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Abstract

We introduce the concepts of fuzzy strongly r-semiopen sets and fuzzy strongly r-semicontinuous maps,

and investigate some of their basic properties.
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1. Introduction

Chang {2] introduced fuzzy topological spaces and
several other authors continued the investigation of
such spaces. Some authors [4,7] introduced new
definitions of fuzzy topology as a generalization of
Chang’s fuzzy topology. In this paper, we gener-
alize the concepts of fuzzy strongly semiopen sets
and fuzzy strongly semicontinuous maps of Zhong
[8]. We introduce the concepts of fuzzy strongly r-
semiopen sets and fuzzy strongly r-semicontinuous
maps, and then investigate some of their basic prop-
erties.

2. Preliminaries

In this paper, I will denote the unit interval [0,1]
of the real line and I; = (0,1]. A member y of I¥ is
called a fuzzy set of X. For any p € IX, ¢ denotes
the complement 1 — . By 0 and 1 we denote con-
stant maps on X with value 0 and 1, respectively.
All other notations are standard notations of fuzzy
set theory.

A Chang’s fuzzy topology on X is a family T of
fuzzy sets in X which satisfies the following prop-
erties:

(1) 0,ieT.
2) If gy, g € T then uy Apo € T
(3) If u; € T for each %, then \/ u; € T

The pair (X, T) is called a Chang’s fuzzy topological
space.

A fuzzy topology on X is amap 7 : I* — I which
satisfies the following properties:

1) 7@ =7d) = 1.

(2) T Apiz) > Ta) AT (o).
@) T(Vi) 2 AT (i)
The pair (X, 7T) is called a fuzzy topological space.

Definition 2.1([5]) Let u be a fuzzy set of a
fuzzy topological space (X,7) and r € I. Then u
is called

(1) a fuzzy r-open set of X if T(u) >,
(2) a fuzzy r-closed set of X if T(u®) > r.
Definition 2.2([3]) Let (X,7T) be a fuzzy topo-

logical space. For each r € Iy and for each p € IX,
the fuzzy r-closure is defined by

Adp,r)=Npel*: n<p,T(p*) =1}

Definition 2.3([5]) Let (X,7) be a fuzzy topo-
logical space. For each r € Iy and for each y € 1%,
the fuzzy r-interior is defined by

int(p,r) =V{peI*:p>p,T(p) =7}
Theorem 2.4([5]) For a fuzzy set p of a fuzzy
topological space (X, T) and r € Iy, we have:
(1) int(g,r)° = cl(ps,7).
(2) cl(p,r)° = int(p°,7).
Definition 2.5([5,6]) Let u be a fuzzy set of a

fuzzy topological space (X,7) and r € Iy. Then
is said to be

(1) fuzzy r-semiopen if there is a fuzzy r-open set
p in X such that p < u < cl(p,7),

(2) fuzzy r-semiclosed if there is a fuzzy r-closed
set p in X such that int(p,r) < p < p,
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(3) fuzzy r-preopen if p < int(cl(y,r),r),

(4) fuzzy r-preclosed if cl(int{p,r),7) < p.
Definition 2.6([5,6]) Let f: (X,7) — (Y,U) be

a map from a fuzzy topological space X to another

fuzzy topological space Y and r € [y. Then f is
called

(1) a fuzzy r-continuous map if f~1(u) is a fuzzy
r-open set of X for each fuzzy r-open set y of
Y,

()

a fuzzy r-semicontinuous map if f(u) is a
fuzzy r-semiopen set of X for each fuzzy r-open
set pof Y,

(3)

a fuzzy r-precontinuous map if f~1(u) is a fuzzy
r-preopen set of X for each fuzzy r-open set u
of Y.

3. Fuzzy strongly r-semiopen sets

We are going to define fuzzy strongly r-semiopen
sets and fuzzy strongly r-semiclosed sets, and then
investigate some of their properties.

Definition 3.1 Let ;1 be a fuzzy set of a fuzzy
topological space (X, 7T) and r € Iy. Then p is said
to be

(1) fuzzy strongly r-semiopen if there is a fuzzy r-
open set p in X such that

p < p < int(cl(p, ), 1),

(2) fuzzy strongly r-semiclosed if there is a fuzzy
r-closed set p in X such that

c(int(p,7),7) < pu < p.

