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Abstract

A finite element analysis for a rotating cantilever beam is presented in this study. Based on a dynamic
modelling method using the stretch deformation instead of the conventional axial deformation, three linear
partial differential equations are derived from Hamilton’s principle. Two of the linear differential equations
show the coupling effect between stretch and chordwise deformations. The other equation is an uncoupled one
for the flapwise deformation. From these partial differential equations and the associated boundary conditions,
are derived two weak forms: one is for the chordwise motion and the other is for the flapwise motion. The
weak forms are spatially discretized with newly defined two-node beam elements. With the discretized
equations or the matrix-vector equations, the behaviours of the natural frequenmes are investigated for the
variation of the rotating speed.

S diXd Al
(=]

Ho

2 =RdAe FFaslE ol8sted e Fig.1 olA] o7} LRl #RrIL wAFo] adl

2o AFo] thgt d7E FHA Hamiton  ZHFS 0 dol nAH Utk 9 BEE Euler
AYE o], FHgTro g Ay #Hu|E  BEM AFL FF, 24y FHAdelt AAF
AN Feje] AupprgAe fEAT A5 3 2 dAF did AMAEE Q 7A@

ol Zwrg g didle WUl 2 AW W Figl oA 2u FHIHY BREL WY Z%Jr 29

, 283 dolwa A4AAS AHgetaich Al £¢ Yepdoh a9 i, j ke 3
H zg

At AAzANA AL Ed BEE gy A, i = WA, j = égl AA,
Pl

Pox o B Hl Ho dt o o ol fo
O

5o 3t weak form 3= variational form & k= = ugolr). An HXAESE A& i, j,
3l ). weak form & MEFA HoR F dH 2 e _ 4 o
g olgaof Bagald olusan vy w K YT A WIE H P AP 2 A5
H} &k 3 Ao R v Alo 2l o ogutdon 34 u, AEE A4 v 29
pol d% Adsl e gAdel gopgy. 0 EEIES AR W AR L
- N Ao - a1 THEe|W H .
MR YRAEEA SRS wal wep T ERUE BN WS T O e
asigie nf Ape wae sasga.  JEN CEE NS SO O 4
*: srorgstm Fatdst 71435k  nBd @ERy us 9o 29
e Em B AT
dordien sty AUAAFRT AN u=s-h, -h, M

- 529 -



2 2
1 x{ ov 1 ¢x( ow
=—11—|dx, h,==]]|—
2 O(BXJ 2-[0(ax] dx )
u=$-h,-h, 3)
: x 0v dv : xawaw
= —dx, h
R I b axox ~ © o oax axdx @

A G)E dd 2R 02 JHY 9§ %
duRoltt &= HE v, 4 (63 Zu.

r=Loa["
=5 pA[vp vpdx )

vp=Uu-Qu)i+[v+Qa+x+u)lj+wk 6)

A T O HYE F A @ A ©d a4
3d A (7ol Hu dPeyAE 4 )2 XHH
% Ex 9AF, I,,I, T y,zF g A3
BYEAE ) E A,Iy,I e i kid=

1 L. . -
T_Eijo {s—Qv—(hy+hw)] } ™
+[z)+Q(a+x+s)—Q(h,,+hw)]2+w2}dx

1_¢L as)? >a2v : *w :
U=EEJ-0 [A(a) +IZ[EZ—J +Iy ax—2 dx (8)

TEHAAL Hamilton 9 YIE HEFo=HY
A9 =T 49 t, = gAY AR, £
Lagrange @& #goltf.

J': J’OLM dxdt =0 ©)

[:%pA{[s-Qu-(hv +h ) +[0+Q(a

+x48)-Q(h, +hy)? +1i?) (10)
Ly A(asj i 2+I dw 2
2 ox | ox? Y{ ax?

