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Abstract

First, we study some properties of F-continuities. Second, we introduce the
concept of fuzzy set-valued mappings and study some properties of fuzzy
set-valued mappings and fuzzy set-valued continuous mappings. Finally, we
introduce the concept of fuzzy semi-continuous of fuzzy set-valued mappings

and investigate their some properties.
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1. Preliminaries.

We list some concepts and results needed
in the later sections.

Definition 1.1[1]. Let be a mapping, let

AeIX and let BeI¥, Then:

(1) The inverse image of B under f,
denoted by f '(B)is a fuzzy set in X
defined by for each x€ X,

[F 1 (B)x) = B(f (%)) = (B« f)x)

(2) The image of A under f, denoted
by f(A)is a fuzzy set in Y defined by
for each ye Y,

= [ suby= A, if yef(X),
s ={ ¢ if ye £(X).
By the above definition, f: I¥—I*¥ and

F71: IY> ¥ are mappings.

Result 1.A{1,Theorem 4.1:9,Theorem
4.1). Let f:X—Y be a mapping, let
{A) sesC ¥ and let {B,} 4ea<I”. Then :
1) f_l(U aE/lBa) =U aEAf_l(Ba)
f—l(n aEABa) = ﬂ aEAf_l(Ba)
(2) f(U,enA) =U,caf(As)

f(n aEAAa)Cn aEAf(Aa)
(3) f(f Y(B))CBfor each BeI".
In particular, if £ is surjective, then
fYB) =B
(4) ACF ' (f(A))for each AelX.
In particular, if f is injective, then
Flfran=4
(5 Let g:Y—Z be a mapping. If
BeF?, then (g-f)"YB)=f""(g " (B))
If Ael*, then (g - f)(A) = g(f(A))
(6) If f is  bijective,
[f(A)]I°= f(A°Yor each Ae IX

then

Proposition 1.2. Let f: X— Y be a map-
ping, let A=l* and let Be I*. Then :
(1) f(A)=oif and only if A= @
(2) f(AYNB= (AN (B))

Result 1.B[9,Proposition 4.2]. Let

F:X— Y mapping and let x,< F,(X).
(1) If for each BelIY, f(x,)¢B, then
x.af 1 (B).
(2) If for each AelX, x,qf(A).

Result 1.C[7,Lemma 4.1]. For sets X
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and Y, let f: X—Y a mapping and let
A,BeI* If AgB, then f(A)qf(B).

Definition 1.3[1]1. A mapping £ (X, T)—
(YY) is said to be fuzzy continuous (in
short, F-continuous) if f '(B)eT for
each Be i The mapping f is called a
fuzzy  homeomorph -ism  (in  short,
F-homeomorphism) if f is bijective, and
both f and f hare F-continuous.

Result 1.D[6,Result 3.1]. Let X and
Ybe fts’'s. Then a mapping f: X— Yis

F-continuous if and only if for each
x,€F,(X) and each Ved p(f(x),
there isUeN (f(x,;) such that

o cv.

Result 1.E[2,Theorem 2.7). Let X and
Y be fts's. Then a mapping f: X—Y is
F-continuous if and only if for each
x,€ Fy(X) and each open g-nbd Vof

F(x;) in Y, there exists an open gq-nbd
U of %, in X such that f(U)CV.

Result 1.FI[5,Theorem 1.1).  Let
(X, Tx) and (Y, Ty) be fts's and let

f: X—Y a mapping. Then the following
are equivalent:

(1) £ is F-continuous.

(2) For each Be FC(Y), f1(B)eF((X)

(3) For each Ve¥ ,f Y (V)e Tx where
¥ is a subbase for Ty.

(4) For each x;€F,(X) and each Vel g
(f(x;), there is Ue/ p(x,;) such that
f)cv.

(5) For each x;€F,(X) and each Ve
Ho(f(x,), there is Uek o(x;) such
that f(U)C V.

