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Natural Frequency and Mode Shape Sensitivities of Damped Systems with

Multiple Natural Frequencies
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ABSTRACT

A simplified method is presented for the computation of eigenvalue and eigenvector derivatives associated with
repeated eigenvalues. In the proposed method, adjacent eigenvectors and orthonormal conditions are used to
compose an algebraic equation whose order is (n+m)x(n+m), where # is the number of coordinates and m is the
number of multiplicity of the repeated eigenvalue. One algebraic equation developed can be computed
eigenvalue and eigenvector derivatives simultaneously. Since the coefficient matrix of the proposed equation is
symmetric and based on N-space, this method is very efficient compared to previous methods. Moreover the
numerical stability of the method is guaranteed because the coefficient matrix of the proposed equation is non-
singular. This method can be consistently applied to both structural systems with structural design parameters and
mechanical systems with lumped design parameters. To verify the effectiveness of the proposed method, the
finite element model of the cantilever beam and a 5-DOF mechanical system in the case of a non-proportionally
damped system are considered as numerical examples. The design parameter of the cantilever beam is its width,

and that of the 5-DOF mechanical system is a spring.
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Fig. 1. Cantilever beam with the height / as the design parameter
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Table 1. The lowest 12 eigenvalues of the initial and changed cantilever beam system, and results of the sensitivity analysis

Initial System Changed System Error of Approximation
Mode
Eigenvalue Approximated
number Eigenvalue Eigenvalue Eigenvalue | Eigenvector
Derivative Eigenvalue
-1.4279-03 -2.8057¢-10 -1.4279¢-03 -1.4279¢-03
1,2 . . ' . 2.2283e-11 3.7376e-05
L j5.2496e-00 1j3.5347e-10 u j5.2496e-00 1 j5.2496¢-00
-1.4279¢-03 -2.2756e-02 -1.4556¢-03 -1.4555¢-03
34 . 2.6622¢-08 1.0000e-04
Y j5.2496e-00 1 j5.2494¢+01 u j5.3021e-00 p j5.3021e-00
-5.4154¢-02 -6.6265¢-10 -5.4154¢-02 -5.4154¢-02
5,6 . . 3.6899¢-12 3.7376€-05
1 j3.2895e+01 R j2.3445e-10 p j3.2895e+01 p j3.2895¢+01
-5.4154e-02 -1.0818e+00 -5.5241e-02 -5.5236e-02
7,8 1.6763e-07 1.0001e-04
1 j3.2895¢e+01 u j3.2886e+02 i j3.3224e+01 1 j3.3224¢+01
-4.2409¢-01 6.9247¢-10 -4.2409¢-01 -4.2409¢-01
9,10 . 9.1432e-12 3.7376e-05
1 j9.2090e+01 1j6.9600e-10 1 j9.2090e+01 1 §9.2090e+01
-4.2409e-01 -8.4753¢+00 -4.3261e-01 -4.3256¢-01
11,12 4.6508¢-07 1.0002¢-04
p j9.2090e+01 1 39.2029e+02 1 j9.3010e+01 1 j9.3010e+01

4.2 Primary and secondary systems equipped on the rigid square plate

(Non-proportionally damped system)
HulE g4 Aagez s AFES
P AT Ackm A,

a9 23 22 rigid square plate & Azt Bz} 53

Fig. 2. 5-DOF non-proporationally damped system
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Table 2. The natural frequencies of the initial and changed cantilever beam system, and results of the sensitivity analysis
Mod Initial System Changed System Error of Approximation
ode
Eigenvalue Approximated
number Eigenvalue Eigenvalue Eigenvalue | Eigenvector
Derivative Eigenvalue
-4.3262-02 9.6943¢-07 -4.3253e-02 -4.3253e-02
1,2 8.1631e-07 2.9463¢-05
p j1.5023¢+00 1111.7995¢-04 | 1 j1.5040¢+00 u j1.5041e+00
-2.4000e-01 0.0000e+00 -2.4000e-01 -2.4000e-01
3,4 . 0.0000e+00 | 0.0000e+00
 j3.4558e+00 p j0.0000e+00 u j3.4558¢+00 1 j3.4558e+00
-2.4000e-01 0.0000e+00 -2.4000e-01 -2.4000e-01
5,6 2.1632¢-06 5.2014e-06
1 §3.4558e+00 1 j8.6811e-04 u j3.4645¢+00 p j3.4645e+00
-3.5202¢-02 -7.8926¢-07 -3.5210e-02 -3.5210e-02
7.8 1.1763e-07 2.5394¢-06
{1 j6.1354¢+00 n j2.9526¢-05 U j6.1357¢+00 1 j6.1357e+00
-2.4535e-02 -1.8017e-07 -2.4537e-02 -2.4537e-02
9,10 . . 4.3893¢-09 1.6332¢-07
1 j9.7000e+00 1 j5.0001e-06 p j9.7000¢+00 p j9.7000e+00
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