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Abstract

Process Capability can be expressed with a process index which indicates the
incapability of a process to meet its specifications. This index is regarded as a
process capability index(PCI) or more precisely as a process incapability
index(PII). It is obtained from a simple transformation of a PCL

Greenwich and Jahr-Schaffrath(1995) considered the PII C,, which could be
obtained from the transformation - to the PCI, C;,,,, and they provided the
asymptotic distribution for C, which was useful unless the process characteristic
was normally distributed.

However, some statistical inferences based on the asymptotic distribution need
a large sample size. There are some processes which process engineers could not
help obtaining sufficiently a large sample size. Thus, we have derived its
corresponding bootstrap asymptotic distribution since bootstrapping would be a
helpful technique for the PII, C,, which was nonparametric or free from
assumptions of the distribution of the characteristic X.

Moreover, we have constructed six bootstrap confidence intervals used in
reducing bias of estimations based on the bootstrap asymptotic distﬁbu_tion and
simulated their performances for C,,.
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1. Introduction

Process capai)ility can be expressed with a process index which indicates the
incapability of a process to meet its specifications. This index is regarded as a
PCI or more precisely as a PII which is obtained from a simple transformation of
a PCI. The PII contains the same information as PCI. Moreover, the PII provides
an uncontaminated separation between information concerning the process accuracy
and precision. This kind of information separation is not available with PCI.

Even when the underlying process is assumed to be normal, the computation of
a PII results in the estimator being a random variable possessing a very
complicated distribution. Thus, there exist many studies based on large sample
properties for PCIs such as Chan et al.(1990), Chen and Hsu(1995), and Chen and
Kotz(1996). But there exist few studies on the asymptotic distributions for PlIs
including Greenwich and Jahr-Schaffrath(1995).

Generally the central limit theorem is not of use since it is demanded at least
100 observations. Moreover, since many processes can be frequently skewed or
heavy tailed in practice, the interval estimation technique that is free from the
assumption of distribution is desirable.

Bootstrap sampling techniques can be successfully used to construct reasonably
accurate estimates for the PCIs or Plls when process information is limited.
Bootstrap method is precisely such a technique applied for hundreds of papers
for that reason. However, there are no studies on bootstrap asymptotic
distributions as well as confidence limits for the PlIs yet.

In this paper, we will derive the bootstrap asymptotic distributions for the PII,
Co, and construct six bootstrap confidence intervals for C,, based on Hall(1988).
Also, we will present the simulated results to compare their performances based
on the consistency of bootstrap. '

2. Process Incapability Index
2.1 Process Incapability Index

Assume that the characteristic variable X is distributed with mean, 1, and

standard deviation, 0, where they are not known in practice. An allowable process
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spread called process specification generally consists of lower and upper
specification limits (LSL, USL). A target value T somewhere between these limits,
and d=(USL-LSL)/2 that is half the length of the specification interval on the
characteristic X of each item.

Now we consider the definition of the PII, C,,. Greenwich and Jahr-Schaffrath

(1995) applied of the transformation to C ,,,,, for T=M.

.-z
Cow = Com

2

mm(USL TT LSL)}

{
55" ) (5)

= Clpy
_ _ , _ 2 , 2 . 3
where D=min( USé, T, T é‘SL ),Cf(%) ,C,-,,=(%). Since the denominators

of subindices are identical, they provide the relative magnitudes of the

contributions to the process in capability indicated by C,,.

2.2 Asymptotic Distribution Result

Suppose that a set of the independent random variables X,X,--,X, has a

common distribution F( -) with process mean 1 and standard deviation 0. For
asymptotic properties, consider the natural plug-in estimator of C,, as belows.
e - | 3/ ST (T }2
min(USL-T,T-LSL)
The asymptotic distributions of the estimator for C,, have been appeared in
Greenwich and Jahr-Schaffrath(1995) as belows.

Theorem If u,=E(X-p)* exists , then
@ VAl C,-Cp & #(zm-r)zﬁzz}szv(o,oi,,,),
where 02‘,‘,=—-’%-4—{ (rg-0h+4(n-De*¥ - T) +y3]).

2.2
(8) VI Ta-C) ¢ N(00%), where 07, 4*‘—177{&'—.
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() Vil Cy-Cap) & N0 where 07=-22
ip B ™ ip/d ip D4

4 N2,

—>

(d) YVl Cop=Cap)
9 [ o . U
3D-u+D*| (3D-p+7)%  (3D-u+T)

(n4-0) ., USL-T T-LSL
+—ja'2—],D=mm( 3 3

where 0 pr =

).

