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Abstract

Meshless particle method is a numerical technique which does not use the concept of element.
This method can easily handle special engineering problems which cause difficulty in the use of finite
element method, however it has a drawback that essential boundary condition is not satisfied.

In this paper, several studies for satisfying essential boundary conditions and enhancing the
accuracy of solutions are discussed. Particular emphasis is placed on a new numerical technique in
which finite elements are used on the boundaries to satisfy the essential boundary conditions and
meshless particle method is used in the interior domain. For coupling of the two methods interface
elements are introduced into the zone between the subdomains using meshless particle method and finite
element method. The shape functions and the approximated displacement functions of the interface
element are derived with the ramp function based on the shape function of finite elements. The whole
numerical procedures are formulated by Galerkin method. Several numerical examples for enhancing the
accuracy of solution in the meshless particle method and a new coupling method are presented.

M1z N B

8 2% (Finite Element Methods)& 33 913 Eoke] o8] FAA EAEL 437 % 73 288
FR| VLR F U A&HQA SAE AFIY foh. aeu ey e e a7HeE B
oA AEstd 24Te Abgdtalol 3tH, 24 RTA QA8 TATE BHPE Atold oW FIAHY A%
4E& DHEAAG e AFHE AU JTh ol F AL S WP Eo] JFHe FHEFHEA, B0
‘d(singularity)o] ZAstE £, A& 7o) A A, 718 oy AAzA, Bds 2 5
o] A&AH oz Walste FA9 2L B4 Fx EA9 s AdHE FFLLUAIRAN] & BHoT
AELn ok ol DHE FEIY] Yt 249 MES AHESA g3 S A3 BAS AAY
oo 2ATE AR3Ed EAE 24T 4 Ye T84 Y(Meshless Particle Method)o]gls A28 538
Aubgo] AR morRgPME oW VEPE FAHoE I FoezRH YAY FFF Al
Egso de EvHEA 23" FPEY 9XF FBA 98 FA4FF 2291 A5 2
AET. oluf AAFR AT FHYEL AFLAAZEDE G wEZANA Zale 57 24 5+
o832 Frlo) FEHEEUE ALE3te AAZRP BFE £ UEE stoo} Fir

« aAmsE 2530
o @Ay B2

Hosk ok 7=

wres AAUEE ES TSI AT



FeliMeE Fa4dYY £4 ?‘SIM FEE A7) A8t sl AHAEE FAMNAE 5 Y 2
Fide arlg ZA%2, AAZAL HEAZD § YE 7IPES A7, 71EY FHa2H
Ax Fasrdyde YL na] sag AT ZoAAAHY 23 23 N2E FRshAAYHS
?%ﬂ 2oz ah F Hawye 26 YojME RampFETY ol8d W&o 2E AEIHAT

Al 27 PQAFEEYU FAs

2.1 OISHAMFEIIY0| 23 HAESTe} HAHS E&F
2aAaHAHe FAste) ALEEE o]FH A F R H(moving least squares approxxmanon)—— Z}zte) 71&Ed
& N0z YA Av JFIGUAN BFose 7HETa(weight function)9} A (displacement
field) S thESE oA 2 o)) i gstd $ixe wat Walshe PIAAFE AHESte ST IFIY
WolMel AaEe ddA4e 1 Jg9de 7IEH 2R Fojd Agd wE sFAE vehdie, BAP
oMol AHAEe FXAHARL Y8 1EHe] o) wet A2o] HHE JPIHE) FEFHYLR
A Uede g434e FEI2 AT
2airAddYo HAR 4 (x)e olSHAAFRIA 3 oS3 2o 2AMEATS w0z Jerg

2ty ol = FHAHEE Yeldg

ul(x) = gp,u) 20 = (2 a;(x) )
AN, poE Lo Ase) mie) e 2E Aheln, BFa p(Hd dgdE AFR a(x) 44 F
EA x9 52 o)THLAFTRI 9T HY h(x)a AAY F= vl Aol

olele] 4 xoal Mg PlAALY g (x)E 2T JELE e AT ¥ HAIE 10 €Y 2
ol tlg 7}E0)28 L, nome HAIANA 3T F Ak F,

S=§w (x— xp [ ﬂT( xp) ai(x)_ulz']2 (2
S _ ADa(nD-B®u =0 — a(D=A" (DB u 3
d a;(x)
7N, ne& 22 FAHoz YAAAYY TIHE AFEY AFol, w(x—x)s xYo2ZHEH Hoj3)

Agulel Be AEgarolt. w@, WED2 A(0% B(nE tew 2ol ded + ok
A = Fjulx— ) pCx)p7C %) @
B(x) - (w(x — %) p( %), wlx — x) p( %), wlx — x,)p( x,)] ©)
FHLATRI &8 TAMAYT ul(x)F BT Bol Y £ kD IV
ul(x) = Z‘m(x)ub ©

