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ABSTRACT

The two-state or mutual M-integral which is derived from the M-integral and is applicable for two elastic
states. is applied for computing an intensity of a singular near-tip field around the vertex of a class of wedge,
encountered in adhesive lap joints under mechanical loading. Numerically we verify that a simple auxiliary
field associated with every eigenfunction for the composite wedge under consideration exists in the form of the
conjugate solution in the sense of the M-integral. The auxiliary field is then employed for superposition with
the elastic field under consideration, and the associated two-state M-integral is computed via the domain
integral technique. This enables us to extract the intensity for a singular field information for a singular elastic
boundary layer is extracted form the domain integral representation without resort to singular finite element for
the wedge vertex.

NPANM HE AE 7] E2 Jio] 9 AFER oz AR A A& AP o s
ol3) 7} oA HE AAEE AW FA FHEAQ] A2 doojx gdo] At
7-] o Olg:]x:] 011:]- 231DE Z-!‘GLZ-I Hll_,] ‘——‘—o]ﬂ- BHM‘G}L‘ 7-] ;(}T"rlﬂ— —‘T-_fl(‘gf),] I\]Z} L =
WAL o] a3} = é#@olt}. ]1 AeZ FAE 47 iq}z}]ﬁnﬂ] o)A e oA
Igol ANH EE FAH WEE A8sel AU € Yol SFKeYT Solsde
Ttk B ART FHEAEATE U89 Sinclair F°'3} Carpenter 9+ Byers!'*&
reciprocal work integral contour method & ©]&3t AT FHAZAFT K & AAresich
Reedy”I= butt jointo] thalA Ho]&H 3} S-AZREAFE A48 3, Destuynder < dual
singular functiong ©] &8} F & lap )omtoﬂ Aastgon gty 298 A AE A energy
release rate S A A5 T

Chen ¥ Shield®7} & 4#id BE HEQ J L 3 MOEZRE F HFAbelo] gt
E%@.—‘?La FEok] A|A G o] F2 Yau 5, Shih 2 Asaro"”, Jeon F'2 Fdo} 91 & w)
SHAEAFY T-stressE, AY7F 48 e 19 7&-5*— 047] .r]zs]]/q Ae) A RS
A& F A L-AE-L Choi 9} Earmme“z]"] o 3 el o 7\1 7&574]’\3
T8tz st H&ss HZol Im = Klm[lsl"l A BAlS 5ﬂ7]°1] g 5

o}
A
AT FEE AMated T A4H M-A S Z“’—“‘-’F— s BAFAT Im T Klm“slfl

*gER el 2 AT
i T B S e R B e S R N B B



AukA Q1 # 7)o th 3 eigenfunction s 2FE M-HE-2] o) njo] A A eigenfunction®] <A
235kt Jeon B I T el MR RS RG] 3 719 o2 Asst daka 9l
‘E}@Oﬂ A EalE S 9 UE W SHA=AFE Atsiart

= \_“7‘0“"1 T G H M-;ﬁ."ig A &3} "]1 A AsE Y JE AEAR
Eo] & Ao A § E‘“(}Eﬁ] ARG (Y 1.3 3F) 7]6}21}7“ st o5 AAZ7)
F3EA 5ol ”Ezﬂﬂ’ﬂ 7] BRHANA Eo] §HE Aujgrt F Holge
59

rlr mlm

7Eﬁfﬂ4ﬁﬂgﬁg Edote F38 Aol 1YnE $YPEAFE HT
Adse AL 925G e dSsed Fast

O—ij,j = 0 (l’] = 1’2) (la)
&, = (u,+u,)/2 (1b)
where (ukm 1836 iy + 10,0 iy + 2V 0y, / (1= 2V)

A7NA 4 % v = GHYAF, Poisson HolTh HEE AWHE xE BURE AL
pehdich,
M-Z 37 B85t o] 2 % 3ot
M=J- (Wn, —tju; ; )x,ds (i,j=12) 2)
r

A7) n = AR v ggoz WA de ol w 9y,

rlr

W3] & o) 1] 2] L X9} traction
1
SR W= Zapquqg}t Gyl -

WA AEe A 4sta 4os

r_EL
Z
_Bi
He
o
vl
dlo
i)
M
o
=3
e
i
v

<
I

L,,_A, (o, , ~Ws, ) x,q ,0A 3)

g7 A, - A 2 2R 29 20 T, 3 [2 240 99 490l g & T4 003
r,elxe LJQEﬂﬂLHﬁqh&J&ﬁaﬂT@Tﬂq4H3ﬂiéﬂﬂMﬂet
A9 A, - AddA BERT

