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Effective length factors for
the framed columns with variable stiffness
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ABSTRACT

Effective length factor approach for framed column design has long played an important design-aid
role. This approach, however, is effective only when the columns are in the form of prismatic or uniform
cross sections. Structural engineers who have to design or analyse framed columns with variable cross
sections need some means to do their job. By using the finite element method, the stability analysis of
the isolated compression members with variable cross sections and that of the framed columns are
performed. The parameters considered in the stability analysis are taper and sectional property
parameters of the columns, the second moment of inertia ratio of beam to column, and beam span to
column height ratio. On the basis of the stability analysis results, effective length factor formulas for the

columns with variable sections are derived..
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([K,)-PAKI{a}={@}, {(&={0} @

A¥ A3 nfX ZA) (eigenvalue problem)e] 2oz A4 dided HA 2§H F @ A&k

H@e
Y- (iteration method) 0.2 4487] 9lstel that e Moz MaA

((K) K- —pLA) o) =(0) ®

a7l [Ne 493 (unity or identity matrix)& £t} Ytz os FAE HEsH, vhto] Taid 8

29 $7} BolAd X34 A} A3 (exact solution or exact value)°ﬂ 1A fn. B Q749 ¢

FAFe] wEH 27 17 2L 4FAY B9 FAE 20 FEE AR HSEnd At dojFel &

ALt WM q7ldME RAE 0F5ETE dAGFS A4 2 @-‘—}9} U= Hidg g
¥1. HHAPo2 taperd AZA9 JAsF

(a)daAA-nAe m? I(x)=Io(1+a%)'”

p—r—
= Cla.m) = (A, +A,m+A9m)
+<Ba+Blm+Bgm-)a+(c¢,+c,m+ Cyma” P,=C- ’iﬂ“
m =1 m=2 m =3 m =4
N Clom Coy Clem Cou Clom Co Crom Cest

0.1 j 21.1876 | 21.2064 | 22.2215 | 22.2060 | 23.3074 23.2746 244344 244123
0.2 | 221637 | 22.1575 | 24.2922 | 24.2951 26.5898 26.5986 29.0634 29.0679
03 | 231279 | 231018 | 26.3947 | 26.4103 | 30.0525 30.0830 34.1046 34.1200
0.4 || 240648 | 24.0394 | 285348 | 28.5515 | 33.6724 33.7279 39.5564 39.5686

A, = 20.4219, A, = —0.2163, A, =0.039, B,— —1.8308, B, = 11.7216 |
B,= —0.2779, C,=3.0091, C,= —5.9784, C,= 2.5399 0=0.9999
(b) 1AG-1AYG

01 | 414269 | 414696 | 434563 | 434210 | 55730 | Hoa3d | 47715 | 478038
02 1 433330 | 43.3155 | 474990 | 475000 | 519908 | 52.0362 | 56.8546 | 56,8510
03 | 451961 | 451457 | 515086 | 516214 | 58.7605 | 58.8080 | 66.7361 | 66.7081
0.4 | 47.0216 | 46.9600 | 557558 | 557850 | 65,8336 | 659193 | 77.4063 | 77.3601
A, —40.039, A, = —0.5319, A, =0.1030, B, = —4.2120, B, = 23.7262 ,

B,= —0.7589, C,=6.9504, C,= —13.0867, C,=5.3393 0*0.9999
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B2 FxuAC 3R FRAEAEIAE 2 @AYS Qo ojAWS A0 T3 Bt 2o g
N Agst
Ciom= Cla. m)=Ag+ Aja+ Ay’ +(By+ Bia+ Bya')m
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HlisE 2 271 §1ee €4 Utk AAZ Crpd Cou?te] A% (correlation coefficient),” o& o=

AU SR e B2 AR 4O BFYE 35T Uck

3.FEFY 7S
(ASHE AF X EHA M)

29 13} 2o 947 T2 AR ELE FolA dEUY 5E 4EAY GAEE e} vk
i}t WA J)Folud BE 248 st AU orldAe HdE 71FL 1058, T¢E B 4% 2%
B oalo] 229 ZAYLE S H4B)E o83l FaAt Fx9 MMM E FHF(side-sway)e] LAY
Ro| wz} 7159 JAsFgel A ¥R nE Y gME o]ES HxZ HFNAD dud V% §
A ¢l taper parameter( = @), K/71%9 @ 23 EZHE H|(=gp), B Y/ Z2¥ (= Q9 Hs}d =&
AABHEY Wske) AR ®29 )

¥2. & A Fx9 dA8F(aY 1. )