J«H AR I4A9 4% 4,(x)E AEF A& (D g 2o25H o

$1(x) = ﬁ:p,(xx A™Y(® B0, @

Pois) oMo WePEE 1 A FHoed PP 2YE LYY 249 4O o8



2.2 JH5HS
FRAAYUY AA) AEIE AFFFE wlx) = wlx— 1)t 27t 1AW 2l AAesE 2
HEAE AUWHOE ANL WZ x 7t BIARE FAolAR, x,7h FBIG ol AN A4E AE

G &e 00l HI A1EA xelME AT 10] s 54 sk ¥k w4 ggn 2ol 23
T AAlolel Ay F&£HE FUSE AT £ Aok

w(x— xp)=w;(r) ®)
A71M, r& FFFHY v F 7|FHT J9 FHLY AYYE Yl FAYAFE r=d/R,
ol d = [x— x|, Bre 1 1A A9 JF9de 332 gusicd. R 239d &35y A
ol o] Sl A 19 g 7IAY Fo) LAY BREE A= HEESFT M AFS £XHE 2L
F lerz 2 dFdAe 983 22 exponential el 715 F4E ALEstE
_ e_(7/0.4)2 r < 1
win={ 3 ©

23 WSHH=UE ZAIF[I] S8t iy

Foadydye] 3T konecker delta 20 S UEAF A Eslog TasFddYds He
BAZEAE BEA77] A3 AARKE 3o ettt YFAAZRAL WHEAFT) s Lagrange
multiplier 3%, =& ¥ & 2l (modified variational principle), boundary collocation method & A}2& 4 ¢tk
Lagrange MuitiplierE 0|28t W

Lagrange multiplier ®'H{-2 7] 22 MEF o] ojul 21L& VZ3EE 37 9435l Lagrange multiplier A
g ZPdte FEERPAS HEHYA FAAA F2o24 2 2h40) AFHLE REHEE de Po)
o} Z, Lagrange multipliers EW 3 21 W5AAZAY 952 98 W% o F48 H9  w S
HE TERAS FoMg dRY oz RE ofY(weak form)S FEFE &3 2o

L&:,-,-a,;dg—fgdu,»b,-dQ—fnau[t—,-dF —fr"ax,.(ui— w;)dl— fF“cSuikidF =0 10)
Vou;€H', or;€H’
WMEYYo2RE ol P Ydiscrete equation)o] @ £ANE VAN A w9} Yol Aata
du; = 4 (6o wet FAAY 4 glew, olu Lagrange multiplier A;& th&3% o] Yehd £ gl
rAi(x) = N(9ry, xel, 283 62 (x) = Ni(s)6r; x€EL, an

714 NLs)= B Lagrange FAg4olt}t.  Lagrange multiplier WS A} 88 A S AT vElYdAE A
Al(positive definite)7} ot n], p|X)4=9] £=71 F718A] Hn, ) F(banded width)S 7} ol F5E Al
9] E71g zHsHA He @3] o
FAHEA2IE ANISol= 2

FAREded o3 AE A7) Hste 2 10)9] AR F& REH P WA FE o) &5E GFPL
o3 Zo] ol

—f!)o,-,»ui,i,d!)— LBu,»bz-d.Q— fnaui(z-—t,v)dI‘—fr”M,-(u,-— ;) dl'— fr”au,-(x,-—t,»)dr =0 @2

ok

B2E A5l dis) EY Su; b 7HES] Lagrange multiplier Ao} ti g A7)2o) A 3 HAge
Ao [ RAoln, ¥ WHAYE AAGR INolMe AdAAZzAT, YjAZEL HAAAS T,

Eolth. &) (12)9] v}R|= 30 ZHE] Lagrange multiplier 1,0 2a]2Q) olnjx WY
Iyoxs) £98dE & 4 Avk o FAIAE 4 12)0] gdstd L3 2 £AHEL

R

2 2 8
el

)
(et
B of
Ar 12

—~
—
W

=

fg&,,-a,-,-dQ—— fg&uibid{)— fnau,zdr ~fnaz,-(u,-— %) dlr— fnau,»:,-dr =0

-5 -



z

FAR QS o83t BEAAZAL VEAJE PUE Lagnge multipliers AL&ste ol ¥l
ANLL 2Y 4 dou 1 443 HAHol Bastn zzadw Aol ol FFHQ Galerkin Holl o
3 A48 B3L oAsA o @yl Aok

M 33 RAZEXAYHY wRlia¥el T8

2e288Re AAYY TN BEIAZA(u= )& DEAAA L& BHol Yoz oF 2
a7 el AAGAe FBALE, APIglE PR2YYUS ABHE ZTPAL 018V fBR
£oh 7asgRYS 2UlE Ramp@E AHEEE A4 2470 ALEALT.

