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Exact Dynamic Element Stiffness Matrix of Shear Deformable
Nonsymmetric Thin-walled Beams Subjected to Initial Forces
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ABSTRACT

Derivation procedures of exact dynamic element stiffness matrix of shear deformable nonsymmetric
thin-walled straight beams are rigorously presented for the spatial free vibration analysis. An exact
dynamic element stiffness matrix is established from governing equations for a uniform beam element
with nonsymmetric thin-walled cross section. First this numerical technique is accomplished via a
generalized linear eigenvalue problem by introducing 14 displacement parameters and a system of linear
algebraic equations with complex matrices. Thus, the displacement functions of dispalcement parameters
are exactly derived and finally exact stiffness matrices are determined using member force-displacement
relationships. The natural frequencies are evaluated and compared with analytic solutions or results of
the analysis using ABAQUS’ shell elements for the thin-walled straight beam structure in order to
demonstrate the validity of this study.
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C: Centroid
S : Shear center

2% 1. Displacement parameters for a thin-walled cross—section
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= FAU, + ESywy” — ES303’ (2a)
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M= ELwy — ES;U, — Elywy — Elyy f' +0.5°My0, (2c)
Fy= GA3(U, + wy) + GAR(U, ~ w3) + GAszLw,' + N+ °F U, —°Msw;,’ (2d)
M,= ELw, + ES,U,’ — Elpw; + El, f° (2e)

M= Glw,' + GALw) + F)+ GA (U, — 03) + GA3; (U, + wy) — *Mo(U,’ —0.5w;3)
—°M3(U,"+0.50y) +° M0, 0
My=EI " + Ely0, — ELyw;y (2g)
2%l

2 =FIAE Como®7t g AEAFE olgstel g AN F &3 FZo| IAste
et ey £

31 UG YEtpo
WA LEPAY (D Ul 9P gee 24X 2AZ 28e7] Palol, 4rhe] weHRe
FHHE WS e 2o £

98 JEiE veA4E Ao,

o] S¥ g4Zs¥M(dynamic element stiffness matrix)

d(x) = <d11 dZ) d3! dllr dSr dﬁ; d7r d87 d9v dlor dllv d12: d131 d14>T

’ ’ ’ ’ ’ ’ T
== <Ux, Ux 9Uyy Uy ,(1)3,(1)3 ,Uz, Uz waya)Z ,(1)1,(1)1 )fyf >

olzl 4 ()& FHAA (Dol dhdste] Helstd, ArAFE M 1A g lo] FA =,

AN o2 ek

of7jA #E

rg
A
dlo
K
iy
°

Ad = Bd
At B FAH AgAe gen 2o,
[ai ) T SN SN SO S S
& &3 ‘ g | :
< R NS NSO WAUTS S| WOSors SOTTL O MU TN W
& g6 g7
&
&3 88 g9 Lo
£
86 £n . Rz
........... g E—
81 £y £i3 L4
f A g
87 812 815
&
Ao R4 Ri6 |

- 437 -

®)



g1=1.0, g2=—EA, g3=E.S‘3, g4=—ESZ, g5=—GA2—"F,, g6=—GA23
g1=—GAy+°M,, gy=—EIl;, g=Ely, gy=ElL, g,=—GA3;~°F,
gn=—"GAy+°M;, gy=—El, gy=—Ely, g5=—G/—GA,~°M, g=—El,
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f(x) = Sdx) (12)
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F® = CFS F§, M, FE, ME, ME,M5>T , a = p,q (15)
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4.1 ckX X B3 =(simply supported beam structure)
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E=10000.0 Nfcm?®, G=5000.0 N/em?, A=30.0cm®, J=10.0 cm®, L=100.0cm

L=100.cm', I,=800.cm", I,=83150.cm®, Ly;=600.cm’, I,=—8000. cm®, o= 00785 kg/cm®
B, =30.0 cm?, B,=25.0cm, B3=—22.0 cm, f9=30, fa=50, C,=20

3 1. Flexural-torsional natural frequencies under

°F) = —200N at( x, x3)= (-5, 7 [ (radian/sec)’]
mode With shear deformation Without shear deformation
Present study |Analytic solution| Present study Analytic solution
0.19842 0.198424 0.29079 0.29079
n=1 3.64734 364734 5.11979 5.11979
60.1912 60.1912 134.184 134.184
1.57140 157140 2.32697 2.32697
n=2 31.7785 31.7785 80.4626 80.4626
350.396 350.396 1612.80 1612.80
3.90529 3.90529 7.20439 7.20439
n=3 92.3298 92.3298 400.665 400.665
873.450 873.450 5822.04 5822.04
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42 72| B3 X (cantilever beam structure)
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(a) Cantilever beam under an axial load (b) Nonsymmetric channel section

213 2. Cantilever beam with nonsymmetric channel section

E=30000.0 N/cm®, G=11500.0 Nfcm®, A=8.0 cm®, J=0.6667 cm®, L =200 cm
L=114.872cm®, I;=7.54463cm*, I,=408.333 cm®, I, =182.413 cm’, Iy, = 18.9757 cm®
0 =0.00785 kg/cm®, B,=15.3021 cm?, B,=0.57706 cm, B3=5.93192 cm
fo=5.28221, fg=1.79271, C,=0.01766

¥ 2. Flexural-torsional natural frequencies for the cantilever beam [ (radian/sec)’]

Present Study
mode ABAQUS
With shear deformation |Without shear deformation
1 0.027 0.027 0.028
2 0.334 0.336 0.331
3 0.704 0.707 0.696
4 1.065 1.074 1.074
5 4.817 4.859 4.766
6 7.055 7.186 7.083
7 17.95 18.22 17.95
8 19.30 20.15 19.36
9 23.74 24.39 23.58
10 45.71 47.34 4652
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