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Abstract

We introduce the concept of double fuzzy topological spaces as a generalization of
intuitionistic fuzzy topological spaces and smooth topological spaces and then investigate

some of their properties. Also we introduce the notions of fuzzy (7,s)-interiors and fuzzy

(7, s)-closures in double fuzzy topological spaces.

1. Introduction

the
was

As a generalization of fuzzy sets,

concept of intuitionistic fuzzy sets

introduced by Atanassov [1]. Recently, Coker
and his [6, 6 7]
intuitionistic fuzzy topological spaces using

colleagues introduced

intuitionistic fuzzy sets.

In this paper, we introduce the concept of

double fuzzy topological spaces as a
generalization of Intuitionistic fuzzy
topological spaces and smooth topological

spaces and then investigate some of their
properties. Also we introduce the notions of
(7,5

—closures in double fuzzy topological spaces.

fuzzy (7, s)-interiors and fuzzy

2. Preliminaries

Let X be a nonempty set. An intuitionistic
fuzzy set A is an ordered pair

A=(ra 74)

where the functions u4:X —1 and

74 : X — I denote the degree of membership

and the degree of nonmembership

respectively, and a4+ 74 = 1.

Obviously every fuzzy set z# of X is an

intuitionistic set of the form

(e, T— ).

fuzzy

Definition 2.1. [1] Let A=(ua,74) and
B=(up, vg) be intuitionistic fuzzy sets on
X. Then

(1) ASB iff pa<pup and y4 =75

(20 A=B iff ASB and A2B.

(3) A°=(ya,ua).

(@) ANB=(pa/\ttn, 74V 75).

(5) AUB=(paVup, va/\75).

© 0.=(0,T) and 1.=(1,0).

Definition 2.2. [6] An intuitionistic fuzzy



topology on X is a family T of

intuitionistic fuzzy sets in X which satisfies
the following properties:

1) 0.,1.=7.

) If Aj,A;eT then ANAET.

(3)If A,eT for all i, then (JA;&7.
The pair (X, T) is called an intwtionistic

fuzzy topological space.

(X,7) be an

topological space. Then members of T are

Let Intuitionistic fuzzy

called intuitionistic fuzzy open sets of X and
their complements intuitionistic fuzzy closed
sets.

3. Double fuzzy topological spaces

Let I(X) be a family of all intuitionistic
fuzzy sets of X.

Definition 3.1. Let X be a nonempty set. A
double fuzzy topology T =(r,t.) on X is
r: I(X)~T1 and r.:[(X)—1
which satisfy the following properties:

1) A+ (A)<1 for any A=I(X).

2) (0.)=e1.)=1 and
r(0.)=17(1.)=0.

3) (ANB)=r(A)A(B) and
tLANB) <t (A)Vr(B).

@ (UJA)=/A\i(A) and

r(UA)< V1 (A).

(X, 7)=(X,r,z,) is caled a double

two maps

The

fuzzy topological space. And, we call 7 a

gradation of openness and t. a gradation of

HONOPENIIESS.

Definition 3.2. Let X be a nonempty set. A

double fuzzy family of closed sets
2=(w,w) on X is two maps
w:I(X)—=I1 and w.:I(X)—1 which

satisfy the following properties:
1) w(A)+w(A)<] for any AcI(X).

(2) w(0~.)=w(l.)=1 and
w0.)=w(l-)=0.
%) w(AUB)z o(A)N\w(B) and
wlAUB)<w (A)VwB).
4) o(MA)=NAw(A,) and
wNAY<VaolA).
In this case, we call w a gradation of closed-

ness and @, a gradation of nonclosedness.

Proposition 3.3. Let T =(z, z.) be a double
fuzzy topology on X and Q4=(w,.)
defined by

wlA)=1(A°) and w,(A)=17r(A°).
Then £24 is a double fuzzy family of closed

sets on X.

Proposition 34. Let £2=(w,w.) be a

double fuzzy family of closed sets on X and
T o= (74, 7,) defined by

7,(A)=w(A°) and r,(A)= w0 (A°).

Then 7 o is a double fuzzy topology on X.

Corollary 35. Let T =(r,7r.) be a double



fuzzy topology and 2= (w,w.) a double
fuzzy family of closed sets. Then
F:{_Q_J:rj and .Q-:;D:.Q.

Proposition 3.6. Let (X, r,z.) be a double

fuzzy topological space. Then for each 7»€1,
r,={Ael(X) | (A)=r}

is an intuitionistic fuzzy topology on X.

Moreover 7,27, if n<r,.

Proposition 3.7. Let (X, 7,z,) be a double

fuzzy topological space. Then for each s,
r.'={Ael(X) | r(A) <s}

is an Intuitionistic fuzzy topology on X.

5 5 .
Moreover 7. Sz, if $5<s,.