T EUE A AEE A" B2 Asta T SHE B JHl A B E
SHEE & o2 B4 A 08 28 5 AT M-AES Azo] dold 84 AH C o
A-gobd oo 2ok

C oA e ME o M4 @)



A71M 9 B2 A, B9 C = AdE 4 Aol MY e F A M-AR 2N O
Zol €€

l

(A.8) _
M = L”‘A/[ok,u +ouf, - op &, ]

X,q (dA %)

M-H2 o228 7 F Jel M-AE M4 2 F ebd el A 9B o H4Eatdo] Hd
(}}:0] Cq 0(:)1 (_ﬂl /4// - A/ Oﬂ }\—] E%%E}'

3. AR M-A &, M(42 o M BT}

0j0

HUTH S

#7112 = 7‘4011A1 Sol38 9 FEATE AN Asle F AU M-H RS He T
W, eigenfunction®] ¥ FeE T @T—_L?SHQ} HAE 7z er?q}_&_’.:‘ﬂg o] & ot

de w9l %3"13 %”SS}@ e SHE BAToR &1, M-AE dujox Hogw
conjugate eigenfunction L E2H-H T3 HzxAL T o SYPP BAZ R oL}l
29 5 G M-H R MY o)t A Ot e EEAL 9L 5 g

M(A‘B) =aS]a(lI”5s)+bs]b(\Il16s) (6)

4 7] 4
2 . .
Ia(W,5S)=jRe[e’WF(cS‘sﬁf,B)+e""'(r(5s,é‘f,0)]d0
A @)
Ib(Y’,Jx)=j1m[e’WF(5s,Jf,6)+e"WG(5s,c‘)‘f,9)]d9
0

e 6, = &% SolAdolaL, —I<Re(s,)<0 BAE 7HAT. 8¢ & 65, 9] A eigenvalue 24
=9 BANL 5] =-2-6, 0%t F(5,6°,0) % G(5,,6°0) Z AR AdojA
Jodnld £ Fu MRS Az Yot 22 A6 So] $3o] uHql
BHAXNE Zéx st Bxge o83t I(¥w,5,) 9 1,(¥.6,)S ARSI I (vs,) %
I,(¥,6,) = 7 ¥ o dis)A Simpson’s rule ] &5+ A &3] AdE F vk 1, 2 AN
e ¥=0% 14%6}01 Adsta 1, & A e ¥=x/28 HEeto] AMNS dr} =3
5ol 49& Hold ol ME WAE 7|22 432k 2o RS o] Rejy AP T
FE M-A R MY S AN 5 wkef TOM e gol A F e o)
21]*}5]&' A BANEL FH 504 6,0 HEste &5 AF B, =a,-ib, & BREE= T
Mol A kAol Aot g, 71 A 73—‘%01]t B = AFol7] wFel w=0& FHa|A
I(¥.5,) € A s5AF g2 @ At

a5 ArzA ANE g o ¥4 die Kim 3 Im'lo] Aokt $HRTA S
oh &7} o] T2k 38}31 g}

* VZﬁﬂsho'

E*

i

K



of FRoAE HE lap jointol Al B F AT #7)e] BAFHANA FolFHol ot
BEAFE T Aol disix Asata ok A Zrxe] wek 5 el WA lap jointE
nHstPATh(aE 1 #E) HEF 2A dojst FAE 22 95mm 9} Smm )2 H FA 9
Aol FAE 247 50mm &} 0.2mmo) Tk QA2 AR} AA) AL O 3o M9k 23,
Al A8 AE AFES E Lo FolA ok & 20045 A A< cigenvalues 5, &
A A B, 22 90° 9F 45°00 th sl A] destuyinder et al.”'2] @ 3o} Bl WA type I 9 A
Mol A opgh Sold & AlYjstne F Aae A3 Aok & 3.4 E 732 cigenvalueZ}
O +6, =29 BAE wFste Al 4ol EAsle AL HAF I 9t Type 19 A, &
AOA T A M-ARY ZE S-S 1Y 5.9 6.0 BT o 2 F &zl a4
AME Fardste FHAEAF K5 X 4.0 ot