Theorem 3.2 Let i1 be a fuzzy set of a fuzzy topo-
logical space (X,T) and r € Iy. Then the following
statements are equivalent:

(1) u is fuzzy strongly r-semiopen.
(2) pt is fuzzy strongly r-semiclosed.
(3) p < int(cl(int(p, 1), 7),7).

(4) p¢ > cl(int(cl(pf,r),1),7).

(5) p is fuzzy r-semiopen and fuzzy r-preopen.

(6) p° is fuzzy r-semiclosed and fuzzy r-preclosed.

Proof. (1) < (2), (3) < (4) and (5) < (6) fol-
lows from Theorem 2.4.

(1) = (3) Let u be a fuzzy strongly r-semiopen
set of X. Then there is a fuzzy r-open set p in X
such that p < g < int(cl(p,7),7). Since T(p) > r
and x> p, p= int(p,r) < int{y,r). Thus we have

p < int(cl(p, r),r) < int(cl(int(u,7),7), 7).

(3) = (1) Let int{(cl(int{y,r),r),r) > p and take
p = int(u,r). Since T(int(y,r)) > r, p is a fuzzy
r-open set. Also,

p = int(u,r) < p

< int(el(int(p,r),7),r) = int(cl(p,r),7).

Hence u is a fuzzy strongly r-semiopen set.

(1) = (5) It is obvious.

(5) = (3) Let u be fuzzy r-semiopen and fuzzy
r-preopen. Then p < cl(int(u,r),r) and p <
int(cl(y,r),r). Thus

A

< int(cl(p,T),T)
< int(cl(cl(int(p, r),7),7),7)
= int(clint{u,r),r),7).

H“

Theorem 3.3 (1) Any union of fuzzy strongly
r-semiopen sets is fuzzy strongly r-semiopen.

(2) Any intersection of fuzzy strongly r-semiclosed
sets is fuzzy strongly r-semiclosed.

Proof. (1) Let {u;} be a collection of fuzzy
strongly r-semiopen sets. Then for each i, there
is a fuzzy r-open set p; such that p; < pu; <
int(cl(p;,7), 7). Since T(V pi) 2 AT(wi) 2, Vo

is a fuzzy r-open set. Also

V pi V i
V int(cl(p;,T),7)
int(cl(\/ pi,7), 7).

Hence V p; is a fuzzy strongly r-semiopen set.
(2) It follows from (1) using Theorem 3.2.

Remark 3.4 It is obvious that every fuzzy r-
open set is fuzzy strongly r-semiopen and every
fuzzy strongly r-semiopen set is not only a fuzzy r-
semiopen set but also a fuzzy r-preopen set. That
all of the converses need not be true is shown by
the following example.

IA A A

Example 3.5 Let X = I and puy, o and pj be
fuzzy sets of X defined by

(@) = 0 if 0<z<3,
P =9¢ -1 if %Saxﬁl;
1 if ogmg%,
uo(x) = ¢ —4x+2 if %Smg 3
0 if 3<z<1
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and

if 0<z
if %Sz

Pk o [t

<
<

b

0
p3(z) = { %(4‘1. —1)

Define 7; : IX - I, T3:IX - Tand T3 : IX — I
by

1 if p=0,1,
Tip) =14 2 if p=pm,
0 otherwise;
1 if p=0,1,
To(w) = q L if p=p, po, 1 V oo,
0 otherwise;
and .
1 if pw=0,1,
75(#):{% if p=us,
0 otherwise.

Then clearly 71, 72 and 73 are fuzzy topologies on X.
The fuzzy set ps(u§) is fuzzy strongly %—semiopen
(3-semiclosed) which is not fuzzy 3-open (3-closed)
in (X,77). Also p3(u§) is fuzzy i-semiopen (i-
semiclosed) but not fuzzy strongly %-semiopen (3-
semiclosed) in (X,73). It can be also seen that
p1(ps) is fuzzy 1-preopen (3-preclosed) which is
not fuzzy strongly 3-semiopen (}-semiclosed) in
(X,7T5). The example further shows that p; in
(X, T3) is a fuzzy %-preopen set which is not fuzzy
1 .semiopen and y3 in (X, 73) is a fuzzy §-semiopen
set which is not fuzzy i-preopen.

