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ABSTRACT

In this paper, for n = 2m and odd prime p, new generalized bent functions from
the finite field Fy» to the prime field F}, are constructed from the partial spreads

for Fpn.

Closed form expressions for the proposed generalized bent functions

and their trace transform are derived in the form of the trace functions. The
trace expressions for the bent functions and their trace transforms defined on
Fym constructed by using PS— are also derived.

1. INTRODUCTION

Rothaus introduced bent functions de-
fined on the n-tuple binary vector space into
F, [4]. Boolean functions on the n-tuple
binary vector space are called bent func-
tions if their Fourier coefficients only take
the values +1 or —1. One of the well-
known classes of bent functions is the class
of Maiorana-McFarland, called class M. Dil-
lon constructed elementary Hadamard dif-
ference sets by using partial spreads for a
group of square order, called PS— and PS+,
whose characteristic functions correspond to
the bent functions [2]. Several other classes
of bent functions are introduced by Carlet,
called class D, class C and generalized par-
tial spreads (GPS) [1]. Kumar, Scholtz and

Welch introduced generalized bent functions
from the g-ary vector space to the set of inte-
gers modulo g, whose Fourier coefficients all
have unit magnitude [3]. They constructed
several generalized bent functions in their
paper. In this paper, for n = 2m and
odd prime p, new generalized bent functions
from the finite field Fpn to the prime field F;,
are constructed from the partial spreads for
Fyn. Closed form expressions for the pro-
posed generalized bent functions and their
trace transform are derived in the form of
the trace functions. The trace expressions
for the bent functions and their trace trans-
forms defined on Fom constructed by using
PS— are also derived.
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II. PRELIMINARIES
Let ¢ be an integer and V" be the n-
dimensional vector space over the set of inte-
27
gers modulo ¢, Jy. Let w =¢€’"a, 5 = /-1
Let f(z) be a function from V* to J;. The
Fourier transform of the function f(z) is de-
fined as
1

Va©

Z wf(&)—A'QT, all \ € V;In’
zevy
(1)

where z7 denotes the transpose of . Then
the generalized bent function is defined as
[3]:

Definition 1 : A function f(z) from V to
Jq is said to be a generalized bent function
if the Fourier coefficients F'(A) of f(z) only
take the values of unit magnitude for any
A€V O

A generalized bent function is called a reg-
ular bent function, if the Fourier coefficients
of the generalized bent function are integral
powers of w, i.e.,

FQ =@, all xevr, (2

where f(A) € Jg. Tt is clear that for a regu-
lar bent function f(z), its Fourier transform
F(Q) is also a generalized bent function from
Vi to Jg.

In this paper, it is only considered that
the integer ¢ is odd prime p. Thus, V' is
the n-dimensional vector space over the fi-
nite field F}, with p elements and f(z) is a
function from V* to F,.

Let Fp» be a finite field with p™ elements.
Let n = em > 1 for some positive integers
e and m. Then a trace function tr?(-) is
a mapping from Fy» to its subfield Fpm de-
fined as tr? (z) = 670 2P"

i .
=0 *P ', where z is an
element in Fyn.

Olsen, Scholtz and Welch introduced the
trace transform for functions from Fyn to Fy.
Then the trace transform for a function from
Fyn to Fj, can be generalized as follows:

Definition 2 : Let f(z) be a function from
Fpn to Fp,. Then the trace transform of f(x)
and its inverse transform are defined by

1 n
F(N = Y. WE@tEen ()
\/ﬁ-ﬁzern
all A € Fpn
W@ = L Z F(\) - o1,

/mn
p )\EFpn
all z € Fpn.

O

The elements z and A in Fp» can be de-
termined from the elements z and A in V!
by the relations

n
T o= ) zi-0i = z= (21,32, ,Tn)
i=1
n
/\ = ZAi'ai = A’—__(/\laA?.,”';An)a
i=1
where x; and A; are in F, and
{a1,a2,0a3, - ,an} is some basis of

Fyn over Fy,. By replacing = in Fp» by z in
V', the function f(z) from Fpn to Fy, makes
the corresponding function f(z) from V*
to Fp.

A basis {oq,a2,0a3, -+ ,0n} of Fyn over
F,, is said to be a trace-orthogonal basis if
a;, ifi j. (1)
0, otherwise,

try (o - ;) = {

where a; € F,. It is known that for any
positive integer n and odd prime p, there
exists trace-orthogonal basis of Fpn over Fy,

[5]-
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If we choose the basis as a trace-
orthogonal basis, then we have the relation

n

A z) =Y ai- AT (5)
i=1
Let )\; = q; -\ for i,1 SignandA/ =
(A1, Mg, Ag, - -+ , A,). Then the relation in (5)
can be rewritten as

n
uf(A-z) =3 Nozi=X -z (6)
=1

It is clear that the Fourier transform of
a function f(z) from V' to F, is related
to the trace transform of the correspond-
ing function f(z) from Fpn to F}, as follows:
F(A) = F()). That is, the set of the trace
transform values of the function f(z) is the
same as that of the Fourier coefficients of
the corresponding function f(z). Therefore,
if the trace transform values of the func-
tion f(z) only take the values of unit mag-
nitude, the corresponding function f(z) be-
comes the generalized bent function. Now,
a function f(z) defined on Fyn is called gen-
eralized bent function if the trace transform
of f(z) only takes the values of unit magni-
tude.

