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Abstract
A novel fuzzy basis function vector-based adaptive control approach for Multi-input and Multi-output (MIMO)

system is presented in this paper,in which the nonlinear plants is first linearised,the fuzzy basis function vector is

then introduced to adaptively learn the upper bound of the system uncertainty vector,and its output is used as the

parameters of the compensator in the sense that both the robustness and the asymptotic error convergence can be

obtained for the closed loop nonlinear control system.
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1. Introduction

In recent years,fuzzy logic control technique has had
an increasing impact in control engineering community.
However,some important theoretical and practical
problems have not be solved. For example,error
convergence,stability and robustness have not fully
proved for fuzzy logic control schemes where
Mamdani-type linguistic models and Sugeno fuzzy
models are used to deal with systems with uncertain
dynamics.The recent developments in {1]{2] using
fuzzy basis function networks for model-reference
adaptive control have made a great progress in solving
the above problems.

In [1],a fuzzy basis function network is used to
approximate-an unknown system parameter vector and
the weights of the fuzzy basis function network are then
adaptively adjusted. But it lacks of the proof of the
stability.In [2],a stable adaptive control approach using
fuzzy systems and neural networks is presented,its
control is comprised of a bounding-control term,a
sliding-mode-control term,a certainty-control term.The
hybrid control approach is designed in a very

complicated way that it is hardly to be used in
practice. Morever the emphasis in the above techniques
is placed on the control of single-input single-output
(SISO) plants.

In this paper, a fuzzy basis function vector based
adaptive control is proposed for MIMO square
nonlinear systems.It is shown that the nonlinear system
is first linearised,the linearised nonlinear system is then
treated as a partially known system. The known
dynamics are used to design a nominal feedback
controller to stabilise the nominal system,and a fuzzy
basis function vector-based compensator is then
designed to compensate the effects of system
uncertainties. By the intensive design of Lyapnove
function,we prove the stability of the closed loop
nonlinear control system and obtain both the robustness
with respect to unknown dynamics and the asymptotic

error convergence for the system in the meantime.

2. Problem formulation

Consider the following MIMO square nonlinear
system (i.e., a system with as many inputs as outputs)
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given by:
X = f(X)+Y g,(X)u, ()

»(0) =h(X)
M
V(1) = B, (X)
where X eR" is the plant state vector,

U = [u“uz... ,um] e R™ is the control input vector,
Y=[y|vy2"':.Vm]ERm is the
7().g () R" > R",iFL2,..m are
functions  vector, i, (.): R” —» R,

output  vector,
smooth
i=1,2,..,m are
smooth functions., For convenience, the above equation

will be rewritten in a condensed form:

X = f(X)+G(X)U 2
Y = h(X) (3)
where

U = col(u,,uy,...u,)

Y=col(y,¥;,-Ym)

G(X)=[8/(X),8,(X)...8,(X)]

h(X) = col(h (X), by (X),..h, (X))

We recall the definition of the relative degree of a
nonlinear system to characterize the system. it is

necessary to define some notations. The derivative of a
scalar function ¢ alone a vector f=[f,,..f]" s

defined as
Si(X)
¢ o4 i
L¢(X) =2 (X)) =)
ax &, &, 700
DTS

“4)

where X=[x,,....X,), and the derivative of ¢ taken

first along f and then along a vector g is
a(L,¢)
LyL #(X) = ———g(X) O

If ¢
notation L’/_¢ is used with L",¢(X) = $(X).

is being differentiated j times along f,the

Differentiating the output y, with respect to time t in
eqn(1),we have
v, = L (X)+ Y Ly b (X)u, (1) Q)
7=l
where, L i (X) and L, h(X) are the Lie
derivatives of h(X) with respect to f(X) and
gi(X),respectively.

If Lx/h’_(X)=0, then .;';=L/h,(X)'

Continuing in this process,we get:

YO = Lk (XY + S L, L (X )u, (1) ™

J=i

for 1, L'k (X)=0k<r-l and L L™k (X)=0.

In this way,we may rewrite the plant’s input-output

equation as:
yO ] [ Gk | L L0 L LR [u)
: =|: + : : :
¥ | Ly | | L B (X0 Ly L7 (0 40
Yoy  BX.0) J(X,0) u()
®
An ideal Static-state feedback linearizing contro) law
can be obtained by
U'=J'(-B+¥) ®

We will define the term V below.In order for U to
be defined,some assumptions about the plant have to be
met. In particular,we need the following:

A.1 Plant Assumption

(i) The matrix J as defined above is nonsinqular.

