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Sensitivity Analysis for the Navier-Stokes Equations with Two-Equation
Turbulence Models
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Abstract

Aerodynamic sensitivity analysis is performed for the Navier-Stokes equations coupled with two-equation
turbulence models using a discrete adjoint method and a direct differentiation method respectively. Like the mean
flow equations, the turbulence model equations are also hand-differentiated to accurately calculate the sensitivity
derivatives of flow quantities with respect to design variables in turbulent viscous flows. Both the direct
differentiation code and the adjoint variable code adopt the same time integration scheme with the flow solver to
efficiently solve the differentiated equations. The sensitivity codes are then compared with the flow solver in terms
of solution accuracy, computing time and computer memory requirements. The sensitivity derivatives obtained
from the sensitivity codes with different turbulence models are compared with each other. Using two-equation
turbulence models, it is observed that a usual assumption of constant turbulent eddy viscosity in adjoint methods
may lead to seriously inaccurate results in highly turbulent flows.

QA7

AFE Adsd g9 @A ATHA9SCDE
ol HAz AAZIHol THAAAN Beol ALHm
Aok, AAAQ AAAR) G HATE G
A4 49, 949, AJedE Fo FHAs EXE
AYsn ZEHoE FE 5 & /FHY 3Z=9
Aol MIPsjojol o} olAAR Y FFAANNE
AAESY vBAFE % AEHes 7 oy,
EFd 239 EAY 334 EAY AS AAES9
FEHLR oy wiEzo2 {FFE HHYse AL
AN Ao} vl gl A o]9- B ALY 5 Ut
g7y o WP MAAVSFY FEF w$ APsn
%% FAEE 6 d59da gH Ukt 2
ages, oi7/l¥S(adjoint variable) BT 2 A vl ¥ (direct
differentiation)’q & £ B} ZAF 7Z|YPEo| At
AR En ek AFPulRPe AV 7t
SAgeUY Agzd R0 FE o 8¢ YYo=
FrERAAe olidzd FHEHE ARgunh wdd,
AN sE S AANT 7 SR Az
Frc §2 o {85 wies dvrA FEHHA NN
Bol AlgHx= wWfolth wjAMSE B¢ A£3AHQY
¥ (continuous approach)3} o] Atz w3 (discrete
approach)2.2  HegE d, d£I3Y  PyLe
FEdAALe AA vEsda o v BFYL

S AEURE YFSFFRH
tAgUSE §FLFRAY 2us
P AgYSR §FSTEAN Be

ojststate  whgelm, olAst  wWEe  olidsd
FERAAE AdANEd dF nEdds Wyes £
Aol e F29] S Gaot.™?

¥e HolEg2F F%S AGsA HAs7 fAdAME
A4 g o|EY o diFe d¥s weA 2@
gert Qov, olRe AAY B ozt vF
297t Xgs (g4 AANE AEds 9 ¢
gz mF2PE Yol old F gtk A
A v E(automatic  differentiation)?} T B 7HA
ZeaRe Algsld JdHFRdo] X3P Navier-Stokes
WA vl ALgHm QoS ¢ ° Iy, o] WY
2ozt A ulEEE g AR ey
AFH "Ry Sdojq gutdoz FfAgo]l drx
g A gleps

2 d7dMEe 22934 dFRIE AT Navier-
Stokes WAAE GFEY WARNA SASNA &£o2
o) & (hand-differentiation)dle] 2+ AAH4o olE
AFHEL Feidoh A2 22934 dF 24E F,
k- SST ®d13,14]°] F= AlgEdeq, 449
k-0 21,1213 EF k-£ ZWEN4)9 FHg=
Hlmag. EFFEAAA Zo] dF 2d wA4As
g vlEgo=H dF F5FNMY AAMS] nE
AFREL ALaA FIHd. ggd dARseys
AYuEY L AHEE T Uz #H¥ac=g



H2RUSAZSS

MERY 6/

Adstd 4§ %59 udTHMd FHLEHHd &
dA7olA e APuEYE o]§F I=(ASADD)9}
A SHE olf§ TTS(ASAAVYE RAE 2820 9§

4 AsE dF #¥9 WA= HAHe T4
FFSU. o] k23 HHI=2REHY
FredAds 715t R Q] QAW B

AL fd A2 27 vim FFHUY.

A sEde AE S AAFA FTH
HHHAANMNE dFYd IS YA g3
UFHAATLE YA (frozen)3HA 7143 9=

HAe S Qi ¢ HId, FHFHFY AR
o) glol uiAH ZAAAAM 1.4AA dRRES
g3k o] stAe] x| WP =8l LEH Wt
A2 FUAME di$d FREDE AEEd o
AR AFgxst AEHNG © & dFAMHNE NACA
4412 98 F9 A4 54, RAE 2822 F9 o}&%
%%, RAE 2822 9] &4 IF H533 Zo] F0
okt A 9ol HE35le o] MY YL HAESAL

2 719
AR At died
At A e k- SST GfF WAL 2 2349,
H| A4, 454 Navier-Stokes A4 ojn] tl&3 o}
2&Y ez Yepd § et

.9 ()
a:*ax,.(p"f) 0

) d dp 9%,
§;(P“i)+¥(l)u/"i)=_ +—L

; ox, ox;
opE 0 apu, ] 1-5)
= 4 —(pEu, )= ———L+——|uf, ~
ot +ax,(p u’) dx, +ax, [u, ¥ q,]
B, D (Y B g D o
ot ax/(p ’) Tﬂax, p pwk+ax][(,u+0',[l,)ax/:l
20, 3 o Y W g D %
ar ' ox, (oo =22, il i Lo
1 dk dw
1_ —— e
+2(-F)po, — 5, %,
AuRye gt #AFEAR HEsHo  #@

ARYez sk FHJ. T Euler HAH 7@
T, RS o 2L Yoz A dis
oltstd.