3 171 AARY H7)oAH FHFZ=AFE Fote b
ATk @A HH2 T KA, B Faes B AAMAY 22 5359
Hatx) s, WHE 72 s 9] FReiAEE Hid
ot 2322 F A M-AES o] o
AEG flol 49 BAELEZNE Bol 94 AAZ) did FrE 4E +
H
H

(L ko oo o
br % ol op

i

%)

2 aAT7e FHAGAT 2 A7u] A Qo) & P Ao dFAn

FnEd
1. Wang and I. Choi, * Boundary-layer effects in composite laminates : part 1 and 2,” J. Appl. Mech.

ASME, 49, 541-548, 549-560, 1982.
2. D. B. Bogy, ©* Two edge-bonded elastic wedges of different materials and wedge angles under
surface tractions,” J. Appl. Mech. ASME, 1971.

3. V.H. Hein and F. Erdogan, “Stress singularities in a two-material wedge,” Int. J. Fract. Mech,, 7,
No.3 ,317-330, 1971.

4. S. Ding and M. Kumosa, © Singular stress behvior at an adhesive interface corner,” Eng. Fract.
Mech. 47, No. 4, 503-519, 1994.

5. E.D. Reedy, © Asymptotic interface corner solutions for butt tensile joints,” Int. J. solids Struct.,
6, 767-777, 1993.



10.

11

12.

13.

14.

15.

I6.

17.

18.

D. Chen and S. Cheng, © An analysis of adhesive-bonded single-lap joints,”

P. Destuynder, F. Michavila, A. Santos and Y. Ousset, ° Some theoretical aspects in
computational analysis of adhesive lap joints,” Int. J. Num. Methods Eng., 35, 1237-1262, 1992,
F. H. K. Chen and R. T. Shield, © Conservation laws in elasticity of the J-integral type,” J. Appl.
Math. & physics ZAMP, 28, 1-22. 1977.

J. F Yau, S. S. Wang, H. T. Corten, ‘A mixed-mode crack analysis of isotropic solids using
conservation laws of elasticity,” J. Appl. Mech. ASME, 47, 335-341,1980.

C. F. Shih and R. J. Asaro, ‘ Elastic-plastic analysis of cracks in bimaterial interfaces : part I -
small scale yielding,” J. Appl. Mech. ASME, 55, 299-316, 1988.

1. Jeon, B. W. Cha and S. Im, ° Edge delamination in a laminated composite strip under
generalized plane deformation,” Int. J. Fract., 77, 95-110, 1996. _

N. Y. Choi and Y. Y. Earmme, ° Evaluation of stress intensity factors in a circular arc-shaped
interfacial crack using L-integral,” Mech. Materials, 14, 141-153,

1992. G. B. Sinclair, M Okajima and J. H. Grffin, ¢ Path independent integrals for computing
stress intensity factors at sharp notches in elastic plates,” Int. J. Num. Methods Eng. 20, 999-
1008, 1984.

W. C. Carpenter and C. Byers, © A path independent integral for computing stress intensities for
V-notched cracks in a bi-material,” Int. J. Fract., 35, 245-268, 1987.

S. Im and K. Kim, ‘ Application of the two-state M-integral for computing an intensity factor of a
singular near-tip field for a generic composite wedge,” in preparation.

S. Im and I. Jeon, © Application of two-state M-integral to a triple junction vertex under thermal
loading,” Recent Advances in Solid/Structures and Application of metallic Materials ASME 1996,
PVP-Vol. 342/MD-Vol. 72, 53-61, 1996.

J. K. Knowles and E. Sternberg, ‘ On a class of conservation laws in a linearized and finite
elastostatics.,” Arch. Rat. Mech. Anal., 44, 187-211, 1978.

T. W. Kim and S. Im, ‘ Boundary layers in wedges of laminated composite strip under generalized
plane deformation - part I and part I1..” Int. J. Solids Struct., 32, 609-628 and 629-645, 1995.

E1. A ASF
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adherend 200GPa 0.3
adhesive 3.4GPa 0.35
E2. 5399 A% lap jointd] 3 HE0]A
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point A, A; A A,
Destuynder’ -0.3273 -0.3015 -0.0219 -0.142
results -04147
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Stress singularity
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A .
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