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Abstract: In this paper, we propose a robust
indirect adaptive fuzzy state feedback regulator based
on Takagi-Sugeno fuzzy model. The proposed
adaptive fuzzy regulator is less sensitive to
singularity than the conventional one based on the
feedback linearization method. Furthermore, the
proposed control method is applicable to not only
plants with a perfect model but also plants with an
imperfect model, which causes uncertainties. We
verify the global stability of the proposed method by
using Lyapunov method. In order to support the
achievement, the application of the proposed adaptive
fuzzy regulator to the control of a nonlinear system
under the external disturbance is presented and the

performance was verified by some simulation result.
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1. Introduction

Fuzzy control has been successfully applied to
many commercial products and industrial systems
since Mamdani has applied it to a steam engine
[1]-13]. Fuzzy control is available for controlling
systems without accurate mathematical models, and
human experts are valuable for providing linguistic
fuzzy control rules or linguistic fuzzy descriptions
about the systems. However, the stability analysis of
the fuzzy control is difficult and often yields a
conservative result although fuzzy control does not
require accurate mathematical models. Therefore,
recent fuzzy control researches have been focused on
an indirect adaptive fuzzy control [4]-[5].

Most of the existing indirect adaptive fuzzy
control algorithms are based on the feedback
linearization method [8],[10}. However, the feedback
linearization method cannot be applied to the plant
with the singularity in the inverse dynamics. The
adaptive fuzzy control algorithms based on the
feedback linearization method need the infinite
control input, when the state is at singularity of the
inverse dynamics or the parameter approximation
error diverges to infinity. Pre researches have
proposed several ways to avoid the infinite control
input such as the assumption that the state is away
from the singularity, and the projection algorithm,
which prevents the parameter approximation error
from diverging to infinity [8].

In this paper, we propose alternative method to
solve the singularity problem, a robust indirect
adaptive fuzzy state feedback regulator based on
Takagi-Sugeno fuzzy model. The proposed method is
not based on the feedback linearization method but

on a simple state feedback method. Therefore, the
proposed algorithm solves the singularity problem in
the inverse dynamics without any additional
assumption or projection algorithm.

In practice, the perfect modeling is impossible
since number of rules are limited and the description
is not correct. Therefore, uncertainties on modeling
are inevitably produced. To overcome the effect of
uncertainties on stability, the various adaptive fuzzy
control algorithms have been proposed [6]-[12]. We
also considered uncertainties on modeling. It allowed
the proposed controller to apply not only to plants
with a perfect model but also to plants with an
imperfect model. For designing a reliable regulator,
we proved the global stability of the closed control
systems with the proposed regulator. At last, some
simulation results showed the performance of the
proposed regulator.

2. Problem Formulation

Consider the regulation problem of the following
n-th order nonlinear SISO system.

" = A2 + gDu + dd @-1
where, Ax), g(x) are unknown but bounded
continuous nonlinear functions. d(#) denotes an

external disturbance, which is unknown but bounded
in magnitude. « is a control input. Let
x=1Ix -+ x" YT« R* be the state
vector of the system which is assumed to be
available. .

In this paper, Takagi-Sugeno fuzzy model (TS
fuzzy model) [15] was used to identify the unknown
nonlinear system (2-1). TS fuzzy model can be
briefly presented below by the following IF-THEN
form or In-Out form.

<Takagi-Sugeno Fuzzy Model>

1) IF-THEN form
Plant rule &

IF x is My and x is My and... and 2“7V is M,
THEN £ = alx + bu, i=1,2, ,-,7

(x x- x2""MT e B" aeR",

b; e R. M; is the fuzzy set and 7 is the number
of rules.

where x =

II) Input-Output form
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2 w{x)
=1

= Z]h;(z){ alx + bu} (2-2)
where
wi@d = M) 0 = _wix)

" gwi(z)
M{(x9) is the grade of membership of x“~" in
M. 1t is assumed that w(x) = 0,

;wi(l) >0,i=1, 2, 3, -, 7
Hence, hi(x) 2 0, 2ih(x) = 1
In order to apply the proposed regulation

algorithm, the given unknown system has to be
identified by the TS fuzzy model.