AEgso ©ESL F&n 4 (98 FEHESW
s, Sv & Sswol tshA HHERe] gEOT B
oY, §s,6v,éw 9 AF2EH oy *EY
A2g 4A "o

P

A[%zf—zn%~g s-Qu+Q*(h, +h,)
9’ d an
S
—gt?(h,, hw):’—EAa—2=pAQZ(a+x)

PA a—v+2§2&s——§22v+ﬁs
at? ot

-29‘9(;1 +hy)-fn, +hy, )]+EI v
ox*

o |dv d°s
A Ly WY AL Yo Lol 12
6x{6x~f [atz Qat Q(a+§+s) (12)

-Qu+Qin, +nw) (h1, +hw)]d§}

=—pAQ(a+x),
o*w o*w
A——+ EI, ——

o Y oxt

2o e 02 e oy
2
R R T

(AD(13)2 ¥lHY Aol PPHoln y, 2T
2o WRE 448 nAsta 4 AD(HE A
Halstel Ay Av)E HAXNES 94 Do
pA[a—f—ZQa—y—st—QvJ
ot 0
(14)

—EAgx—f= AQ (a + x)

o'v os 2 : a'%
pA(atz +296—_Q U+QSJ+E1287

_ pAQZB {[a(L x)+ ;(Lz—xz)J—g%} )
» = PAQla + x),

*w LE 2w *'w

62 ya4
-pAQza{

=Dy

PA——
2 w
s o

Py Pwt Y,z BFAAY @9 Zojg FEH
oli A (14) & (15 ME IAEH Je WA
A 16y B A AT A4 Ho YA gt 4
(142 a9 4 L5 ANEYF £F, 4 (16)
of 93 &5 WWY Folgztn A} 2
14)-(16) Beste AAZAELS ULy Zad
4] (17)& essential FAFAo]L 2] (182 natural
ZAAZA| A7) 27] 2AE] FAAY

-530 -



s=yv=w=—=—=0 atx=0 (17)

sy s =——=—3pr=0atx=L (18)
x

)
=)
24
ol
ox
I
=
>
A
o)
o
o
Iy
N,
Ao

A
FAAHE ol &3} Hu|E WAl AA
B weak form ¥ variational from ©

o
g A o)itststel AuE wAAD k7] Z
Aoz o]F4d =7|A EAE fED). f3ta
AR o A Wee FnEA 29 @)l
Aol 9t} Weak form & $ & §}7] Aol A%
e M FrE A9 des) o 99
Ao A Hilbert 37t H'S& thg3 o] A9
"ok 2 (19 ¥w8goduR st 87t Hilbert 531l
Aol g2 F3H A9 bounded H= AL 9
gttt A ZgEE BE AAZA, = essential 3
natural AAIZAE W=t Hilbert 33 H' oA
o P52 oo A} olE ATFFI 4F
o vugrds AL guistd A (14)-318)9 7
ZHel WolEe o gol A9 A F5E

H'= {v]v is continuous on [0, L], dv/dx

(19)

- . . . L
is piecewise continuous, and -fo (61)/ c’ix)2 dx < 00}

seV,={s| se H', s(0)=as/ox|__, =0} @0)
vweV,, ={v| veH', dvfoxe H',

21
v(0)=dv/ox|,_, = azu/ale L dvfox’| = 0}( )

X=.

<

s Vi © AETFIToIg &0 4] 2D W
v, w% =357} Hilbert ¥7to] €2 2u)g
cole WA V77 B o fteaye B
o]EoN AFEANY hFH7] "ot} 7tEE
E 3 essential AAZHO] FAR ToA AHAA
#&Eol 0 o] Hy H' F0AA T2 Ao
aHeR, oW AP 7MF g Huw

3} @O WAzt gt ol Rl Wk

oo

P

SeV,={s| seH', 500)=0} 22)
0, WeV,,=|veH, avjoxeH,

9(0)=65/0x]_, = 0} @3)

Weak form 2 strong form Z%¥ #F gl 4
9% (15 A2 A-H Ada 4 16)L A
Hol 9lA et B =EoAEe dupyak wWeu
& &% Ue F 71A weak form HE3
HAUEE 59 weak form & Z+z}
(1499 (159 Fsla PHANEL ©
g RS do] Lo AAA REA
o224 dolxl WUHFE &5 Weak
@)oz EW BT §A18 wYoz
A2 Weak Form & w
T RANE FE AESE A @57 &

e

ol
oS

i

il

L g Mo

£
do <
ML

N

2 m o
] Hu
oL 7

e
i
[=]
3
oy % o
S o Ax ok W

i
o
o,
1z
o
(=Y

3

fad)

v

“ox® ox

+ pAQ? _‘.()L[a(L*x)+%(L2 _x2)]g_zg_;’dx
= [ {oa0(a+ x)s +[p, - pASa-+ x)Jojix.
pAIOLw—Etde+EIy :%1_?%;’

+ pAQ? _[()L [a(L - x)+ %(L2 -x? )]i—f%}—dx (25)

+IL EA%S 98 gy
0 ox Ox

2— A2
avaujdx 24)

_o*w

= f:wpwdx.