Let G be a group of square order M2. Let
H;’s be subgroups of order M of a group
G. Dillon defined a family of subgroups
Hy,Hs,--- ,Hy as a partial spread for G if
they are pairwise disjoint (except for 0), that
is, fori # j, H;NH; = {0}, N = M+1,it
is called a spread. Using the partial spread
for the group G, Dillon constructed ele-
mentary Hadamard difference sets, so called
PS— and PS+. He also showed that if a
partial spread is defined for the even dimen-
sional binary vector space V™, the charac-
teristic functions of PS— and PS+ become
bent functions defined on the even dimen-
sional binary vector space V™. In the next

section, for odd prime p, generalized bent

" functions from Fpn to F, are constructed us-

ing the partial spread defined for the finite
ﬁeld Fpn.

II1. CONSTRUCTION OF GENERALIZED
BENT FUNCTIONS

Let n = 2m and Fy» be the finite field
with p" elements. Let T = p™ + 1 and «
be a primitive element of Fyn. Then al is
a primitive element of Fym. Let H;’s be ad-
ditive subgroups of order p™ of F,» defined
by

Hy =
H =

{nd®|n € Fym}
{nailn € Fpm}, 1<i<T—1 (7)

and we also define H = H;\{0}, 0<i<
T—1. Itisclear that foralli # j, 0 < 4,7 <
T -1, H;N H; = {0} and Fpn = iy Hi.
Then the family of subgroups given by

Ho,H1,Hy, - ,Hp_

makes a spread for Fpn. Let T be the set of
integers modulo T, i.e. {0,1,2,---,T — 1}
and I;’s be any disjoint subsets given by

InCTs, 0£k<p-1, (8)
where the cardinality of the subsets Iy is
given as [Io] = p™ 1 + 1 and |[;| = p™!
for k, 1 < k £ p—1. That is, for all
kZ£L0L Kkl <p~-1, I; NI} = ¢ and
Ui;(l) I, = T,. And we also define the sub-
sets Ii.’s of the integer set T as

fk={§-—¢ mod T|i€ Iy}, 0<k<p—l.
(9)
It is clear that forallk # 1, 0 < k, I <p-—-1,
I—k N I_l = ¢ and Uz;%)jk =T5.
Using the partial spreads for Fjn, we can
make a family of subsets Dy’s of Fpn given
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as
Dy = U H;
i€lp
Dy = UH!, 1<k<p-1
k zkelk 1,k’ —_ —_ p 1 (10)

where the subsets Ij’s are defined in (8). It
is clear that for all k # 1,0 < k,l < p—1,
DyND; = ¢ and Fypn = |Ji_y Dy. Then
we can construct a generalized bent func-
tion from the subsets Dy’s as in the follow-
ing theorem:

Theorem 3 : Let D,’s be subsets of Fyn
defined in (10), 0 < & < p~ 1. For odd
prime p, the function f(z) from Fpn to F,
defined by

0, ifxe Dy
flz) = .
k, ifxz e Dy,

1<k<p-1

(11)

is a regular bent function.

Proof : It is enough to show that the trace
transform of f(z) defined in (11) has unit
magnitude. The trace transform defined in
(4) of f(z) is given as

1 n
E f(z)-tri(xz)
— W
pn .‘L‘ern

1 —tr7(x=z)
i

z€Dg

4w Z w—trl (A-z)
zeDy

FQ) =

+ .
+wp—1 Z w-t["f(/\-z)].

J:GDp_l

For A = 0, it is clear that F(\) = 1. Now,
we have to prove for A # 0. Let o be a
primitive element in Fpn. Let 1 =6-a*,d €
Fgm, © € Ts. Then the trace transform can

be rewritten as

1 —trT (5 b (ad.
F(A) = \/IF[1+Z o w " (5417, (7))

i€y EGF;m

+“‘)Z Z w-tr{"(&tr',;(a‘-,\)) (12)

i€l SEF;m

+ WPl Z Z w—tr;"(5~tr;(ai.,\))]_

i€l,-16€F ) m
The inner summation in the (k+1)-th sum-

mation in (12) can be given by
Z w-trT(a-tr;(ai-A))

JEF;m

. pm - ]-a
= 0,
Thus we have to find the case when

tr® (ot - X) = 0.
For odd prime p, we have the relation

iftr(a*-A) =0

. (13)
otherwise.

