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On set-valued Choquet integrals and convergence
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functions(see [6]), (ii) covergence theorems
for the upper limit and the lower limit of
a sequence of Choquet integrably bounded
closed set-valued functions (see[8]).

1. Introduction

It is well-known that closed set-valued The aim of this paper is to prove
functions had been used repeatedly in convergence theorem for  convergent
many papers [1,2,4,5,6,78]. Jang et al. [68] sequences of Choquet integrably bounded
studied closed set-valued Choquet interval number-valued functions in the
integrals and convergence theorems under metric A g (see Definition 3.4).
some sufficient conditions, for examples;

(i) convergence theorems for monotone

convergent  sequences  of  Choquet 2 Definitions and preliminaries
integrably bounded closed set-valued
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Definition 2.1 [79) (1) A fuzzy measure

on a measurable space (X, %) is an

extended real-valued function
g% — [0, ] satisfying
N w(2)=0
(i) u(A) <p(B), .
whenever A,BEAS’, ACB.
(2) A fuzzy measure g is said to

be autocontinuous from abovelresp., below]
if w(AUB,)—u(A) [resp.,
#(A~B,)—u(A)]

A%, {B,JC¥ and 1(B,)0.

whenever

(3) If g is autocontinouos both from
above and from below, it is said to be
autocontinouos.

Recall that a function f£X—[0, ) is
said to be measurable if {dAx)>ale®
for all as(—o0,00),

Definition 2.2 [9] (1) A sequence {f,} of
measurable functions is said to converge
to f in measure, in symbols f,— 4 f if

for every €20,
}gr;/l( (Ml f iy — AN €)) =0.

(2) A measurable
functions is said to converge to f in

distribution, in symbols f, — p fif for

sequence {f,}of

every &>0,

lim g () =pL») e.c., where

pAn)=p({dAx)>»}) and "ec. stands
for “except at most countably many values
of r”.

Definition 2.3 [9] (1) The Choquet
integral of a measurable function f with
respect to a fuzzy measure g is defined

by

du= [

(C)ff/l fou,(r)dr

where the integral on the right-hand side
is an ordinary one.

(2) A measurable function f is called

integrable if the Choquet integral of f can
be defined and its value is finmte.

Throughout the paper, R*will denote the

interval [0, o),

IRY)Y={[a, b)la, b=R*and a<b}. Then

a element in I(R™) is called an interval
number. On the interval number set, we

define; for each pair [a, b, [c,dlelR")
and ke R™,

[a,b]+[c,dl=[a+tc b+d],
[a,8]-[c,dl=[a-c, b-dl,

K a,b] =1 ka, kb],

[a, bl<lc,d] & a<c and b<d,

Then (IKR*),dy) is a metric space,

where d is the Hausdorff metric defined
by

dH(A, B =max (sup xeAinf yeE‘x'— 34 >
sup yeBinf xeAlx_ )4}
for al A,BeIR"). By the definition of
the Hausdorff metric, we have immediately
the following proposition.
For pair

Proposition 2.4 each

[a,b],[c,dleKRY),
dyla, b, [c,d])=max{la—d,|b—dl}.

Let C(R™) be the class of closed subsets

of R?Y. Throughout this paper,
consider a closed set-valued function

we

F:X - C(RHO\{®} and an interval
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number-valued function

F:X— IRY)\{®}. We denote that
dy— lim A,= A if and only if

7n—00

lim d;{A,, A)=0, where A=I(R")

and {A,}JCIR").

We say f:X—R% is in L) (x) if and only
if f is measurable and (C) f fdp o,

We note that "x€X pg—a.e.” stands for
" x&X p-almost everywhere”. The
property P(x) holds for x€X py—a.e.
means that there is a measurable set A
such that u#(A)=0 and the property
P(x) holds for all x€A°, where A€ is
the complement of A.

Definition 2.5 [56] (1) Let F be a closed
set-valued and Ae%. The

Choquet integral of F on A is defined
by

function

(O [ Fau=1(O) [ fiu | 1=S(P)}.

where S.(F) is the family of g—a.e.

Choquet integrable selections of F, that
is, ’

S(F)={feLp) | AeF(x) x€X p—a.e.}

(2) A closed set-valued function F is
said to be Choquet integrable if

(O [Fau+o.

(3) A closed set-valued function F is
said to be Choquet integrably bounded if

there is a function g€L.(x) such that

|F(x)] = sup ,epol<g(x) for all x€X.

Instead of (O) fXqu , we will write

(o) f Fdu. Let us discuss some basic

properties of measurable closed set-valued

functions. Since RY=[0,) is a
complete separable metric space in the
usual topology, using Theorem

8.1.3({1Dand Theorem 1.0($2°0% )([5]), we
have the following theorem.

Theorem 2.6 {14] A closed set-valued
function F is measurable if and only if
there exists a sequence of measurable

selections {f,} of F such that

F(x)=cl{f,(x)} for all x=X.

3. Main results

Since (X, ) is a measurable space

and R% is a separable metric space,

Theorem 1.0( 2°)([4]) implies the following
theorem. Recall that a measurable closed

set~valued function 1is saild to be
convex-valued if F(x) is convex for all
x€X and that a set A is an interval

number if and only if it is closed and
convex.

Theorem 3.1 If F is a measurable closed
set-valued function and Choquet integrably
bounded, then there exists a sequence
{f,} of Choquet integrable functions
fu : X =R such that F(x)= cl{f,(x)}
for all x€X.

Theorem 3.2 If F is a measurable closed
set-valued function and Choquet integrably
bounded and if we define

f(x)=sup{re F(x)} and
f(x)= inf{HreF(x)} for all x=X, then

f and f. Choquet

selections of F.

are integrable
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Assumption (A) For each  pair
f, 8 S (F), there exists heS.(F) such

that f~k and (C) [ gdu=(C) [ hdp.

We consider the following classes of

interval number-valued

functions;
3 = {FIF : X—I(R*%) is measurable

and Choquet integrably bounded}

and

T ,=1{FeJ|F is convex — valued

and satisfies the assumption(A)}.

Theorem 3.3 If Fe T, then we have

(1) cFe7J, for all c=R",

(2) (C)de/J is convex,

3) (O [Fdu=1(C) [ fudee.(C) [ faul.

We consider a  function 4g on T,

defined by
A (F, G) = sup ,exdy(F(x), G(x))

for al F,GeTJ,. Then, it is easily to

show that & g is a metric on T ,.

Definition 3.4 Let Fe7J,. A sequence

{F,}C 7, converges to F in the metric
A, in symbols, F,— , Fif

lin:.loAs(Fn'F)=0.

Theorem 3.5(Convergence Theorem)} Let
F,G,H= 73, and {F,} be a sequence in

By If a

autocontinuous and if F, — , F

fuzzy measure ¢ is

and G<F,<H, then we have

dy_tim(O) [ F,du=(0) [ Fa.
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