Corollary 38. Let T ={(r,r,) be a double
fuzzy topology on X. Then for each 7,s<1,
Ti={Acl(X) | (A)=r and r(A)<s}
is an intuitionistic fuzzy topology on X and
Ji=r,Nr,’ Moreover T ;ST 7 if n<n

and §;=ss,

4. Fuzzy (7,s)-interiors and fuzzy

(7, s)—closures
Let I®I={(r,3)|7,se] and r+s<1}.

Definition 4.1. Let A be an intuitionistic
fuzzy set of a double fuzzy topological space
(X,r,7r,) and (7,s)eI®I Then A is

called;

(1) a fuzzy (r,s)-open set if {A)=r and
(A) <s,

(2) a fuzzy (7, s)-closed set if (A®)=zr
and 7. (A°)<s.
Definition 4.2. Let (X, r,7.) be a double
topological space. For
(7,5)eI®I and for each AsI(X), the
fuzzy (r,s)-interior is defined by

Int(A, r,s)=U{B<I(X) | A2B and

B is a fuzzy (7, s)-open set }

fuzzy each

and the fuzzy (7,s)-closure is defined by
CI(A,7,9)=({BeI(X) | ASB and
B is a fuzzy (7, s)-closed set }.
Int: I(X) xIPI — I(X) and
Cl: I{X) xI®I — I(X) are called the fuzzy
and the fuzzy

The operators

interior operator closure

operator in (X, r,r.), Tespectively.

Int(A,r s is
fuzzy (7, s)-open set which is contained in
A and CI(A, 75

(7, s)-closed set which contains A. Also,

Obviously, the greatest

is the smallest fuzzy

Int(A, »,8)=A for any fuzzy (r,s)-fuzzy
open set A and CIl(A,r,s)=A for any
fuzzy (7, 8§)-closed set A. Moreover, we

have the following results.

Proposition 4.3. Let (X, r,z,) be a double
fuzzy and let

Int: (X)X IPI —I(X) the fuzzy interior
Cl: I{X) xI@I - I(X) the

fuzzy closure operator in (X, z,7.). Then for

topological space

operator and

—~69—



any A,Bel(X) and (r,9)<Id]
1) Int(0.,»,9)=0., Int(l.,rs)=1..
2) Int(A,r,9)EA.
(3) Int(A, 71, 8)2Int(A, 7y, sy) if
y1=7y and $§;=S3.
(4) Int(ANB, 7,9
= Int(A, r,s) N Int(B, 7, s).
(5) Int(Int(A,7rs),r,s)=Int(A,rs).
6) Cl0.,7,9=0., Cl(1.,7rns)=1..
(7) CUA, r,s)2A.
(8) CU(A, »,s)=CIA, ry,s9) if
r1<7y and $§;=28p.
(9 CI(AUB,7,3)
= CI(A, ,s)UCI(B, 7,9).
(10) CI(CI(A,r,s),r,s)= Cl(A,7,s).

Proposition 4.4. Let Int: I(X) xI®I—I(X)
be a map satisfying (1)-(5) of Theorem 4.3.
Let 7:I(X)—1Iand r,:I(X)—1I be maps
defined by

{A)=\V{rel|Int(A,r,s)=A}
and

t{A)=/N\{sel | Int(A,r,9)=A}.
Then T =(r,7,) is a double fuzzy topology
on X.

Proposition 4.5. Let Cl:I(X) xI®I—I1(X)
be a map satisfying (6)-(10) of Theorem 4.3.
Let w:I(X)—I and w.:I(X)—1 be
maps defined by
w(A)=\{rel|Cl(A,r,9)=A}
and
w(A)=/\{ssI|Cl(A,r,5)=A}.

Then £2=(w, w.) is a double fuzzy family

of closed sets on X.

References

[1] K. T. Atanassov, Intuitionistic fuzzy sets,
Fuzzy Sets and Systems 20 (1986), 87-90.

[2] C. L. Chang, Fuzzy topological spaces, ].
Math. Anal. Appl. 24 (1968), 182-190.

[3] K. C. Chattopadhyay, R. N. Hazra and 5.
K. Samanta, Gradation of openness : fuzzy
topology, Fuzzy Sets and Systems 49 (1992),
237-242.

[4] K. C. Chattopadhyay and S. K. Samanta,
Fuzzy topology '@ Fuzzy closure operator,
fuzzy compactness and fuzzy connectedness,
Fuzzy Sets and Systems 54 (1993),

[5] D. Coker, An
subspaces in intuitionistic fuzzy topological
spaces, J. Fuzzy Math. 4 (1996), 745-764.

[6] D. Coker, An introduction to intuitionistic

introduction to fuzzy

fuzzy topological spaces, Fuzzy Sets and
Systems 88 (1997), 81-89.

[71 D. Coker and A. Haydar Es, On fuzzy
compactness in intuitionistic fuzzy topological
spaces, J. Fuzzy Math 3 (1995), 899-909.

[81 A. A. Ramadan,
spaces, Fuzzy Sets and Systems 48 (1992),

371-375.

Smooth topological

—70—