(ii)' The plant has a general vector relative degree
[r,,...,rF]T, and its zero dynamics are exponentially

attractive.
3. Fuzzy system formation

Definition 2
lAl is modulus of matrix A,i.e.,matrix with modulus

elerr;ents of A.
"A“ is a I, norm of matrix A,which is with the
performance of compatibility.
|A<[B| means [a;|<|b,}, Va,€Aand Vb, B, where
A={a; },B={by}.
|Al,, is a matrix,in which all the elements are equal to
A ax ,and e = max\gy‘ where 4 = {a,}} .

L)

sign(A) is a sign matrix,which meets the condition of
Asign(A)=|A|,where A is a vector.
tr(A) is the trace of the matrix A.

From eqn(8) we can obtain:

E(X)Y=F(X)+U (10)
where  F(X)=J"'(X) eR™™ an
F(X)=J"(X)B(X) €ER™ 12)

and E(X)"! and F(X) are assumed to be bounded by the
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following unknown positive function P,(X) and vector

Qi(X):
0s|EX) < A(X) (13)
0<IF(X)|, <Q(X) (14)

In practical situation,E(X) and F(X) may not be
exactly known, E(X) and F(X) may then be expressed
as
E(X)=E(X)+AE(X) (15)
F(X)= F,(X)+AF(X) (16)
where E,(X) (nonsinquiar) and F (X) are known parts,
and AE(X)and A F(X) are unknown parts.

Remark 1: According to the bounded properties of
E(X) and F(X) in eqs(11)(12),uncertain dynamics
A E(X)and A F(X) are also bounded by

[AECx)" | < P () )
[AF(X)] < Q,(X) (18)

where P,(X) and Q,(X) are unknown positive function
and function vector of X.

Based on above analysis,eqn(10) can be written as
the following form:
E(X)Y = F(X)+U + p(1) (19
where p(t) = AF(X)~ AE(X)Y (20)

is defined as the system uncertainty vector.

The following system without uncertainty is defined
as a nominal system:
E(X)Y = F)(X)+U (3]
For the nominal system in eqn(21), let
U=E (XYW -F,(X) (22)
where V=[v,v,,..,v,]" is chosen to provide stable
tracking.Namely,let:
v, =y ~a; 6" -

the output tracking error £, Ay, - y, (24)

yeees— @y E, (23)

where Y, is the desired reference trajectories of

Y, .and the parameters g .,..,a, in eqn(23) are

chosen such that the following polynomial

As)y=s""+a, 5" 4. +ajs+a; (25)

is Hurwita, then the error dynamics of the nominal

system has the following form:
e +a) el "+, vae, =0 (26)

Eqn(26) means that the output tracking error £, will

asymptotically converge to zero.
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Consider the system in eqn(19) with uncertain
dynamics,the control input of the closed loop system
can be set in the following form:

U=U,+U, 27)
where U, is given in eqn(22) to stable control the
nominal system(21) and U, is used to deal with the
effects of the uncertainty.

From eqn(19),we have
E(X)Y =F(X)+U,+U, +p(1) (28)

From eqn(23),we have
V=r"—a 6"V ,—d,¢ (29)
where
n = max{r,}

4, = diagla),a?,....a”] (i=0,1l..,n-2)
eV ={g, e8] (i=12,..,n-1)
S S LS i U

Substitute eqn(22) into (28),we have
EQX)NY =V)Y=U,+p(1) (30)
or Y-V=Y-Y"+4,6" V4. . +4,¢

(3D

Then the error dynamics of the closed loop system

with uncertainty become

£+ A,V 4 L die= Ey(X) o)+ Ey (XU, (32)

For the bounded property of system uncertainty
vector (1) in egn (20) we have the following lemma:

Lemma: Consider the system uncertainty vector p(t)

in eqn(20).If the control input U is designed in the
sense that the modulus vector of the control signal is
upper bounded by a positive function vector U, (X),

U, < Upa(X) (33)

max

then the modulus vector of the system uncertainty
vector p(t) is upper bounded by a positive function

vector p( X )

|p(NI=I1AF(X) - AE(X)Y|< p(X) (34
Proof:

Eqn(10) can be written as the following form:

Y= E(X) ' F(X)+ E(X)'U@) (35)