Fog HL 84 AM Local Description 2 W ¥
A $4& ¥ue Aot ¥R E Fig2 o By
NS NAY F AE 848 o4 g3 B
ek oble xAEL Azt 829 BHY FE
gt 24 edie Y 5+ ed e+l E A
olgch, Zdolwtar A%, WUPLE, Ao wey
t 4 @6) Zo] 4z Hdygolx 3 A gFgAd A
AE 2418 2 Ak g dolwd I, |
Wkak, Aot oot A 7]&7)d o
A AFHE Agolt BFH e oA ZHolwF
AN ®HHAE s, , FUWEE, AgWF ®¥YgE
Ve, Wy, 71E€71E 6,,v. 2 27 BAFT

3
S=a; +AX,V = a3 + QX +AsX° +CagX

; 26)

w=a, +agx + a9x2 +CQyp X

s(xe)= Se > U(xe)zve » w(xe)= We ,

- 531 -



( e+]) Wey s

s(xe+l)= Ses15 U(xe+l)= Vest s

Uiy (xe+1)= Oeri> W x( e+]) Ven 2))
ARN Y WAL A 26),2NFH 2L NoB E
dech et $AA (2602 (28)2°] 293t
4’ ,dy & 824 W9 ¥WEom N, N,,N, 2
99 94598, hoe 22 3717 99,
s=NId%", v=NJd$", w=NTd¥ (28)
di" = {Se’ve’ae’seﬂ’veﬂ-r’eeﬂ}T’ (29)
de ={we"//e’we+l»'/’e+1}

N, = {0’(x° xe+l)2(2x_3xe + xe+1)/h2 g
(x —Xe )(x ~ Xeyl )Z/hg 0,
“(x_xe)z(zx"'xe —3xe+!)/hz ’
(x_xe)Z(x_xe“)/hg}T
Ny = (e e P20 =32, + 2o ) 2,
(x—xexx_xeﬂ)z/hg ’
2 3 (30)
“(x_xe) (2x+ Xe _3xe+l)/he ’
(—x P xp)/n2f
he =X, -x, (31)

A @8l Aolda A WUl B s,
Ve s ey Serts Veu 0¥ AREE HEHR
ALY VAT w,, Ve, Wey ,Wen d AHE

E@dh Fig 3 & Auldd, ey $59
T FILAE HAFEH. 9 g Ho|dE

AU, JoE HeoA e des 4
(G327t 932 09 0¥ 47 6x1F 4x1E ¢
ojel @ ¥Eo|t}

s=mrfn,, v=brfN,. @-

Feoa de 4L S5FdoaA g
de FIAd FFFdaM FalA | 2
(14-(16)2] ZAEE 7] AsA 4 249259
weak form & 5 A 248 AR3IT) Fig 2 oA
AF 949 [oL] M RIY9  [x.,x..]
e=12,--,N &2 ol4ag Fo 4 28)F (32)2
2 @49t 25)00 didstH olitstd WYMoz
EdE) Wullgak 250 dig ojis® w4
< 4 337 Zoh

hefN, 62

Z( ) {lnsudsv+29gsvdsu

=1
m )+ g2 Jasv} 33)

o

[ su+gz( sV _

_ (Tl )[su

e=1

me = pA [ (NNT +N,NT Jaxc,

= pA j: (N,,NZ - NSNI)dx ,

T. 2 20T
k§u=r‘m EAdN dNg +EI, d°N, d°N, dx,
x, dx dx dx? di?

sx’—ij [ L-x)+ ;(Lz—x )}C{:x Cgfdx,

2 = [ A ), - s,
(34

Aoty SFolA olitst B WAL 4 352
FERG m? kY, 2, 0= AR L3544
QAAFYY, Q2R BY 9ALE Gutdy,
2ASFYEI 2 nP o n¥ & f29AT Y
HEZ ® 999 9oy 4 33)s 35)= A
g oz AT AUYE L5 thsk A=)
AL A 37nF 2k AULE 234 ¢

o ;(.]xﬂza_?_]uﬂa-]o]—y M., G,,.K,,.,S; ,,"éz‘*\—?: A

AA T ol

ABEEoa f,, <

k¢ =EI, v del di? )