EI,
a
Cron= Co= (A + A B+ Ay )+ (By+ B, 8+ By B)a+ (Co+ C B8+ Cr8)n
+(Do+ Dy 8+ Dy, 8)a” + (Ey+ Ey 8+ Ey 87)(a, n) + (Fo+ Fy 8+ Fy 8w )
m=2 QA B5(F F414, side sway’} &)
Ag=2.6497, A, =1.2077, A, =—0.3244, By = 13.2676, B; =— 10.5464, B, = 1.9367
Co=0.0196, C; =3.2682, C,=—0.7490, D, =—1.0307, D, = 1.7608, D, =~ 0. 3668
E,=0.0483, E, =2.5529, E, =—(.5472, F, = 2.3261, F, = —3.0221, F,= 0).608A
8= 2 n =05 n =10 n =15 n =20
a Cfem Cmt Cfem Cmt Cfem Cwl Cfem Cwl
0.2 48276 | 55481 | 58227 | 66617 | 66302 | 71336 | 7.2882 | 69638
04 54410 | 59516 | 66949 | 7.3616 | 7.6978 | 81298 | 85052 | 82563
06 61230 | 64369 | 76575 | 81433 | 88719 | 92079 | 9.8383 | 96307
0.8 68256 | 7.0042 | 86648 | 9.0069 | 101064 | 10.3679 | 11.2393 | 11.0871
10 | 75471 | 76533 | 97134 | 99524 | 113914 | 11.6097 | 12.6988 | 12.6253
1.2 83067 | 83844 | 108199 | 109798 | 127457 | 12.9334 | 14.2339 | 14.2453
1.4 90640 | 9.1973 | 11.9413 | 12.0890 | 14.1177 | 143391 | 157919 | 159473
1.6 98794 | 100921 | 13.1417 | 132802 | 155883 | 158266 | 17.4556 | 17.7312

1.8 10,7965 | 11.0688 | 14.4672 | 145532 | 171965 | 17.3660 | 19.2656 | 19.5969
2.0 116153 | 12,1274 | 157072 | 159082 | 187271 | 19.0472 | 21.0011 | 21.5445

P,=Cy -
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m=3 9 A% F4n4, side sway”7} & o)

Ap=—1.3742, A, =5.1441, A, =—1.033, B, = 20.4544, B, =—19.8880, B, = 3.6725

Co=0.0350, C, =4.8554, C, =—1.1383, D, = 2.4678, D, = 2.3349, D, =—(1.5890

E,=0.0783, E,=5.8249, E, =—1.1842, F,=3.4026, F, =—5.0524, F, = 1.0276

8= 2 n =05 n = 10 n =15 n =20
a Cfem Cest Cfem Cest Cfem th Cfem Cat

0.2 55399 7.8413 6.8462 10.0953 7.8871 9.6005 8.7220 6.3571
04 7.2509 76211 9.3313 11.2222 10.9384 12.0746 12.1864 10.1783
06 9.3983 8.6210 12.5249 13.5692 14.8461 15.7688 16.6031 15.2197
0.8 12.1340 10.8411 16,6130 17.1365 198226 | 20.6833 22.1789 21.4813
10 15.4216 142815 | 21.5757 219240 | 258292 | 268179 | 288585 | 289631
1.2 19.5714 18.9420 27.7679 279317 | 33.2266 | 34.1727 37.0024 | 37.6651
14 244816 | 24.8227 | 35.0640 | 351596 | 41.8547 | 42.7478 46.4138 | 47.5873
1.6 30.7082 | 31.9236 | 44.0617 | 436076 | 52.3084 | 52.5430 57.6879 | 58.7296
1.8 374886 | 40.2447 | 53.9438 | 532759 | 63.7225 | 63.5584 69.9309 | 71.0922
20 46.1602 49,7861 66.1283 64.1644 775327 75.7940 845732 84.6750

m=49 A$(F F41A4, side sway7l 4& o)
Ay=—1.7407, A, =5.3949, A, =—0.85R7, B, = 19.9148, B, = — 28.6293, B, =5.0888
Co=0.0375, C, =9.7281, C,=—2.3575, D, =14.9794, D, = 1.3806, D, =—.6220
E,=0.0974, E,=10.5597, E, =—1.9363, F, = 3.9859, F, =—8.1090), F, = 1.6837
A= 2 n =05 n =10 n =15 n =20
a Cfem Cest Cfem Cat Cfem Cest Cfem Cest
0.2 5.1763 6.6928 6.3167 8.0443 7.2339 8.1000 79754 6.8597
04 6.2640 7.0394 78776 9.0901 9.1442 9.8448 10.1575 9.3036
0.6 7.5385 7.7685 9.7318 10.5183 11.4224 11.9722 12.7335 12.1301
0.8 8.9402 8.8802 11.8159 12.3291 13.9767 14.4820 15.6285 15.3391
1.0 10.5840 10.3744 14.2536 14.5224 16.9537 17.3745 18.9814 18.9307
1.2 12.4122 12.2511 16.9903 17.0982 20.2908 20.6494 22.7273 22.9048
14 14.4097 145103 20.0091 20.0566 23.9685 24,3069 26.8448 27.2614
16 16.7799 17.1521 23.5257 23.3975 28.2071 28.3470 31.5547 32.0006