(6) For each fuzzy net s= {s,},epn if s
converges to x,, then f°s= {As,)}nep
is a fuzzy net in Y and converges to
f( xa)-

(7) For each Ael*, f(clA)Cclf(A)

(8) For each BeI¥, cif "(BYCf '(cIB)

From Result 1.F, we obtain the following
result :

Proposition 1.4. Let X and Y be fts’s,
let f:X—Y a mapping and let
Xy E F p(X ) .

Then the following are equivalent :

(1) f is F-continuous at x;.

(2) x,€ £ (intB)=x, € intf "(B)or each
BelI".

(3) x,€ clf {(B)=x, & f '(cIB)for each
Bel”.

Definition 1.5[8]. Let X and Y be
fts's. Then a mapping f: X— Y said to be

(1) fuzzy open (in short, F-open) if for
each Ue FO(X), A(U)e FO(Y).

(2) fuzzy closed (in short, F-closed) if
for each Ue FC(X), f(U) e FC(Y)

Result 1.G[9,Theorem 4.3). If f: X—Y
is F-open, then f '(cIB)C clf '(B)for
each BeIY.

Corollary 1.G[9,Corollary 4.4]. If
f: X— Y is F-open and F-continuous, then
F Y clB)= clf "Y(B)or each BeI".

Result 1.H[1]. If f: X—Y g:Y—Z are
F- continuous, then g-fX—Z is
F-continuous.

2. Fuzzy-continuous mappings.
Proposition 2.1. A mapping f: X—Yis
F-continuous if and only if for each
Bel¥, f ' (intB)Cintf ' (B)

Proposition 2.2. Let f:X—Y and
g: Y—Z be mappings. If f, g are F-open

(or F-closed), then g-f is F-open(or
F-closed).

Proposition 2.3. lLet f:X—Y be
injective. Then the inverse mapping
fhAX) X

exists. Moreover f is F-continuous if and
only if f~!is F-open.

Proposition 2.4. A mapping f: X— VY is
F-open if and only if for each AeI*,
FfintA) Cintf(A)

f: X— Ybe
then

Proposition 2.5. Let
injective. If f is F-continuous,
intf(A) C f(intA)for each Ael*.

Corollary  2.5. Let fi XY be
F-continuous, F-open and injective. Then

for each AsTI¥, f(intA) = ntf(A)
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Proposition 2.6. A mapping f: X—Yis
F-closed if and only if for each A er*,
clf(A) C f(clA)

Corollary 2.6. A mapping f X—Yis
F-continuous and F-closed if and only if
for each A e I, f(clA) = clf(A)
Proposition 2.7. let /£ X—Y be a
mapping.

(1) If X is a fuzzy discrete space, then
f1s F-continuous.

(2) If Y is a fuzzy indiscrete space,
then fis F-continuous.

(3) If X and Y are fuzzy discrete
spaces, then f is F-continuous and
F-open.

(4) For fuzzy discrete spaces,
F-homeomorphism if and only
bijective.

fis a
if f is

Theorem 2.8. Let X and Y be fts's and
let f: X— Bijective. Then the following
are equivalent:

(a) f is a F-homeomorphism.

(b) fand f ‘are F-open.

(c) fand f 'are F-closed.

fts’s
the

Theorem 2.9. let X and Y be
and let f: X Ybijective. Then
following are equivalent:

(a) f~'is F-continuous.

(b) f is F-open.

(¢c) f is F-closed.

Corollary 2.9. Let X and Y be fts's
and let f: X— Bijective. Then the
following are equivalent:

(a) f is a F-homeomorphism.

(b) £ is F-open and F-continuous.

(¢) f is F-closed and F-continuous.

Proposition 2.10. For fts's X and 7Y,
let us define X=Y to mean that there a
F-homeomorphism f: X— Y Then Z= is
an equivalence relation on the family of all
fts's.

Theorem 2.11. Let (X, Tx) be a fts, let
Y a set and let f: X— Ya mapping. Let
Ty= {UeI”: 7Y (U)e Tx)Then we have
the following properties:

(a) Ty is a fuzzy topology on Y.