. 1(,2 _2)|dN,, dN}
Y= pA L-x)+=\L" - W W dx,
52 = A [ alt-x)+ 322 - x')| e L

xﬁ«fl

f:1= - PN, dx (36)
M,, d, :290 sola+ 37
[Ks, +Q (Ssu _Msu)+gcsu]dsu =1,
ALY &5 disk AA wANLe A 4o

- 532 -



2. Ax 29 dugolt, WLy £S04
d, = AAAAHE 0, M, K,, S, S AA)
dgold, 1, & AAFFTAEDL s, v, w,, 6
%y, & YBRAM FA AHT = njmA
Ao, 84 AFEZ FAH A 38)F @1)
At = R g
T
dg, = {32;U2’92,53,U3=‘93a‘ s SN VN1, 0N ) (38)
N
M,, = Ame’ sv Ag _Akzu,
e=] e=]
N
=Af§" (39)
e=I e=1
M, d,, +(Kw + QS )d,, =1, (40)
dw={wzsllfzaws,!//aa"',wN+1,'/’N+1}T 41
N N
M,=Am/. K, =AKY,
e=| e=]
N N
=Ase, f,=Af “2)
e=1 e=1
4 117 MFZF
BolA x, yFeo U |94 ¥4 moEEs g
o 7HY, Bad M55 4 @) @49 2
°of ZFFT 4 (37), 409 EFLFNL A%
7] &AM dukal, deotgte] ugAES+E F
8t 4 373 @0 AL FHSE 2G5 7
o] 743} a)s,,, w, T WUk doud o5

o Fi9d afAdEgo 4wtk gda Az}
&L 2 D}\]‘Q‘Oi’ﬁ 2l @5HE (37)-1—]' 40yl g
A Aung & a4A FAE S28A Aok

t X a
rT=—, ==, 5:-’ =m’
T 47T L7
2
a= AL A=TQ
IZ
_ [pAL*
EI,
d,, =X l,e" d,=X_,e"

{[Ksu +Qz(ssu _Msu )] +
2iw, QG ¢, - w2 M, }xsv =0
Kk, +0%8,)-02M, X, =0

59 agtol 0 70 4 WS A4Hg} Table 1 o)
A B dE uiel 2ol A e Fojn @
WiE 259 ARAETFE 849 7 2744
Ao gto2 SEF WO} 25 A Lo
A @ndlA 9 1RAEF F£E EHSL Table |
of WUl 59 §9 2x=9 gs3 7o
AR ALY B =20 3329 @)
A AAE AETE vagdozy A% ¢

Wi 3 wepyd %, 4zte ojady 2y
oA 100 7he) F BH 224 F A}2ETh Table 2
MM a=70 281 59y o B W
A AAE ARA AUgd 343 E5FE Yoo 9
Shin®o) Aol e mj$ FAES ¢ $ g
B =83 FuFd 4)A}oloﬂ IHAFFY &
e vliE FAY 153557 & dHgE
72 vl A *a‘%fs}—‘& Table 3 o] A} Fo] A}
Fig. 4 © 4=0, 6§=019% =709 = A4
Mzt o A Y AHFIFFY mi}a
HoZoh adl T dAudaka Aoty &%

ik

i

Apole) F8 Aol HE Poh ARBES B

2] et Aol E£A%tE Aolt) Fig. 4(b)olA A
oAt 3% 259 ARAETFEL IAG
£xZo @A dx F7HE Fig 4T AU F
>Eo)A dolwd AFRE(S1 I 2 FYPRE
(B1 3 B2)%}t A US& BAFT old 2
ol PR FIHEEZApolo dMHFEL
Fig. 4a)9t #o] & 4 #HA veering AL ¥A &
o EP Bl 0= EAE AUl Y FYPRc= R
WA A/ 5F7 AT AAGEA 0 o]
Hutes AL dF At o] £EF 3d TR
A&z Bad