Proof. See pp.65~68 of Greenwich and Jahr-Schaffrath(1995). O
3. Bootstrapping Plls

In this section, we introduce the bootstrap algorithm for deriving asymptotic
distributions and confidence limits based on bootstrap.

Let X,X, -, X, be a random sample of size n from a possible population with
distribution F, t(X, X, X+F) be the specified random variable of interest, and
F, be the empirical distributi.on function of XX, X, Putting mass I/n at
each of the points XX, X, n times, we get the bootsfrap sample of size n,
X1X5-+X.. The bootstrap method is to approximate the distribution of

(XX, XusF) under F by that of tH(X7X3X,F,). A formal description of the

bootstrap algorithm goes as follows.

® Step 1 : Given x,,=(X1,X2;--,X,.),' the bootstrap sample of size n,
X1X5-.X, can be obtained with replacement, which is
conditionally independent with common distribution F,:

@® Step 2 : From the bootstrap sample Xi,X3-:-.X,, compute the sample mean

X" and sample variance S *?

u__l_ L ‘ t2= 1 o f_ 2
X'== ZIX S = E(X, X

@ Step 3 : Compute the bootstrap plug-in estimator of C,,

E‘w:[ WS (X -T)? }2

min(USL-T,T-LSL)
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Here, we will derive their corresponding bootstrap asymptotic distributions,
which may be useful unless the process characteristic is normally distributed.

Theorem If p,=E(X-n)* exists , then
(@) Vil Cop- T o)l Xn—d>#{2(u-T)Zl+Zg}EN(O,G 2),

(By-0Y)+4(u-Do? (u-T)+n,).

2 1
where 0 ,,=—=3
pp D

— 2.2
(b)) Vn( Ch- T, i N(0,0%), where 02,~a=—£u:l—q—.

D
= d 2 2 (ny-0
(0) Vn( Cp- Cpix, ., N(0,0%,), where 0=
= d
(d) Vn( C wn Comllitn & N(0OT,),
where 62, = 9 [ o + H3
“” (3D-p+T)*| 3D-pu+1? (3D-u+7)
_(ng-0%) . USL-T T-LSL
M ] D=min (=555, =),

4. Bootstrap Confidence Limits

In this section we will construct six bootstrap confidence limits for C,,. For

constructing the bootstrap confidence limits, consider the empirical distributions

based on bootstrap as below.

. Vi C )

H{xy = P n CS c )s Xa x,,)=a
Cw

~ Vol C - A

K(yu) = p __i%gP_C_EP_)_S ya Xn]=0,
Cm

where x, and y. denote da-level quantiles, and S'ci implies the bootstrap

estimator of the variance 0%,.

Then, a upper (1-a)100 % confidence limit can be constructed by using only
the upper limit. That is, we consider the following six bootstrap confidence

intervals.
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SB method: (0, CuptzaST,)
PB method: (0, C,((1-0)B))
BCPB method: (0, C ,(PyB)
. 6 S C” A~

STUD method: (0, ,,,,+‘7';' y (H))

' Sc, A
HYB method: (0,‘ @,,fj%‘ x (1-u>)
ABC method: (0. G334

We have given simulated results for the PII C,, to evaluate which upper
confidence intervals are better than the others with small sample. For each
simulation study, a sample of size n was drawn and for each of size n, B=1000
bootstrap resamples were drawn from that single sample. This single simulation
was then replicated N=1000 times. Thus, we are able to calculate the proportion
of covering with various bootstrap upper limits. We also have provided the
simulation results under normality, lognormal, and chi-square to consider skewness

as well as t-distribution, heavy tail.

5. Conclusion

In this paper we have derived bootstrap asymptotic distributions for the PII,
C,,, and studied six bootstrap confidence limits for C,,. A

Our experiment results are partly identical to those presented in Franklin and
Wasserman(1991, 1992), Kim and Cho(1995), Cho and Park(1998) and Han et
al.(1998). In Han et al.(1998) the coverage proportions for the STUD, ABC, BCPB
limits based on normality were generally stable and worked well for Cs, but in
Cho and Park(1998) SB, STUD, and ABC limits did for Cp. Also, SB and PB

method were worst. Particularly, ABC method needed much computing time and
memory than others. For non-normal process distribution, STUD, HYB, and ABC
method tended to approach the true value.
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