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ABSTRACT. In this paper we introduce the concept of fuzzy integrals for set-valued
mappings, which is an extension of fuzzy integrals for single-valued functions defined by
Sugeno. And we give some properties including convergence theorems on fuzzy integrals

for set-valued mappings.
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1. Introduction

Since Aumann [1] introduced integrals for set-valued mappings, several kinds of inte-
grals for set-valued mappings have been studied by many authors [4,5.6,7]. In fact, they
are all based on the classical Lebesgue integral.

In 1974 Sugeno [9] introduced the concepts of fuzzy measures and fuzzy integrals

for single-valued mappings, which are useful in several applied fields like mathematical
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economics, optimal control theory and enginecring. In particular, they have been studied
by Ralescu and Adams [8]. Wang [10]. and others.

On the other hand, using the approaches of Aumann, Zhang and Wang [14] extended
fuzzy integrals of Sugeno to set-valued mappings and considered many properties.

In this paper, we extend fuzzy integrals of Sugeno to set-valued mappings, which are
different from those by Zhang and Wang [14]. And we discuss properties of our integrals.

In the sequel we will use the following concepts and notations. Let (Q,%X,m) is a
classical complete and (nonfuzzy) finite measure space. Let u : 3 — [0,1](= I) be a
fuzzy measure in the sense of Sugeno [9]. i.e., it satisfies the following conditions:
(i) p(0) =0
(i1) u(A) < p(B) whenever AC B, A,Be X
(i) If Ay C Ay C - C Ay, Ay € X, then p(UX 1 A,) = limy, o0 (Ar)
(V)AL D Ay DD Ay Do Ay €5, then limp—oo u(An) = £l Ay).
In addition, we assume that u satisfies the following two conditions; for A, B € £

(i) p is null-additive, i.e., u(A4) = 0 implies u(AU B) = u(B),

(ii) u < m, i.e., m(A) = 0 implies u(A) = 0.

A sct-valued mapping F is a mapping from Q to 27 \ {0}, and it is measurable if its
graph is measurable, i.e.,

{(w,ryeQxI:re Flw)}€XxB,
where B is the Borel algebra of I.

S(F) = {f|f(w) € F(w) m —a.e. w € Q and f : measurable} is the family of m-a.e.

measurable selections of F. It is known that S(F) is a closed subset of I%.
2. Fuzzy integrals for set-valued mappings

In this section we give the definition of fuzzy integrals for set-valued mappings and

investigate their properties.
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Definition 2.1. Let F: Q — 27\ {0} be a measurable set-valued mapping and A € ¥.
Then the fuzzy integral of F on A is defined as

/ Fdp = Vaerla A p(ANFy)l,
A

where Fy, = {w € Q: F(w)Na, 1] # 0}.

Remark A. Definition 2.1 is a generalization of the following Sugeno’s definition to set-

valued mapping:
The fuzzy integral of a measurable single-valued function f : £ — I on 4 € ¥ is

defined as

Afdﬂ — \/ael[a A ,u(A mfa)}v

where fo, = {w e Q: f(w) > a}.

Proposition 2.2. [, Fdu = [, xa - Fdu, where

Flw), ifwue A

(xa - F)(w) = { {0}, ifw ¢ A

Proposition 2.3. Let F' be a measurable set-valued mapping. If u(A) = 0, then
J4 Fdp = 0.

By Proposition 2.2, sometimes we only discuss the integral on . And instead of
Jo Fdu, we will write [ Fdp.

Definition 2.4. Let F' and G be measurable set-valued mappings. If F(w) = G(w) for
w € (), m-a.e., then we say that F' equals G m-a.e., simply write by F' = G m-a.e..

Lemma 2.5. Let F and G be measurable set-valued mappings such that F' = G m-a.e..
Then N(Fa) = ,U(Ga)'

From Lemma 2.5 we can obtain the following theorem.
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Theorem 2.6. Let F' and G be measurable set-valued mappings. If F = G m-a.e., then
[ Fdp = [ Gdp.

