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ABSTRACT

Constructing a shortest path on a graph is a fundamental problem in the area of graph
theory. In an application where we cannot exactly determine the weights of edges, fuzzy
weights can be used instead of crisp weights, and Type-2 fuzzy weights will be more
suitable if this uncertainty varies under some conditions. In this paper, shortest path problem
in type-1 fuzzy weighted graphs is extended for type-2 fuzzy weighted graphes. A solution
is also given based on possibility theory and extension principle.
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| . Introduction

Constructing a shortest path on a graph has
been an essential and fundamental problem in
the area of graph theory and has lots of
interesting applications. In general, crisp
values are widely used as the weights on
edges, but there are many cases when we
cannot determine these weights precisely. In
these cases, we can use fuzzy weights
instead of crisp weights to express the
uncertainty.

If the weight of an edge can vary under
some conditions such as time, however,
type-1 fuzzy weights are not good enough.
For this situation, we need type-2 fuzzy
weights instead of type-1 fuzzy weights to
show the variations.

This paper handles the shortest path
problem in a type-2 fuzzy weighted graph. In
section II, the shortest problem in a fuzzy
weighted graph is briefly explained. This
problem will be extended to type-2 fuzzy
weighted case in section IMI. A solution for

type-2 fuzzy weighted graph is also given in
the same section. It is an approach based on
possibility theory and extension principle.
Conclusions and further works can be found
in Section IV.

Il . Related Works

In this section, shortest path problem in
type-1 fuzzy weighted graph 1is briefly
reviewed.

Shortest path problem in fuzzy weighted
graph was first analyzed by Dubois and
Prade [5). There were many researches using
different approaches, but we will mainly
focus on an approach based on possibility
theory proposed by Okada [1].

In case of a graph with crisp weights, we
can determine the unique shortest path. But
in case of a graph with fuzzy weights, this
becomes a nondeterministic problem. Fig 1
shows an example of shortest path problem
in a fuzzy weighted graph. There are three
verticies, vi, Uz, and vz, and three edges, e,
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en, and eis. Each arc has a fuzzy number as
its weight. The weight of edge e; is denoted

as 7. We want to calculate the shortest path
from v; to vs.

There are two paths from v1 to vs. We will
call the first path as p1 and the second path
as p2. To get the shortest path, we must
compare the weights (or lengths) of these
two paths. The weights of p; can be

expressed as h®l; that means the addition

of Zz and .

case II

v

Fig 1 Shortest path problem
in a fuzzy weighted graph

Two different cases are shown in Fig 1. The
normal line shows the weight of p1 and the
dotted line shows the weight of p2. In case I,
it is obious that p; is the shortest path,

because the actual value of s®h is always

smaller than that of %. In case II, however,
although p1 looks relatively shorter than pe,
we cannot guarantee that pp is the shortest
path because it is also possible that p2 is
shorter than p1.

Therefore, rather than calculating the exact
path, we will calcuate the possibility for each
edge to be included in the shortest path. This
is the possibility theory based approach. More
specific procedure can be defined like
following [11.

Definition. Based on the possibility theory,
the degree of possibility Dy € [0, 1] for an

edge e is defined as

D; = max{D,}

pefy

where Py ) means the set of all paths
traversing edge e;. Moreover, the degree of
poossibility D, for a path p is defined as

D, =minPoss( D1, < Y1)

Peha Ghep  Ger

where p’ is each path in a set of paths P
which consists of all paths from the vertex
U1 to vn, and ly is a possibility variable of

fuzzy edge length alijlong the edge ej.

Dy means the possibility that edge e; will be
included in the shortest path. After
calculating the possibilities Dy for all edges,
we can reconstruct the graph using these
possibilities. Although the reconstructed graph
may not show the exact shortest path, it can
show the meaningful candidates with each
possibility level. A numerical example of
reconstructed network can be found in [1].

lli. Type-2 Fuzzy Weighted Graph
We use fuzzy weights to handle the
uncertainty problem., But there are some
examples where type-1 fuzzy weights are
also insufficient. The weights of an edge may
vary with time. Or if we assign the weights
according to the opinions of expers, and two
or more of them may give us different
opinions for the same edge. In these
examples, type-2 fuzzy weights can be used
instead of type-1 fuzzy weights.

In this section, we will extend this
approach into the case where type-2 fuzzy
weights are assigned on edges. Because we
will use the possibility based approach, the
general framework that is explained in the
previous section will not be changed. The
objective of the proposed method is also to
calculate Dj values for all edges where the
weights are in the form of type-2 fuzzy set,
and we will define two operations on type-2
fuzzy weights, addition and comparison, that
are both necessary to calculate and compare
the length of a path.

For simplicity, only discrete type-2 fuzzy
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weights will be considered in the proposed
method. And there is no restriction such as
normalization or convexness on the form of
type-2 fuzzy weights. Any kind of discrete
type-2 fuzzy sets can be used as type-2
fuzzy weights in the proposed method.

3.1 Addition of type-2 fuzzy weights
Addition operator for type-2 fuzzy weights is
constructed based on extension principle.