Definition 3.6 Let (X, 7) be a fuzzy topological
space. For each 7 € Iy and for each p € I¥, the
Sfuzzy strong r-semiclosure is defined by

= Npel*:pu<p, pis fuzzy
strongly r-semiclosed}

sscl(p, 7)

and the fuzzy strong r-semiinterior is defined by

= V{peIX:p>p, pisfuzzy
strongly r-semiopen}.

ssint(u, 7)

Obviously sscl(u, r) is the smallest fuzzy strongly
r-semiclosed set which contains y and ssint(u,r) is
the greatest fuzzy strongly r-semiopen set which is
contained in pu. Moreover, sscl(u,r) = u for any
fuzzy strongly r-semiclosed set 1 and ssint(p, 7) = p
for any fuzzy strongly r-semiopen set p. Also we
have

int(p, ) <ssint{p,r) < p <sscl(p,r) < cl{w, 7).
Moreover, we have the following results.
(1) ssint(0,r) = 0, ssint(1,7) = 1.
(2) ssint(p,7) < p.

(3) ssint(p A p,7) < ssint(u,r) A ssint(p, 7).

ssint(ssint(p, r),r) = ssint(u, ).
sscl(0,7) = 0,sscl(1,r) = 1.
sscl(u, 1) > p.

(7)
(8) sscl(sscl{p,r),r) = sscly, 7).

sscl(p V p, 1) > sscl(u, ) V sscl{p, 7).

Theorem 3.7 For a fuzzy set u of a fuzzy topo-
logical space X and r € I,

(1) ssint(p, )¢ = sscl(ps, 7).
(2) sscl{p, r)° = ssint{ue, 7).

Proof. (1) Since ssint(u,r) < p and ssint(p,7)
is fuzzy strongly r-semiopen, p¢ < ssint(y,r)¢ and
ssint(u, )¢ is fuzzy strongly r-semiclosed in X.
Thus sscl(p®,7) < ssint(y,r)¢. Conversely, since
¢ < sscl(uf,r) and sscl(u®,r) is fuzzy strongly r-
semiclosed in X, sscl(pf, ) < u and sscl(pf, r)° is
fuzzy strongly r-semiopen in X. Thus sscl(u¢, )¢ <
ssint(p, 7) and hence ssint{u, 7)¢ < sscl(u®, 7).

(2) Similar to (1).

Theorem 3.8 Let i be a fuzzy set of a fuzzy
topological space (X, T) andr € Iy. Then u is fuzzy
strongly r-semiopen (r-semiclosed) in (X,T) if and
only if u is fuzzy strongly semiopen (semiclosed) in

(X, Tr).
Proof. Straightforward.

Theorem 3.9 Let u be a fuzzy set of a Chang’s
fuzzy topological space (X,T) and r € Iy. Then u
is fuzzy strongly semiopen (semiclosed) in (X,T) if
and only if p is fuzzy strongly r-semiopen (semi-
closed) in (X,T").

Proof. Straightforward.

4. Fuzzy strongly r-semicontinuous maps

We introduce the notions of fuzzy strongly r-
semicontinuous maps, fuzzy strongly r-semiopen
maps and fuzzy strongly r-semiclosed maps, and
then investigate some of their properties.

Definition 4.1 Let f : (X,7) — (Y,U) be amap
from a fuzzy topological space X to another fuzzy

topological space Y and r € Iy. Then f is said to
be

(1) fuzzy strongly r-semicontinuous if f~ () is a
fuzzy strongly r-semiopen set of X for each
fuzzy r-open set p of Y, or equivalently, f~1(u)
is a fuzzy strongly r-semiclosed set of X for
each fuzzy r-closed set 1 of Y,

(2) fuzzy strongly r-semiopen if f(p) is a fuzzy
strongly r-semiopen set of Y for each fuzzy r-
open set p of X,
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(3) fuzzy strongly r-semiclosed if f(p) is a fuzzy
strongly r-semiclosed set of Y for each fuzzy
r-closed set p of X.