(b) f: X— ¥s F-continuous.

(c) If ¥is a fuzzy topology on Y such

that 7 X—>(Y¥) then

Ty is finer than %

is F-continuous,

Theorem 2.12. let X be a set, let
(Y, Ty)a fts and let f: X— Ya mapping.
Let Tyx= {Usl*: there is Ve Ty such
that U= f"(V)} Then we have the

following properties:
(a) Txis a fuzzy topology on X.

(b) f: X— Yis F-closed.

(c) If ¥ is a fuzzy topology on X such
that f: (X{{)—Y is F-continuous, then
Ty is coarser than ¥

3. F-continuities of fuzzy set-
valued mappings

Definition 3.1. A mapping is said to be
fuzzy set-valued if it's values are fuzzy

sets.
Hence, for instance, f:IX—1' and
'K are fuzzy set-valued(See

Definition 1.1).

In particular, a fuzzy set-valued
mapping F: Y>Fis called a fuzzy
multiplication and denoted by F:Y—-X
(See [4]).

Definition 3.2. Let F: Y>I* be a fuzzy
set-valued mapping, let Ael’ and let 3
cr*. Then :

(1) The image of A under F, F(A)
is defined by :

F(A)={BeI*: B= F(aJor some asA,).

(2) The inverse image of 8 under F,
F~'@®) is defined by :

F7'@)= {yeY: F(y)<8}

Example 3.3. Let Y={a,b,c}), X=1{x,,2)
and let F: ¥>I* be the fuzzy set-valued
mapping defined by :
F(a)={(x,0.3), (»,0.6),(2,0.7)
F(b) = {(x,0.7),(»,0.2),(2,0.6)},
Fla)={(x,0.4), (»,0.5),(2,0.7)}.
Let A={(a,0.4), (5,0.3),(c.0,58B={(a,0.3),
(6,0.1),(c,0.3phd let Z={{(x,0.3), (»,0.6),
(2,0.1)} {(x,0.7), (,0.2), (2,0.7k, 0.4),
(3,0.6),(2,0.4)}Then :
F(A) = F(B) = {F(a), F(b), F(¢}
F(bys) = {F(b)} F~'®) ={a,b}.
For each AelX, let I* denoted the set
of all fuzzy sets in X contained in A.
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Hence M= {EeI*: ECA}.

Definition 3.4. Let F,, F,: Y=I* be

fuzzy set valued mappings. Then :
(1) FCF, if and only if Fi(y) CFy{»

for each yeY.

(2) F=F\UF, if and only if F(y)=
Fi(») UFy(y) for each ysY.

(3) F=FNF, if and only if F(y=
Fi(») NFy(y) for each yeY.

From Definition 3.2. and 3.4, we obtain
the following result :

Proposition 3.5. Let F,, F,: Y=I* be
fuzzy set-valued and Aerl*. Then :
(1) If F\CF,, then F; () c Fy (1)
(2) If F=F,UF; then _
F7I(*) =F "M N FHUA)
(2a) If F,: Y->I* is fuzzy set-valued
for each a=4, then ’
(U seaF 2 7 =N geaF 7Y,
Q) If F= FlmFg then
FI' M UFT'UA) C FHUA)
(3a) If F,: Y>IX is fuzzy set-valued
for each ae4, then
Uwea FIIIA) C (N gen Fo) 7HIY)

Proposition 3.6. Let Y be fts, If a
fuzzy hyperspace, F: Y—»Ié" a fuzzy set
valued mapping and Ael*. Then :

FU () = (ye¥: F(y) C A}
and

Y-F V() = {yeY: F(y)qA)
In this case, F1(I8 ) (resp.
Y— F7Y(I{) is called the upper inverse

(resp. lower inverse) of Aand denoted by
F*(AXresp. F~(A)(See [3]).