™ 41

m
5+ o

T
n 3 —
try(a?) = a
JUED 2™ 4p™
= o 2?2 H« 2
™1 E21n_1 p™ 41
a 2 4+a 2 -a 2

0

and for any integer i, ti" (a7+7T) = o7 -
tr?n(a%). From the balance property of
tr? (at), tr%(a’) = 0 occurs p™ — 1 as ¢
varies over 0 < t < p™ — 2. Therefore, as
t varies over 0 < t < T — 1, tr%(at) = 0
occurs once when ¢ = %

Let A=¢-0’,e € Fyn,j € Ts. Then

tr? (o - A) = Je - tr? (aP )
0,
={¢m
Using (13) and (14), the (k+ 1)-th double
summation in (12) can be written as

Z Z a2 S CR 2 ¥ )

i€y 6€F;m

jel

. (14)
otherwise.
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)l if j & Ik
pm——l_[kl ifjéjk.
For a given nonzero A, 7 belongs to the
only one subset Ii. If j € Iy, then the trace

transform of f(z) is calculated as

1
F(\) = pn(l +pt—p™l -1
_pm——lw _pm—1w2
—_—. e pm_lwp_l)

= 1 (16)

If j € It,1 < k < p—1, then the trace
transform of f(z) is

1 _ -

F(\) = \/;b_ﬁ(l—pml—l—pm Yy
__pm—lw2 . _pm—lwk—l
+pmwk _ pm—lwk _ pm—lwk+1
. __pm~1wp—l)

= WP (17)

Thus, for all A € Fpn, F()A) is integral
power of w and f(z) is the regular bent func-
tion. O

From the subset D;’s defined in (10), 0 <
i < p—1, we can define D; as a subset of Fyn
as Do = Uiefo Hi and Dk = Uiel_k H;, 1 <
k<p-1

From the equations (16) and (17), the
Fourier transform f()\) of the generalized
bent functions defined in (11) can be derived
as in the following theorem.

Theorem 4 : For odd prime p, the Fourier
transform f(\) of the generalized bent func-
tions defined in (11) is given by
foy = {0’ LaeT
k, ifAeED, 1<k<p-—-1.
(18)
O

(15) .

It is easy to derive that the trace function
from Fpn to Fpm has the relation as

0, SL‘EH%

[ty (2)]" = {

1, otherwise.

Using the above equation, we can define the
characteristic function ®g,(z) for the sub-
group H; in (7) as

1, z€ H;
0, otherwise.

Then the function ®g,(x) is given by

T

Oy (z)y=1- [trfn(ac . a_i+'2')]pm_1, (19)

where 0 < 4 < T — 1. Using the characteris-
tic function (19), the generalized bent func-
tion defined in (11) and its Fourier trans-
form can be rewritten as in the following
corollary.

Corollary 5 : The generalized bent func-
tion f(x) defined (11) and its Fourier trans-
form f()) are given by

p—1
fl@)y=> > {k

k=0i,ely

+(R) e o8] o0

p—1
f=3 > {*

k=04l

, m_1
+(—k)-[tr%()\-a"“°+%)]p ). (21)
t
Using the trace-orthogonal basis defined

in (4), the generalized bent function f(z) de-
fined on Fpn in Corollary 5 and (21) can be
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transformed into the generalized bent func-
tion f(z) defined on the vector space |28
For p = 2, Theorem 3 and Corollary 5
can be applied to construct bent functions
if we replace the equation (19) by @y, (z) =
1- [t (z - 01"')]2"1_1 ,0 <4 <T-1, where
T = 2™+ 1, because tr?(al) = 0. Let I; be
any subset with |[I;] = 2™~ of the set T =
{0,1,2,--- ,2™}and I1 = {T—% mod T|i €
I;}. Then a bent function defined on Fon
constructed by using PS— and its Fourier
transform can be expressed as
2m—1

fl@) =) [th(z-a™)] (22)

i€l

z —iv2m-1
FOV =Y [ 7. (29)
iel
The bent function defined in (22) can be
simplified as in the following theorem.

Theorem 6 : Let n = 2m. The bent func-
tion f(z) defined in (22) can be expressed

as
2m—1

f@) =3 b {z@k-DEmD
k=1

R Z a—i-(2k—1)(2m—1)}. (24)

i€l

Proof : The inner term of the summation
in the bent function f(z) defined on Fy» in
(22) can be expanded as

1 1 1
[t (z-a9)]* T = Z_OZ 3

J1=072=0  jm-1=0

tr’® ((a‘ix)1+2’"'j1+1+"-+2m'j’m—1+m_1)
™ .

Thus, the bent function f(z) can be ex-

pressed as

o= By
71=0j2=0  jm-1=0
n r 149mi1tly . g omim~1+m-1
trm{x

. Z a—i-(1+2m'1'1+1+...+2m'jm_1+m~—1)}‘
i€l

The exponent of z is simplified as A = (2™ —
1) - a, where (1:j17j2vj3,"' )jm—l) is a 2-
adic expansion of a, 1 < a < 2™ — 1 given
by

a=1+j1-2472-2+ -+ jm_y-2™7L.
O
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