Remark 4.2 Clearly, every fuzzy r-continuous
map is also a fuzzy strongly r-semicontinuous map
and every fuzzy strongly r-semicontinuous map is
not only a fuzzy r-semicontinuous map but also a
fuzzy r-precontinuous map. That all of the con-
verses need not be true is shown by the following
example.

Example 4.3 Let X = {z} and p,, po and p3 be
fuzzy sets of X defined by

m(x) =3, pa(z) =73, pa(@)=1}
Define 71 : IX — I, o :IX - Tand T3 : IX — T
by

1 if p=0,1,

Tilw)=1q 3 if p=p,p,
0 otherwise;

1 if p=0,1,

To(w) =493 if p=up,

0 otherwise;

and .
1 if pu=0,1,

Ts(n) = % if p=ps,

0 otherwise.

Then clearly 71, 72 and 73 are fuzzy topologies on
X.

(1) Consider the map f : (X,T1) — (X, Tz) de-
fined by f(z) = z. Then f7'(0) =0, f7'(1) =1
and f'(uy) = po are fuzzy strongly %—semiopen
sets of (X,71) and hence f is fuzzy strongly 3-
semicontinuous. On the other hand, f~!(u;) = p2
is not fuzzy i-open in (X,7i) and hence f is not
fuzzy %-continuous.

(2) Consider the map f : (X, 73) — (X,7T3) de-
fined by f(z) = . Then f1(0) = 0, f1(1) = 1
and f~'(u3) = ps are fuzzy i-preopen sets of
(X,7T:) and hence f is fuzzy 1-precontinuous. On
the other hand, f~!(us) = p3 is not fuzzy strongly
1-semiopen in (X,7;) and hence f is not fuzzy
strongly §-semicontinuous.

(3) Consider the map f : (X,73) — (X, T2) de-
fined by f(z) = z. Then f~1(0) =0, f71(1) =1
and fY(us) = e are fuzzy %-semiopen sets of
(X, 7T3) and hence f is fuzzy %-semicontinuous. On
the other hand, f~!(ug) = p2 is not fuzzy strongly
1 semiopen in (X,73) and hence f is not fuzzy

)
strongly 1-semicontinuous.

The next theorem provides alternative character-
izations of a fuzzy strongly r-semicontinuous map
by fuzzy r-closure and fuzzy r-interior.

Theorem 4.4 Let f : (X,T) — (Y,U) be a
map and v € Iy. Then the following statements
are equivalent:

(1) f is a fuzzy strongly r-semicontinuous map.

(2) cl(int(cl(f~}(w),r),r),r) < FHel(p, 7)) for
each fuzzy set pu of Y.

() J(el(int(cl(p,7),7),7)) < cl(f(p),r) for each
fuzzy set p of X.

Proof. (1) = (2) Let f be a fuzzy strongly r-
semicontinuous map and p a fuzzy set of Y. Then
cl(u,7) is a fuzzy r-closed set of Y. Since f is fuzzy
strongly r-semicontinuous, f~!(cl(p,r)) is a fuzzy
strongly r-semiclosed set of X. By Theorem 3.2,

FHe(p, ) > cl(int(cl(f~(cl(u,1)),7),7),7)
> cl(int(cl(f " (u),r),7),7).

(2) = (3) Let p be a fuzzy set of X. Then f(p)
is a fuzzy set of Y. By (2),

FUAS (), ) 2 clint(el(F 2 f(p), ), 7))
> cl(int(cl(p,7),7),7).

Hence we have

d(f(p),r) 2 FFHUf(),T))
>

f(cl(int(cl(p,7),7),7)).

(3) = (1) Let u be a fuzzy r-closed set of Y. Then
FY(u) is a fuzzy set of X. By (3),

f(l(int(e(f (@), 7),r)or)) < A(FFHw),T)
< c(p,r) = p

Hence we have

cl(int(cl(f 7 (u),7),7),7)
< FF(e(int(el(f 7 (p), T),7), 7))
< 7 (w).