We obtain the similar result as Theorem
2.3 in [3] :

Proposition 3.7. Let Y be a fts, I a

fuzzy hyperspace and F: Y— I a fuzzy
set-valued mapping. Then
F™(G°) = Y— F*(Gfor each Ge I*,

Theorem 3.8. let Y be a fts, [ a
fuzzy hyperspace and F: Y—I¥ a fuzzy
set-valued mapping. Then the following

are equivalent :

(1) F is F-continuous.

(2) F*(A)e FO(Y)for each Ae FO(X)
and FT(F)e FC(Y)for each FeFC(X).

(3) F(F)eFC(Y) for each Fe FC(X)
and F (A)e FO(Y)for each Ae FO(X).

Corollary 3.8. F is F-continuous at
<€ Y if and only if the following both
implications hold :
yoe FT(GQ) =y, intF* (G) whenever G
is a fuzzy open set in X,
and
wecdFT(K)=y,e F*(K) whenever K
is a fuzzy closed set in X.

Proposition 3.9. The union of two
F-continuous fuzzy set-valued mappings
F = Fy,U F,is F-continuous.

Corollary 3.9. The union KUL,
considered as a mapping of I X I{,X onto

I¥ is F- continuous.

4. Fuzzy semi-continuities of
fuzzy set-valued mappings

Definition 4.1. A fuzzy set-valued
mapping F: Y— IX is said to be :

(1) fuzzy upper semi-continuous (in
short, F-usc) if for each VeFO(X),
FY(V)e FO(Y).

(la) fuzzy upper semi-continuous at
ye Y (in short, F-usc at y) if for each
V e FO(X) with yeF+(V)
yemtF (V).

(2) fuzzy lower semi-continuous (in

short, F-iIsc) if for each GeFC(X),
FY(G)eFC(Y).

(2a) fuzzy lower semi-continuous at
yeY (in short, F-Isc at y) if for each
Ge FC(X) with ye clF*(G)
ye F*(G)

Proposition 4.2. Let F:Y—If be fuzzy
set-valued. Then :

(1) F is F-usc if and only if for each
GeFC(X), F (G)eFC(Y)

(2) F is F-lsc if and only if for each
VeFO(X), F (V)eFO0(Y)

The nexted result follows easily from
Definition 4.1 :
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Proposition 4.3. F is F-usc(resp. F-lsc)
if and only if it is F-usc(resp. F-lsc) at
eachye Y.

Theorem 4.4. F is F-continuous at y if
and only if F is both F-usc and F-lsc at
Y.

Hence F is F-continuous if and only if
F is both F-usc and F-lsc.

Theorem 4.5(Generalized Heine
Condition). F:Y—If is F-lsc at yeY
if and only if for each Bel® with
veclB, F(y)cCcl[UF(B)].

Corollary 4.5. F is F-lsc if and only if
UF(cIB) Ccl[ UF(B)] for each Bel”,

Theorem 4.6 (Generalized Cauchy
Condition). F:Y—If is F-usc at yeY
if and only if for each GeFO(X) with
F(y) <G, there exists He FO(Y) such
that yeH and UF(H)C G, e,
z,€eH=F(z)CG.

Theorem 4.7. lLet X be a FT,())-space
and let A a lower fuzzy set in X If
F:Y—Ifis

F-usc, then {yeY:ACF(y)}eFC(Y)

Theorem 4.8. let f:Y—Xbe a mapping
and let X a FT\(i)-space. Let F:Y I
be the mapping defined by F(y)= {f(y,;)}
for each yeY and a fixed A<l,. If F is

either F-usc or F-lsc at yeY, then
F-continuous at y;.

Theorem 4.9. [et f:X—Ybe a mapping,
let F:Y—I¥ a fuzzy set-valued mapping
and let f(x,)=y, If fis F-continuous at
x, and F is F-usc(resp. F-Isc) aty, then
H= F - fis F-usc(resp. F-lsc) at x.

Theorem 4.10. The union of two F-usc
mappings at y is F-usc at y.

Theorem 4.11. The union of two F-lsc
mappings at y is F-Isc at y.

More generally, if each F(teA
arbitrary) is F-Isc at y, then F = U ;e F;
is F-lsc at .
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