= Rzt 8) + gzl 0)u +

= g‘h;(_&') a;Tg + ;hi(l) bu + dd

(2-3)

Uncertainties on fuzzy modeling have to be

considered. At first, for considering uncertainties,

optimal parameter vectors used in the fuzzy modeling
are assumed as follows.

Assumption 1
a:T: nominal values used in T-S fuzzy modeling

b, : nominal values used in T-S fuzzy modeling

However, in spite of the T-S fuzzy model
approXimation, uncertainties inevitably occur in the
practical application as mentioned above. For that
reason, we defined uncertainties as follows.

da = [da, da, - da)T e R, 4b e RY

| daff) | < da;, 14681 < 4b,

de RY, 1d®l| <d

Then, unknown nonlinear functions Ax), g(x) in
system (1) can be represented as

o) = B[hdn)ai’x + Lo (2-4)
gn) = Db + 4b() 2-5)

where, a,;r , b; are the original parameter values.

Therefore, we finally identified the unknown nonlinear
system  with the consideration of modeling
uncertainties using TS fuzzy model as follows.

£ = Zlhi(.&) ai’x +4a(d7x +

BB+ A+ A 26

3. Désign of a robust indirect adaptive
fuzzy regulator
and stability analysis
simple  state

The proposed regulator has a

feedback structure.

u = kx (3-1)
where,
vector

By substituting (6-1) for u of (5-5),
obtain a following closed loop equation.

E e R" ;nx]1 adaptive state feedback gain

we can

2 = Zlh,-(zc.) a;Tx + dad7x

+ g\hi(z)b,*-kT;_c + ADETx + &) (32

3.1 Derivation of and adaptive law

we derive an adaptive law with the closed loop

equation (3-2). An adaptive law is obtained by
Lyapunov theory [13].
To use a Lyapunov equation AP + PA = —@,

modify system’s equation to the form that has a
matrix A.

Using Ax — uI[ Z‘hi(lc) CTJ], (3-2) can be
expressed as follows.
x = Ax — w[ ghi(ic)cr_x + Zlhf(if) a’x

+ D hObETs + da(dTx + ADE'x + d(D)

(3~3)

where, C = [—g —a —a, 1Te R is

the transpose vector of the last row of the matrix
Aadw = [0 0~ 11" R".

The equation, (3-3) can be adjusted as follows.

. kx"(di — C .
x = Ax + WH gh;(&)t = Zrk +£_Cbi}
k x"da(P) kd(?) ]T ]
= Ax + wr'k
T kx'(di — C) .
where, »° = Z‘h,(z) 2% + _;gbi}
T T
kk k'R
Therefore,

x = Ax + Ix, b DTk (3-4)

where, I'(x, kD rw” then,

We choose a Lyapunov function as follows.

v= £TPx+ KA+ L3375
1=
+ L oyop
Qg 1=
where, V is positive definite and radially unbounded.
ZZ\:’ = (Z? - a, 51 = b: - b,‘ (3-5)

A 1 wX m symmetric positive definite matrix
@1, @9 ' positive adaptation constant gains

After differentiating V. an adaptation law to make
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V < 0 (negative semi definite) is constructed.

After some calculating, we finally obtain an adaptive
law as

a; = —ahlx) x"Pwx” (3-6)
by = —ayh{x) x"Puwk"x 3-7)
B = —AT(x, k OPx (3-8)

where,

AT kzla:‘a”cl o
V- [ S| A= - ]
_ kxTda(H) AN

P 4 Dx ka]
k) = T

Note that a; &; and d should be used instead of

a;, b; and d{(# because only measurable parameters
are available.

3.2 Stability Analysis

The stability of systems with adaptive controller
is proved through the process of finding an adaptive
law. After cancelation,

V< —xTox (3-9)

is only remained. Hence, the system (2-1) is
stabilized by the derived adaptive law. In order to
prove the asymptotic stability, we show that the
system with the proposed regulator satisfies the
following theorem.