5. 28

a8 S st Ty F9g A
Ao Hold AFAYE o] &3t A 9T
Ho| gt Ay #HAv|E HAHNE F=3%d. #H
ol g wpg Ao Aol A wHug Wy
= AZ dAEo] AT dWepitak Wk dAY
o] 9 ok ol WA AARACERE
T 7}A weak form ©] Fr= "l AAEL AN
2%, A YL 59 d Aol o)A
Fo disl MEA A" F A Q424
weak form & FZ1go)A o)ikztsle FA. e
Fag deg.

PP PN ozN uFA A 533}

=



Ao AF/IEF AL Aoy P |
Wi &53 e 2FAtoldAAM Y Aol H
Veering @43 249 EQRANY L AHAE
FEUE e BAEH

AUrEH

(1) Kane, T. R,, Ryan, R. R. and Banerjee, A. K., 1987,
“Dynamics of a cantilever beam attached to a moving
base,” Journal of Guidance, Control, and Dynamics,
Vol. 10, pp. 139~151.

(2) Johnson, C., 1987, “Numerical Solution of Partial
Differential Equations by the Finite Element Method,”
Cambridge: Cambridge University Press.

(3) Hughes, T. J. R., 1987, “The Finite Element
Method,” Englewood Cliffs, NJ: Prentice-Hall, Inc.

(4) Yoo, H. H. and Shin, S. H., 1998, “Vibration
analysis of rotating cantilever beams,” Journal of Sound
and Vibration, Vol. 212, pp.807-828.

Table 1. -Convergence characteristics of the
dimensionless natural frequencies for the chordwise
motion when § =y =0 and a=70.

No. of Bending modes
element = 5% EL 4th
20 3.5160 22,0345 61.6973 120.7686
40 3.5160 22.0345 61.6973 120.9024
60 3.5160 22.0345 61.6972 120.9033
80 3.5160 22.0345 61.6972 120.8444
100 35160 22.0345 61.6972 120.9019
Exact 3.5160 22,0345 61.6972 120.9019
No. of Stretching mode
element = >
20 110.3946 417.7725
40 109.9628 387.0572
60 109.9590 331.4177
80 109.9576 363.8172
100 109.9569 330.8796
Exact 109.9557 329.8672

Table 2. Comparison of the first dimensionless natural
, frequencies for the chordwise motion when a =70.

5 ¥ (N =100) Ref, (4)

L0 2 3.6196 3.6196
10 4.9700 4.9703

50 7.3337 7.5540

1 2 43978 43978

10 13.0482 13.0494

.50 41.2275 41.3791

s 2 6.6430 6.6430

10 27.2660 27.2761

50 74.0031 74.1949

Table 3. Comparison of the first and second
dimensionless natural frequencies for the flapwise
motion when §=0 and a=70.

First natural frequency Second natural frequency
¥ (N =100) Ref. (4) (N =100) Ref. (4)
0 3.5160 3.5160 22.0345 22.0345
1 3.6816 3.6816 22.1810 22.1810
2 4.1373 4.1373 22.6149 22.6149
3 4.7973 4.7973 23.3203 23.3203
4 5.5850 5.5850 242733 242734
5 6.4495 6.4496 25.4461 25.4461
6 7.3604 7.3604 26.8091 26.8092
7 8.2996 8.2997 28.3341 28.3342
8 9.2568 9.2569 29.9954 29.9956
9 10.2257 10.2258 31.7705 31.7709
10 11.2023 11.2025 33.6404 33.6409
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Fig. 1 Configuration of a rotating cantilever beam.
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Fig. 2 Element and node numbers of a finite element
model.
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Fig. 3 Finite elements for (a) the chordwise motion and
(b) the flapwise motion.
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Fig. 4 Variation of the dimensionless natural
frequencies for the dimensionless rotating speed
y when =0, §=0.1 and a=70:(a)the

chordwise motion; and (b) the flapwise motion.
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