18 19.1752 | 20.1764 | 271782 | 27.1209 | 32.6306 | 32.7695 | 364734 | 37.1222
2.0 21.9845 | 235833 | 31.3623 | 31.2269 | 376419 | 375746 | 41.9992 | 42.6265

Qe A@IA uxd o4z TEFA AW 1T 47 2240 AR YARE AT Cond
ofje 2& AN Ee B Ao AT
ADF A%, Ay, Ay, o, 8 & Fol4s Sgol 4R sMez M4 893 1 dde B2
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S| pael ENBQLE B BN Chiz AQR TEAd st 2R AAaFY AFgER AAY
o2 By Cp, & 2 27 floy =029t Z 948 BY d= Yh(m=4,%=1.0) ojd 9
Cot & CrmTts 28AF o7 ol= B5M o=1.00Th

4 g3 A%e] Ex T4 U9 71T AAHE AY BE Ut fazel Ad(effective length
factor), K /Md& E=Qsta dow 2 &L &3t 2.

2
_ _r'El
Pcr (KL) 2 (88)

faZo] Af K9 FARA &g s dole 439 codelt specificationo] Wt thd Zpole glont
HEoA AFe AISC Alignment chart”} 48] o|&€5z v} aziy Tz 74 7150] g e o
wjofl & AAe] o] 8% e Aol Utk

Bleich®e 1% 15 22 JA¥og taperd @Y A&A o of O3 2& FEAC AFAE AL
3t

9’ Imm(
Pc,=L(I€7:)T 8b)
7|4
_}‘_
_ _ do \~
K=3.20 2.20( dm)

g9 AN dp} deme T IH 19 AT RAAY F47 FFAY FA Edepth’E A7 4(8b)
T auda dAEs, mol m=2% ¥vd AAx] deAA 4 welwt £ 5L FANT KA
stihe Algzze] A

oAl Fx T4 VYW V1T fEA] AsHE dutsl 3] st (N3 BhAE B FET.

El, 2ZEL(4+a)™
Cest ‘ =

L (KL)’
of Hezry FaAl A%, Kt
K= (1 Za!m 9)
est

Al Ce ANEB FAAY, AZdstn d& wAdF, mo] d&sts FFagsS 229 3 7&
dx 44 ¢+ Utk
A ¢4 d2 nA F2 1R FRE 42 Ed. o=1.0, n=F=2.0& FFolx ddAHA n
AW, mite]l m=12,3,42 Wittn 39 (side swayZ} 9l2WlE AW BAR AASHA £F)
(F4 34, side sway7t &) (FZ 24, side sway?7} &™)

_ 4 . o4
Kymer= 1| e =176 Eym=r= 1| gz =0-841
K)m=3—ﬂ\/ b 2,042 Kymez =1 e 1001
Kymes= 2| ~5g i 52,335 Kymes= 1| 50 =1.185

=4 5R.9R3] 2 m=t T2.4007 =
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9ol wl@oA BY side sway’t U& W FEZA] ALUL m2 o Aol side sway’t 91& W
9 2v) A=z gtk

4d =

Aoz taperd B EA R T2TFH 7159 YARFE fRasYeR ARHAAELL 9
HolH nHE ¥4E B YEAYUE taper parameter( = )% TBAA WAV = mRA LY, BET
4 15NE w15 wE 23 RAE H(=nsh 2 WAL B(=HF Itk +AAY 2%
94 wdAen EAdEd 1 298 aosd e 2tk
(1) FEAe) B 23 ZAE go] Bxe Yoz WY W FTxTAY 7159 IANF e VY 95
9 9ANT & Ublside sway7t & W) ~ VAlside sway’t & W) AEE FAek

@ BY FEAS) B FRLLPOR ARV AAHNE A= CpnE F A NS (2. m)?]
Soz BN A UAes 28 YARE A% A = CadB Crom 3 Aol A9 @
o,

(3) 8274 AEAY A9E 2ANNLE ARE IARE ASE 424 mel W] Bh HHAAY
F=a. 8.9 Doz EANRAT B FEAY FPAE @ AFNoR 2R ARE AF
(=Cade @=0.28 9 Crp? 2 2AE Holt 497t AT} WepA ozt 248 F&AY 5 9
£ AL Q77 ojek AT,

@ QARF ASE WAESe) UsHez RAGH 2T WY 43A fiadol ARE A
A B B ASASE BN 2274 ASANE deNoz 4% JARE ge oA BEe] WEd
277 glelok st
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