Theorem 1

(a) x, b, a;, b; are bounded.

(b) The equilibrium point (x, a; 8)=0 and
E=ZF is uniformly stable.

(¢) x is bounded.
@ Hmllz()ll =0, Vat)eR" V)R,

Valt) € R", Vb)) € R
Proof
Since V' is  radially unbounded, (a) s

proved. ((a) implies x € L)

According to the Lyapunov Theory, (b) is also
proved. and because of (a), (¢) is easily verified.

Let Amn(8) denote the smallest eigenvalues of .

Then, since @ is a positive definite matrix, the
following property holds.

Aon(Q) > 0 and Ay, (Qlx 12 < 27Qx

Thus, we have x € Ly, Then, applying
Barbalat's Lemma [13] to x(#), we conclude that
1,?.{3,1”1(1‘)“ = (), which proves statement (d).

4. Simulation

Let's consider the problem of balancing and
swing-up of an inverted pendulum on a cart. The
state equation of motion for the pendulum is as
follows.

751 = X2

Xy = —Mlgl siny; — —f}(x1~x2)

X = X4

.9&4 = —}]{(x1~x3) + %u
where,

I the link inertia moment
J the motor inertia moment
M the link mass

k the joint elastic constant

L the distance from the axis of the rotation to
the link center of mass

g the gravitational acceleration 9.8m/s®
% the control force applied to the link

For simplicity of calculation, let's assume that

I = 1Kgn?, J = 1Kem’, M = 1Ke,
k= IN/mand L = lm.

We first transform the nonlinear system to the
normal form [13] with z; = x; as

2 =z

2.2 = Z3

z = 2

zy = al2) + b(2u 41
where,

- 49 4
a(z) = g sin{z )z, + : cos{z)) +1)
-i-(—z;,—-‘-isg sin(z )2 + Ag?*cos(zl))

bz) =1

We use the following Takagi-Sugeno fuzzy model
with nine rules.

Rule i - IF z; is about (0, —x or x) and
From this property, (3-9) becomes 2, i about (0, —x or 7)
Ve - 270 £ =20 (@Qlx 12 (3-10) THEN z = Az + Bu
where, 1 = (0, 1,-, 9
Dividing hboth sides of (3-10) by A (€ and A A
, . . . . A= A= A=
integrating them with respect to time, we obtam ! 0 0 0 1 ' 0 0 [\
-98 0 -11.8 0 8.9 0 —11.8 0
[Tl < 2 (Vi) — Weo)) < 00 00
2 j— oo [ee] — —
ty e ¢ /‘min(Q) v Ay = A= 4} 0 0 14
-9.8 0 7.8 0
-3 -
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<Fig. 1> Membership function

We assume that A; obtained from fuzzy rules is

an optimal parameter matrix. In this simulation,
uncertainties are assumed to be bounded as follows

da = [da, da, day da]T = 133 3 317
4b = 0.1

To show the validity of the above assumption,
we suppose that Ax) and g(x) are known and
d(®) = 3sin(H) (d = 3).

5. Conclusion

The proposed control method is designed to
regulate uncertain SISO nonlinear systems. Where
most of adaptive fuzzy control algorithms have been
based on the feedback linearization method, the
proposed method is based on a simple state feedback
structure with the indirect adaptive fuzzy system
identification. Therefore, It does not require any
assumption on the state variable and guarantee the
boundedness of both the control input and the
parameter approximation error directly without the
additional projection. The proposed method was
applicable to plants with an imperfect model, which
leads to uncertainties. In addition, the proposed
method is robust to an external disturbance. Finally,
It was proved that the proposed method guarantee
the global stability herein this paper.
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<Fig. 2> Comparison the regulation results
of state z,
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<Fig. 3> Comparison the regulation results
of state z,
Figure 2 and 3 show the simulation results of the
state variable 2z, 2;. From them, we can conclude

that the proposed algorithm solve a regulation
problem for the uncertain nonlinear system. Also,

external disturbance is solved by the proposed
controller.
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