Thus f~!(u) is a fuzzy strongly r-semiclosed set of
X and hence f is a fuzzy strongly r-semicontinuous
map.

A fuzzy strongly r-semicontinuous map can be
characterized as follows.

Theorem 4.5 Let f : (X,T) — (Y,U) be a
map and v € Iy. Then the follounng statements
are equivelent:

(1) f is a fuzzy strongly r-semicontinuous map.

(2) f(sscl{p, 7)) < cl(f(p),7) for each fuzzy set p
of X.
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(3) sscl(f(u),r) < f7(cl(n, 7)) for each fuzzy

set u of Y.
(4) f~'(int(p, 7)) < ssint(f(u),r) for each fuzzy
set uof Y.
Proof. (1) = (2) Let p be a fuzzy set of

X. Since cl(f(p),r) is a fuzzy r-closed set of Y,
Sl f(p),7)) is a fuzzy strongly r-semiclosed set
of X. Thus

sscl(f 71 f(p),T)
sscl(f71(c(f(p), 7)), T)
S HA(f(p), 7).

sscl(p, r)

VANEVAN

Hence
f(sscl(p, 7)) < fFH(l(f(p),m)) < cl(f(p), 7).
(2) = (3) Let u be a fuzzy set of Y. By (2),

Flescl(f~1(u), 7)) < el(ff (), ) < cl(p,r).
Thus

sscl(f ' (w),7) F7 f(ssel(F 74 (w), 7))

<
< e, r).

(3) = (4) Let p be a fuzzy set of Y. Then uc is
a fuzzy set of Y. By (3),

sscl(f71 ()¢, r) = ssel(f 71 (%), 7) < f7(cl(pl, 7).
By Theorem 2.4 and Theorem 3.7,
fHint(p,m)) = FHd(ps,T))°

< sscl(f 7 (), 7y
= ssint(f 7 (), 7).

A

(4) = (1) Let u be a fuzzy r-open set of Y. Then
int(p,7) = p. By (4),

W) = f'(int(y,7))
< ssint(f 7 (p), 1)
< FYw).

So f~(u) = ssint(f~(u),r) and hence f~'(u) is a
fuzzy strongly r-semiopen set of X. Thus f is fuzzy
strongly r-semicontinuous.

Theorem 4.6 Let f : (X, T) — (Y,U) be a bi-
Jjection and r € Iy. Then f is a fuzzy strongly r-
semicontinuous map if and only if int(f(p),r) <
f(ssint(p, 7)) for each fuzzy set p of X.

Proof. Let f be a fuzzy strongly r-
semicontinuous map and p a fuzzy set of X. Since
int(f(p),r) is fuzzy r-open in Y, f~!(int(f(p),r)) is
fuzzy strongly r-semiopen in X. Since f is one-to-
one, we have

Y (int(f(p), 7)) < ssint(f ™' f(p),) = ssint(p, 7).

Since f is onto, we have

int(f(p),r) = £~ (int(f(p), 7)) < f(ssint(p,r)).
Conversely, let 1 be a fuzzy r-open set of Y. Then
int(y,r) = u. Since f is onto,
flssint(f 7 (w),7)) = int(Ff 7 (w),7)
= int(u,r) = p

Since f is one-to-one, we have

FHw) < 7 f(ssint(f 7 (), 7))
= ssint(f 7} (p),7)
< T w).
So f~'(u) = ssint(f~(u),r) and hence f~1(u) is a

fuzzy strongly r-semiopen set of X. Thus f is fuzzy
strongly r-semicontinuous.

The next theorem provides alternative character-
izations of a fuzzy strongly r-semiopen map.

Theorem 4.7 Let f : (X,7) — (Y,U) be a
map and v € Iy. Then the following statements
are equivalent:

(1) f is a fuzzy strongly r-semiopen map.

(2) f(int(p,r)) < ssint(f(p),7) for each fuzzy set p
of X.

(3) int(f (), ) < S} (ssint(u,r)) for each fuzzy
set u of Y.

Proof. (1) = (2) Let p be a fuzzy set of X.
Clearly int(p,r) is a fuzzy r-open set of X. Since f
is a fuzzy strongly r-semiopen map, f(int(p,r)) is
a fuzzy strongly r-semiopen set of Y. Thus
F(int(p,r)) = ssint(f(int(p, ), ) < ssint(f(p),r).