Definition. Let X be a Cartesian product of
universes X = X; X Xz X ... X X, and A,
Az, .., Ar be fuzzy sets in X1, Xo .. X,
respectively. Let f be a mapping from X to a
universe Y such that y = fixy, .., xp) € Y.
Zadeh’s extension principle allows us to
induce from the r fuzzy sets A; a fuzzy set
B on Y, through f, such that

() = sufr? )min{u,, (x)s s 4 (%)}
Xy oo Xp Y= (X geen Xy
() = 0 if (=2

where f!(y) is the inverse image of y under

f.

Intersection and union operator for type-2
fuzzy sets are used as min and sup operator
respectively in the extension principle. The
general definition of these two operators can
be found in [4].

And the addition operator for type-2 fuzzy
weights can be defined like following.

Definition. Let two discrete type-2 fuzzy
weights be A=Y E(®)/x 4nq B=3 01y
where Bz =2 L/u 404 B:(0=3g,MW/w
If we denote the addition of these two type-2
fuzzy weights as 4 ®B, its membership

function, ”ieﬁ(z), is defined as

t
~
N
N
It

z:{y(ﬁj (x)ﬁﬁg 62))
z;{y((z'ﬂ(u.-)/“i)ﬁ(zgy(w,-)/wj))

U,(Z f ) gy(wj)) Ku; A Wj))

z=x+,

Example. Let two type-2 fuzzy weights be

A = B=(2)/2+[5(3)/3

= (0.5/0+0.7/0.1)/2+(0.6/0.2)/3
and
B = mO)/3+E:4)/4

= (0.3/0.4+0.9/0.8)/3+(1.0/0.1+0.5/0.7)/4

Then we can calculate the addition of these
two weights like following.

LN
Son
]

®F = (INEG)/5+
Q)5 @) ()N EGM)/ 6

CXOTV RO

(0.5/0.1+0.7/0.1)/5+(0.6/0.2)/ 6+ (0.6/0.1+0.5/0.2)/ 7

Using this addition operator, the summed
weights (or length) of a path can be
calculated in the case of type-2 fuzzy
weighted graph.

3.2 Comparison of type-2 fuzzy weights
After calculating the length of paths, we need
to compare them to get the possibility D, for
each path. Because we want to get the
possibility for each path to be a shortest one,
we must use the comparison operator that is
compatible with this approach.

The proposed comparison operator is based
on “possibility of appearance”. For example,
let us consider the following two discrete
fuzzy sets.

A4=05/1+1.0/3
B=03/2+05/4

If we denote the actual value of fuzzy set X
as av(X ), then av(4) can be 1 or 3. Although
we don’t know whether av(4) is 1 or 3, we
can assume that the possibility of av(4)=3 is
twice greater than the possibility of av(d)=1,
We can make similar assumption on the
possibility of av(B).

If aW(4)=3 and av(B)=2, then 4 will be
greater than B. But if av(4d)=1 and av(B)=2,
then B will be greater than A. Therefore we
cannot exactly determine if 4 > B or B >
A. But we can calculate the possibility of
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Poss(4 > B) using the assumption given
above. If we denote the relative possibilities
for a situation K happens as s(K) that is
called a satisfaction degree, then

s(av(A) =1 rav(B) = 2): s(av(A) =1 nav(B) = 4): s(av( ) = 3nav(B) = 2) : s(av(A) = 3nav(B) = 4)
=3:5:6:10

And because this covers all the possible
situations, we can say that the possibility
that A is greater than B will be

Poss(4 > B) = =0.25

3+54+6+10

The possibility of appearance for type-2
fuzzy sets are proportional to both type-1
and type-2 membership values. Therefore we
can get the satisfaction degree for type-2
fuzzy weights can be defined like following

[2).

Definition. Let two discrete type-2 fuzzy
weights be Z=Zﬁ§(x)/x and §=Zﬁ§()’)/y
where 43 =2£@)/u and ()= Zgy(w)/w.

The satisfaction degree for av(d)=x and

av(B)=y can be defined as
s(av(4) = x Aav(B) = y) =3 u- f(u)-w-g(w)
And the possibility that 4<3 is defined as

Z(‘:Y)Eﬂ(§<§)s(av(A) =XA av(B) = y)

Poss(4 < B) = - ¢
Z(:.y)en(r) S(aV(A) =xAav(B)= »)

where Q(4<B) is the set of all the possible

situations where av(4) <av(B) , and
QT =A< B)+ QA = B)+Q(d > B) The
possibility  of i = 5 and i > E can be

calculated using similar method.

Using this comparison operator, the lengths
of two paths can be compared and we can
get the possibility that p; will be shorter than
pj. The procedure to reconstruct the shortest
path is the same as in the case of type-1

fuzzy weighted graph.

IV. Conclusion

The shortest path problem in a type-2 fuzzy
weighted graph is explained in this paper. And
we propose a method based on possibility
theory for type-2 fuzzy weighted graph. This
method uses extension principle and possibility
theory to add and compare type-2 fuzzy
weights.

Currently the most serious problem of
possibility-based approach is the computational
complexity. Because we must compare all the
possible combinations of paths in a graph to
get a result, this is a problem of NP class
even in the case of type-1 fuzzy weighted
graph [1]. If the number of vertices grows
larger, it will take much time to get the result
graph.

Therefore a study on an approximation
algorithm based on heuristics is considered as
a future research direction.
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