3.1 Ramp &%
22499 2,94 Ramp Tt FRAEHAYY I8 L8407} e AA IpydlAs 19 as
23, FH84Ee A93 HE5847F thie AA TedAs 09 @& 71X 5 AA AtojolrM H¥ez

JF

1 x&ETlyp,
R(x) = 14
0 x&rlF,
¥7) 23¢ BE3E Ramp € FLAPUY 9% Fa249 FET3 wet 3714 FH2 v
olAo] MEassl HEQA7F = oAl gto] YAl gk o2 F Ramp 5+ B 2o #F
849 F4FFe oz RoE & o
R(x) = 2N,(x) s

2 €0y

dr7lq JE F22AA9 AFE vepd

3.2 Yaea SAEANS

Ao sdln R AENTSE Fa2RYIYT F¥229 AAE 2R A%k &9 A
£a299 QuelA thest Pl FRAEYY TAPEATS FReL 2AbAATSY goz U
sich.

Ul

wi(x) = uf(x) + R (x) —ufB(2)]= [1- R0l x)+ R(x)u(x), x=L2, 16

A71M, wffsk w[Fe A7 RasAHYT R4 SANARTE guigch. PN Y&aie 24
HR5 o WATF BAE ST Bo) TFY 5 ATk

ul(x) = [I—R(x)];Nz( E(x))uh(x)+R(x)ﬁqﬁz(x)uh(x) = Z‘N,C(x)u,-,(x), €0 (17)
A DA dEass 1A e 84S N(x) e ohed 2o R £ Ak

[1—R(DINL £(2) + R(x)¢ [ 2)
Ni(x) = [ (18)
R(x)$ x)
A714 A (199 3 WANEe FFRQe) AFY x,7t HEasd 9900l T¥Y Al FAYFE
g golw, £ WAdE 71EH x7h 5L G el ANT A FYFSE U oo
Galerkin ol ol@ B43h Ao o) Fa2PYWTH fRese) 2AEATSE
AHgatel, g4sts Nix e Fo0848 J9Udde Fasddy $48F 40z
AE FEar FAYSE N(0E 282 H458s FAUdAE F&abe F4AE N(2) & A8

N
Jo
o
fo

-6 -



o, I AAANM 45 A&l ®AE
NA E(x) x€ 2%
Ni(x) = {842 1€ Qur (19
‘Nzc(x) rE Q8

A4 RN Y AR

41 RRAMMW MY AHYY 37| UY

2N BATFY 522 A8 JPdel vk Ao FHE E 9P vAG. F¥IY
o) 27k AGAA AokAM FeAdAvel EREE BA A% A gerc oA F Bl
£ #x94H0z Sojgo) w4 =B, w2 1 277 AYAA 24 H9 4AD de BHE)

X FPoz A3 e FRES oA €

2 A7NNE Fo4EHY AHEA AR 92999 32718 27 H8te a9 18 2L SN B
ol Aol HAF THENEAE N F, 4FIFY Vg AFHoEZ WIEAAAVIY dFIG Wi
HABANA AL FAsH HYexs E4RAG ¥ 29 38 F¥IY A7)d e WHLAE e
d ok 1yYel AR ¢ & ARl YA A wix A vls] AFFHe A77E AA|
A E A gAY HYEol TS PIAA BozA Y HFEr} ozl £ gon, B AYu
g Zte A%, 9999 Arvt FEX ¥ 434TS viXe BHEY FUt AdPez Jdd e 3
E7F oA ©& AAbste Aotk Avle] Adsl g QAES T B2 RH 9 ¥& F=E
FAY & Ve AR I 27 T A0 cell 719 15~200d W F& & F UUT

4.2 HFAIH

zards fEeanel Ziol sl AvE Nz £X4 Tzadel JUHe A7) st
29 45k o] FARY URAHE 2t DA BFANA YPAYS 2E YL Adel AAANYS
FUs4c. § 49 25 95FAZAL fusl BE:AAct. WRAdd 3= P33 % #YHQ
W3 PHe 2E @R A3 delo WRAolAe Wl $99 oRE 1% VYo stk ole
2ead gy d9ud 98 Fa5289 47 1B BAZ Uehie $A943 Az a9 Fa
238 & CYUl 37tz wiAse] dodg oM 2AE Th FAR B3 0% AE ek
BRHY NRURE 2 ORI A3 YA WAk SALAE A 4~5%8 Jehion, 449 A
e 278 AL 03%0ls 4202 oelvt 28E T & AU