Theorem 2.7. Let F': Q — 27\ {0} be a measurable set-valued mapping with closed

values. Then the following hold:
(i) [ Fdu = B A u(Fs) for some 8 € 1.
(ii) (supgeg(p) f)(w) = 8 for all w € Fjp.

Theorem 2.8. Let F: () — 27\ {})} be a measurable set-valued mapping with closed

values. Then

/Fd,u:/ sup fdu.
fes(r)

From the above theorem, we obtain the following two propositions.

Propsoition 2.9. Let F : Q@ — 27\ {0} be a measurable set-valued mapping with

closed values and c € I. Then

/(ch)du:/cduv/qu,

where (¢ V F)(w) = {cV f(w)|f(w) € F(w)} for w € Q.

Proposition 2.10. Let |, Fy :  — 27\ {}} be measurable set-valued mappings with
closed values. If F} C F; (i.e., Fi(w) C Fy(w) for each w € ), then [ Fidu < [ Fpdp.

Corollary 2.11. Let F : Q — 2/\ {0} be a measurable set-valued mapping with closed
values. Then there exists g € S(F') such that [ Fdu = [ gdp.
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Example 2.12. Define a set-valued mapping F' : [0,2] — 2/ by

3 ifwel0,5)uU(L,2]
Flwy=1<¢ [5,1] ifw=131

{3.1}  otherwise.
Then S(F) is compact and [ Fdu = % = [ fdu, where f : [0,2] — [0,1] is a function
such that
ifwe[0,3)u(1,2)

otherwise.

fw) ={

DOf QR

Now we obtain the following existence theorem for solutions to integral equations as

an application of Theorem 2.7.
Theorem 2.13. For t € (0,1], a set-valued mapping F : Q — 27\ {0} with closed

/Fd,u:t

if and only if 8 A u(Fg) <t for all 0 < 3 < 1 and there exists 3y € (0, 1] such that
8o N /J(Fgo) =t.

values satisfies the equation

Corollary 2.14 [11]. For t € (0,1], a measurable function f : Q — [ satisfies the

' [ ran=

if and only if B A u(fg) <t for all 0 < 8 < 1 and there exists 3y € (0,1] such that
Bo A ,u(fﬁo) =t

equation

Recall that for any sequence {A4,} C 2/. lim, sup A, = {a € I : a = limp__, o Onys Qi €
A,} and lim,infA, = {a& € I : a = lim,a,,a, € An} are closed sets [2]. If
lim, sup A, = lim,, inf A,, = A, then we say that {A,} is convergent to A.

Let {F,,} be a sequence of set-valued mappings from  to 2/ \ {#}. Then we define
lim,, sup F},, lim,, inf F,, and lim F,, pointwise as

(limy, sup F,)(w) = limy, sup F,, (w), (lim,, inf F,)(«) = lim, inf F,,(w), (lim,, Fo)(w) =
lim,, F,(w) for w € Q.
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We may assume that (liminf F,)(w) # @ for w € Q. Then lim,, sup F},, lim,, inf F},, and

lim,, F;, are set-valued mappings.

3. Convergence theorems

[n this section we give a convergence theorem of Lebesgue-type for set-valued map-

pings.

Theorem 3.1 (Fatou’s Lemma). Let {F,,} be a sequence of measurable set-valued
mappings from §) to 2/ \ {0} with closed values. Then the following hold:

(i) lim,, sup [ Frdp < [ lim, sup F,dpu.

(ii) [limy, inf F,dp < limy, inf [ F,dpu.

From Fatou’s Lemma, we can obtain the following Lebesgue Convergence Theorem.

Theorem 3.2. Let {F,} be a sequence of measurable set-valued mappings from 2 to
27\ {#} with closed values and F a measurable set-valued mapping from Q to 27\ {#}
with closed values. If im F,, = F, then lim f F.du = f Fdu.
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