I [R] yo ©
[mﬁ[ag] ]AQ k

g7l JE HEHEY JacobianE, RS FHAAFEH 9
b 2= Rk Qx 6719 nEHS

residual &,

’)
>

= aves |

I3

¥l (p, pu, pv, pe, pk, pw) & vrebAT)

IHAEE A dFES Roes FDS 7IW[7]E
71geg @ F4 AELHE, AP e T AEHES
HEsq. zad FE O AEEE Ayl 99
MUSCL(Monotone Upstream Centered Scherne for Conserva-
tion Laws) 7] %[18]& &3kt AlFH Lol Eq. 6)&
EgHos E7] 98 LU-SGS 71¥[19]°] H&IAU
HHzddE  AIzxyol Fozm, AdzAd
F¥zA4e 149 Riemann BHFE J|Hoz &
EAdzRAol HEHUL Chimera FAHA 2] hole-cutting
Z A o) bilinear interpolation®] & &5 ch*

7= 4
AR FELRAANY residvalE, Q,X,pe #FF
o2z gz go] yed 5 gich

{R}={r(0. X, D)}={0} Q)
@714 XE 43 ARA 9N, DE AANE
NEE yedd. olasldE Hast £ Auyse
271988 2RYS FE 0oy go xdYY,

{F}={F(Q»X»D)} ®

AUA Pgd AR v BYHeME, BEE5EF AFE

TFHigko] Eq. (N @) AANS ¥ Do oisl A
uiEgozs oigdl ol FE £ gt

ERHEH O

(G- B ET ) o
dD aQ | (4D aX dD oD
8%y uxe Wy {dX/dD}e A4 Z=S
negess T 5 gen & AFNE BAY
#+8 AeLye s {dx/dpleg  TEATh
#Z3Q A8 98 {dg/dD}E Eq% B
WHo2 ol go] FHAT

rEHa-ar o

di m+l d m di

(@) () (%)
94714 EHZA Jacobian [oR/Q]S FHHHAAM FE=9
BAAR=RE PRt o] FAHAL LU-SGS 7I¥EE
HegozH HEHY I:corMel #o] FgHHo=



68 M12HY

>
tad

BT AR

ok

&3

r
r
$

[Zaa ]

#E T 4 9ot Chimera FA71W 9 hole-cutting
BAE Xg¥ TE AARZL #FHY =c9
AAZAE Y v 78 5 U

84 Wy wAEFEEES Eg 9% (10F
Z2ggozd SAPS Udx FHRE 7Y 5 Ao

-G @G EE
Aﬂag]{ Pl dx}*{‘g%}]

4714 Ax REE4 W (p, pu, pv, pe, pk, por) ol

)-8t Lagrangian multipliers (/'1,1,2,2,/13,/'14,3.5,16)T
€ Ughdd 2 42 oA FeEsid g8 2o

(o)~ (- Goh (N5
dD ) oD aX aD 13)
aF 0
{{56} ”[ae]][ |
2 Qds) Wy A% ok Eq(HE EVT

{o/dD}e A¥E ¥ ol BARLY W=
Fuie ANE 4 Ao,

- ) Y 3 o

[g’; ] {BQ} oy as)

Eq. (159 FAH dHEQd AE T3V AHA G2
22 pseudo time® =Y #HE F@ch

T T T
L IR - 9R _{E’i} (16)
JAT | 9@ 0 a0

A™ =A™ +AA

Eq. (16)9] 83 e & Jacobian [oR/30f &
e 2 PFas gL AFH “ﬂS’_EI% L7 2
AFNE WAHS A9 ZF 242F [aR/a0T 9
3 gl FPoH o] drygE 4 F =S
Bk o whde w wEAAEY [dr/ogf &
Assor A Exg 249 A 3344 FAl4
Hed ASole 27"E dReE INNE A3 £Y
& guepasw

X AL 45
& A u] &Y (DD: Direct Differentiation Method)

DD R=E AF&H7 98l viEs 073, dHolE2F
6.5%x10°, Tzt 279°9 #%F ZHNM RAE 2822
HAgL gL HaEFQon, RAWUA HAxDZFHo|
1x1075 91 129x65 7)ol FAAE Agsgh
k- SST Z2H[13,14]12 AXE IR 47 AFse
k- 29[11,12), standard k-—¢ 22142 ALdE
a3, 22z 4¥ ZAIpot 29 194 uadgth
DD == oF AP {FF AEPel g%
ojgglto] AL 4F AAWSY A AN F
742 A9l d# A4

ANA 7S, 2L o€ AAEFE IR FH,
g, I3 BAE F F7NGHH dF A
DEGEE 2L B0 F Table 14 F8 AEol 9%
nEgtst wlmegich. FEF I7(step size) AL
1x107° 3 1x1072  dages) &% ¥y
nigge F4 AEPeE AR ¥ FTEF
A7 A% PRFES FF viPe] 9% B9
LA 89t

Table 1. Sensitivity derivatives of load coefficients with
respect to angle of attack.
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Table 2. Sensitivity derivatives of load coefficients with

respect to geometric change.
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Table 3. Sensitivity derivatives of lift coefficient.
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Table 4. Sensitivity derivatives for drag coefficient.
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Table S Effects of turbulence models on sensitivity deriva-
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Table 6. Sensitivity derivatives of load coefficients for
NACA 4412 airfoil.
( M=0.3, Re=2.51million, 2.0deg)
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Fig.1 Surface pressure coefficients over the RAE 2822

airfoil at o =2.79 deg, M=0.73, and Re=46.5 million.
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