43 ANZY el 2UYS X

29 5t 249 HAAY Bl AFAFol A4S $YAF A BA 1Y 62 2 sy o
£ mye AYuA YL Ykl Ao, 1Y 6@)E FUY 2432718 e §AR2TLE Yehg,
a9 6b)e AARET 15¢ FRALE, 2 URE 139 P42 PRAYRFGE Yehd Zolx, 27
60t $UAF] AHE P RarBPe AZNAS PPk BE FAF BYFE S
19 7 AFHES BE ANDY B y=00)M9) o, RIS e Rolth YN ¢ F A%o)
EQF FP5s MALUS 8T AH@ b), HTAL ANAT v FALAANS FRIEUE =
F9 AZS AAwel $U FES dgEe ¢ F Agen, 123 7(O% Bo] FRAVHES Y=
JEMAT A £AA £AN HEE PR £ USL T + AATh

A58 &8
€ Botd FasdAel EBARNE VHEAINA R dHE HAY £ A
HAl dgdde] AYaris a2 wAol cell 2719 15~28) FEY 9 7Y e A¥E
#FAL + AeE A

-7 -



3 59E ARMAS Y 209 SANTEAY A4S
o g@as APyl v e FREE FIND 5 AL
4.2 AFNN MY FALRWET FRAENY 2T AT 42 FANAYL BEFAZAE
2710 aige] ATH YolE U FHES F7b 44, AMAG & Ao Ve R
259 AHEE FHND + AE BLHA FAYRAS

UroZ
B Q7Y d¥E 199%YE MR SeaTH Aol skl Fasigion o Ziel £¢ E¥U

=

BUEE

e

1. Lancaster, P. and Salkauskas, K., “Surfaces generated by moving least squares method”, Mathematics of
Computation, 37, pp. 141-158, 1981.

. Lancaster, P. and Salkauskas, K., Curve and Surface Fitting, Academic Press, 1986.

. Nayroles, B., Touzot, G., and Villon, P.,, “Generalized the finite element method: diffuse approximation and
diffuse elements”, Computational Mechanics, 10, pp. 307-318, 1992.

4. Belytschko, T., Lu Y. Y, and Gu, L., "Element-free Galerkin methods”, International Journal for Numerical
Methods of Engineering, 37, pp. 229-256, 1994.

5. Belytschko, T., Chang, H. S., and Lu, Y. Y., "A variationally coupled finite element-boundary element method”,

w N

Computer and Structure, 33, pp. 17-20, 1989.
6. Lu, Y. Y., Belytschko, T., and Liu, W. K., "A variationally coupled FE-BE methods for elasticity and fracture
mechanics”, Computer Methods in Applied Mechanics Engineering, 85, pp. 21-37, 1991.

5cm Scm
O _— JL
Sem
@ ZPNA7 FHH 2y ® FHHAT BRAHY 2 Y

a8 1 Y TP 27 AL AP =¥



Displacement error (%)

80

40 ]

- 7
40 _| _._. node 23
—h node 28
—de— node 29
-80 T ‘ T l T ‘ T I T ‘[ T I
08 1.2 1.6 20 24 2.8 32

Radius of domain of influence(cm)

292 FAAQ ANA 2P IFIY

7)o ©E ¥z

(R&E8s: B9

(LA AY

@ FHHY WEEPE 2E HARY
294 PRAYEYH FRasHY 2P AT B

40

20

Displacement error (%)

-20

-40

ttew

08

T

T
12 16

e I A
20 24 28 32

Radius of domain of influence(cm)

a9 3 BRHAQ APux 2o 99
A7) Be WYLt

49) s

® BFHAY YPEHE 2E

T)’

/F

P=1000 Ibs
Y.
c=4.5m 1
T P=1000 Ibs
L=20in | L-20in
o >
a9 5 BFHES e ANAY B

2,R@A&E82> 99)
(2 AR-AY F9)

Qe(Faai 99)

—_—>X

HHEY



11

11 f‘”

(@ Fat nd

SN0 NNaNEN0EEANNENE0Eesannanes!

SRS E0NEEEASGEENEREENENNNNNENNEE
b9 5 ® 8 & 9 9 @ 5 B B & 0 5 0 0 5 O O S N B BB S e NS N
IIIILIIIIIIIIIIIIIIIIIIIIIIII%{H}

A0S0 ENNENNNaNeesaaneaant ]

® 2%=d

= +LUHJ+PrrP+H+1 HHEH
R
© TR*Z&%;H U WA=
O fga2dH @ FaiHA
a9 6 HAZY weol AN P4
50
E
®
et
———— :Exact
D . FEM
. : This Study fig. 6 (b)
] + : This study fig. 6 (¢}
20 T T T T
-20 -10 0 10 20

a¥ 7 ALY B y=0°1X49 o, X