Using eqn(35) in eqn(20),we have
A1) = AF(X)~ AE(XXE(X) F(x)+ E(X)'U(@)
= AF(X) - AE(X)YE(X)™ F(x)= AE(CO)E(X)U(D)

(36)



then
e} <|AF] +{ABCO B Fe) +{AECO B U0
slareof+asnf oAy, ascoflcy fue,
<G X+ BNDPOGIN +BRX e (X) =4 X)
(37)

Remark 2: It is seen from above lemma that the
bounded property of the system uncertainty p(f)
depends on the system structure and the form of the
controller. It will be seen in the next section that the
control signal satisfies the condition in eqn(33),and
therefore,the bounded condition of the system
uncertainty in eqn(34) is always held.

In this paper,we will use the following fuzzy basis

function network to learn
PX) =[P (X).p, (XD p, (X)), the upper
bound of the system uncertainty vector:

pX.6,)=0Tp(x)  (=12,..m) (38)

where §, e R™ is the weight vector of the fuzzy basis
(X))
PXY =, (X)$,(X),..., 8, (X))} in which the j-
th fuzzy basis expansion defined as

ll[/u# (xi)

expansion vector

Ay

¢](X) = Mi:l'I (39)
211w, 6D
J=1 i=

with 4 (x,)= exp[_ ff”_f*ﬁ_} (40)

where u,(x,) is the membership function of x, in
fuzzy set 4/ .c,; is the centre of o (%), O 4 18

the width of M, (x,) ,and M is the number of fuzzy

rules.
For the further analysis,the following assumptions

are made:

A.2: Given an arbitrary small positive constant vector

" and a continuous function vector p(Xx) defined in

eqn(37) in a compact set X ,there exists an optimal
weight matrix ¢ such that the output vector of the
optimal fuzzy network satisfies

max|g(X)| = 123t><|9"¢(X)— ;(X)l <F 1)

with 2(X) = 8"T¢(X)~ p(X) (42)

where 7 =[9,,6,,...,6,1" e R™™
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A.3 The modulus vector of the system uncertainty and
its upper bound satisfy the following relationship in the
compact set X :

XY= |p(t)>E>F (43)
From (43) and (42) we know:
07T XY-p(X)>O (44)

where O is a zero vector.

The objective of this paper is to design a robust
adaptive compensator U, using the fuzzy basis function
network in eqn(39) so that the closed loop system has
strong robustness and the output tracking error is
guaranteed to asymptotically converge to zero.

4. Compensator design

Let E =[&,&,....,6" ") ,eqn(32) can then be
written as the following state equation form:
E = AE+VYE(X) " p(1)+ WE,(X)'U, (45)
0 1 O.. o
o O 1. o
where A= (46)

-A, -4, -A,..—4,_,
¥=[0 0 0. I
EeR™ AeR"™ WeR" ™.
For the design of the adaptive compensator using the
fuzzy basis function vector and analysis of error

convergence of the closed loop system,we have the

following theorem:

Theorem: Consider the error dynamics in eqn(45):
If (a) the compensator U, is designed as follows
U, = B(XYCH (-CAE - sign( S JCHE, (X [P0

47
the S=CE=[s,,5,1»
SeR",CeR™;

(b) the matrix C should be chosen such that the
polynomial s, is Hurwitz about &, (i=1,2,...,m);

where vector

(c) the matrix & in eqn(47) is updated by the
following adaptive mechanism:
6= np(XN|ETCT |lowE; (X)) (48)
with 77>0 and arbitrary positive initial values vector
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then the output

asymptotically converges to zero vector.

tracking errors vector &

Proof: Considering following Lyapunov function

v= _;_sfs+%f,~ur[“éfa] 49)
where =6 -0 (50)

6=-8 (s1)
Then

v=S5T$+ & 8= ETCTO¥E,(X)" A1)
-o18" A X|ETCTCVES (X))
= E"CTC¥E,(X)” o) ~|ET CT|C¥E; ()

s|ETcT|owEs (oot -6 Hx0)
<0

o7 40

(52)
5. Conclusion

An adaptive controller using fuzzy basis function
vector is proposed in this paper.Our analysis
demonstrates that the the weights of the fuzzy network
converge to their optimal values,and the values of the
weights are adaptively adjusted untill the variable
vector S converges to zero.Then the weights will
become constants to guarantee that the output tracking
error asymptotically converges to zero after S=CE=0.
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