(2) = (3) Let u be a fuzzy set of Y. Then f~1(u)
is a fuzzy set of X. By (2),

F(int(f 7 (u),m)) < ssint(£F 7 (), 7) < ssint(p, 7).

Thus we have

int(f~ (), ) S (it (f (), 7))

F~ (ssint (s, 7).
(3) = (1) Let p be a fuzzy r-open set of X. Then
int(p,7) = p and f(p) is a fuzzy set of Y. By (3),

int(f~1f(p), )
f7 (ssint(f(p), 7))

IA A

p = int(p,r) <

IA

Hence we have

fo) < fF N (ssint(f(p), 7)) < ssint(f(p),7) < f(p).
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Thus f(p) = ssint(f(p),r) and hence f(p) is a fuzzy
strongly r-semiopen set of Y. Therefore f is fuzzy
strongly r-semiopen.

A fuzzy strongly r-semiclosed map can be char-
acterized as follows.

Theorem 4.8 Let f : (X, 7) — (Y,U) be a
map and v € Iy. Then the following statements
are egquivalent:

(1) f is a fuzzy strongly r-semiclosed map.

(2) sscl(f(p),7) < f(cl(p,r)) for each fuzzy set p
of X.

Proof. (1) = (2) Let p be a fuzzy set of X.
Clearly cl(p, ) is a fuzzy r-closed set of X. Since f
is a fuzzy strongly r-semriclosed map, f(cl(p,r)) is
a fuzzy strongly r-semiclosed set of Y. Thus

sscl(f(p),7) < sscl(f(cl(p,7)),7) = f(cl(p,7))-

(2) = (1) Let p be a fuzzy r-closed set of X. Then
c(p,7) = p. By (2),

sscl(f(p),) < f(cl(p, 7)) = flp) < sscl(f(p),7).

Thus f(p) = sscl(f(p),r) and hence f(p) is a fuzzy
strongly r-semiclosed set of Y. Therefore f is fuzzy
strongly r-semiclosed.

Theorem 4.9 Let f : (X, T) — (Y,U) be a bi-
jection and v € Iy. Then f is a fuzzy strongly
r-semiclosed map if and only if f~1(sscl(y,r)) <
cl(fY(w),r) for each fuzzy set p of Y.

Proof. Let f be a fuzzy strongly r-semiclosed
map and p a fuzzy set of Y. Then f~!(u) is a fuzzy
set of X. Since f is onto,

sscl(p, ) = sscl(£ " (u),7) < f(d(F ™1 (), 7).
Since f is one-to-one, we have
S (ssel(p,m)) < FTUA(AST (), )
= cl(f 7N (w), 7).

Conversely, let p be a fuzzy r-closed set of X. Then
cl(p,r) = p. Since f is one-to-one,

F (ssel(f(p),)) < el(f 71 (p),r) = clp,m) = p.

Since f is onto, we have

F(p) 2 £ (sscl(£(p), 7)) = sscl(f(p), ) 2 f(p).

Thus f(p) = sscl(f(p),r) and hence f(p) is a fuzzy
strongly r-semiclosed set of Y. Therefore f is fuzzy
strongly 7-semiclosed.

Theorem 4.10 Let f : (X,T) — (Y,U) be a
map from a fuzzy topological space X to another

fuzzy topological space Y and r € Iy. Then f
is fuzzy strongly r-semicontinuous (r-semiopen, r-
semiclosed) if and only if f : (X,77) — (Y,Uy)
is fuzzy strongly semicontinuous (semiopen, semi-
closed).

Proof. Straightforward.

Theorem 4.11 Let f : (X, T) — (Y,U) be a
map from a Chang’s fuzzy topological space X to an-
other Chang’s fuzzy topological space Y and r € Iy.
Then f is fuzzy strongly semicontinuous (semiopen,
semiclosed) if and only if f : (X, T7) — (Y,U")
is fuzzy strongly r-semicontinuous (r-semiopen, r-
semiclosed).

Proof. Straightforward.
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