, and denote them by zyn for h=1,2,--- | H. Notc
that 2, and zj,, h # k' can be the same type of i-level GCE even when they are of diffcrent
characteristics. For cxample, yt(j ) for Labor Forcc is the samece notation as yt(J ) for Uncemployed.

To have the consistency in total among cstimates, we sct the object function O;, j =
0,1,---,1—1 for MSE: Oj=21]7=1 nMSE(2n) — M(1Vaj — 1) — A2(1'b; — 1) where As arc
the Lagrange multipliers and 8s arc the weights which represent the relative importance of

the corresponding estimators. For example, all the H I-level GCEs arc cqually valuable, then

the weight 6, = 1/H for all A. By a suitable choice of 2¢jn, we obtain onc sct of optimal
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cocfficients by minimizing the object function O; for cach level j =0,1,- -, 1= L Then we
can usc it commonly for the estimators of different characteristics.
By Lemma 3.2, Theorems 3.4 and 3.5 for the 3-way balanced [level 7y — 7191 — -0 —

T9.m—1 — T1m design, MSE(z,) can be cxpressed as
Var(zn) = ajCijna; + biCojna; + b;Csjnb;. (11)

For cxample, when 2, = y,(J ), Crjn = Prj+ B,% j for k = 1,2,3 where Py is given in Theoremn
3.4 and By is the bias from Lemima 3.2.

Using (11), we optimize the object function O; and obtain the following optimal cocflicicnts
in the 3-way balanced 711 —r2) — -+ — Fa.m—1 — T1m dosign. Hereafter, we call these optimal

cocfficients as compromisc cocfficients to distinguish it from all other cocfficicnts.

Lemma 4.1. Suppose that a l-level rotation design is balanced in 3-ways. For given weights
&n, h=1,2,--- , H, the compromise coefficients of a; and b;, minimizing the weighted MSE
2}7:1 SnMSE(zp), are given by

-1
a; Clj‘*‘cij Co; —sl_jlljlg(clj—l—C{J)_lCéj Sl—jllj

b; Cy; 48:;jllj1']»(03j+0:/3j)_105j C3J'+C§J- S;jllj
where j =0,1,---,1 =2, 515 = 15(Cy; + Ci]-)_llj, and s3; = 15(Cy; + C;;j)_llj where 1; is

an unit vector with an appropriate size depending on j.

When a multi-level rotation design follows the [/G rotation system, the corresponding
compromisc cocfficients minimizing their sum of variances arc casily obtained after appropri-
ately defining Cy;, for cach of k =1,2,3 and level j =0, 1, - ,I — 1. This can be donce from
Lemma 3.7 and Corollary 3.8 for the I/G designs.

5 Conclusion Remarks

All rotation dcsigns studied before can be classified into onc of three c.asses of multi-level

rotation designs. Thosc arc the life time balanced [-level ri1 — 721 — - =721 — Tim design,
three-way balanced I-level 713 — 191 — + -+ — T2m—1 — T'1m design, and { /G rotation design. We
arc mainly intcrested in the three-way balanced ri1 — 721~ = T2m—1 — Tim design because
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its basic framcwork and propertics can be casily applicd to the remaining two other classes
of rotation designs as special cascs.

This paper presents six major contributions to the multi-level rotation designs, and they
can be summarized as follows. (1) We introduce the 3-way balanced rotation design and
investigate its propertics and rotation pattern. We provide the two conditions for the I-level
T11—T21—" " —T2,;,—1 —T1pm design to be balanced in three-ways. (2) Using the basic framework
of the three-way balanced design, we suggest a multi-level version of the Cantwell’s onc-level
balanced design and establish the basic propertics for the I-level ri; —rgy — -+ - — T2m—1—"Tlm
design and the I/G rotation design. (3) We show that the I-level GCE is a general form of
the previous one-level GCE and that all the previous cstimators used in rotation sampling
designs arc special cases of our I-level GCE. (4) We derive the general variance formula of
the I-level GCE from the three-way balanced I-level 71 — 19 — -+ - — T99n—1 — T1m design
in the presence of the first-order and sccond-order corrclations. (5) When the sccond-order
corrclation is zero, our variance formula for the three-way balanced design are applicable to
any l-level 71y ~7r9; — - — T2,m—1 — T'1m design regardless three-way balancing. After slight
modification of the variance formula of the 3-way balanced design, we can obtain the variance
of the l-level GCE of the /G design as a special case. (6) To prescrve the additivity of
cstimates in total, we obtain onc sct of common cocflicients of the I-level GCE for cach of the
three types of rotation designs. These cocfficients arc optimal in the scnse that they minimize
a weighted sum of variances of all concerned characteristics of interest.

—1/2Var(y,(J) — yt(]_)f,), (?7) is
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