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On t-Fuzzy Equivalence Relations

Gil Seob Rhie!), Yeoul Ouk Sung?

I. Introduction.

Since the definition of a fuzzy relation from X to Y was introduced , as a fuzzy subset
of XxY, by Zadeh[6], the theory of fuzzy relations was developed by [3, 4, 5]. In [4],
Nemitz has studied lattice-valued fuzzy relations assuming values from a Brouwerian
lattice. In [5], Sidky defined the t-fuzzy partition on a set and studied its properties.

In this paper we define the notion of t-fuzzy relation on a set and proved some related
properties.

II. Preliminaries

Let L denote a linear lattice with the universal bounds 0,1 and t< L—{0} throughout
this paper .

Definition 2.1. [5). (1) Let X be a nonempty set and L be a latticee. An L-fuzzy
subset A of X is defined to be a mapping A: X— L.
(2) Let F(X)={AlA is an L-fuzzy subset of X }.

Definition 2.2. [5] Let A be an L -fuzzy subset of X and t€ L. The subset
A'={xe X|A(x)> 8 of X is called a strong t-level subset of X.

Definition 2.3. [6] Let X and Y be nonempty sets. A fuzzy relation from X to Y is
defined to be an L -fuzzy subset of Xx Y.

Definition 2.4. [4] Let X be a nonempty set and Re F(XxY), R is called an L
-valued fuzzy equivalence relation on X iff
(1) R is reflexive ie, R(x,2)=1, "xe X.
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(2) R is symmetric ie, R"'=R.
(3) R is transitive ie, R- RE R.

Definition 2.5. [5} Let X be a nonempty set. The class P={Y; e XX)liel} is

called a t-fuzzy partition of X iff
(1) for each x€ X, there is Y; € P such that Yix) >t

(2) for each Y;€ P, there is x€ X such that Yi(x) > ¢
(3) if i#7, then Y{)AY(x) <t, "xe X

III. Main Results

Definition 3.1. Let Re F(XxX). R is called a t-fuzzy equivalence relation on X iff
(1) R is t-reflexive ie. R(x,2)>¢t "xe X.
(20 R7'=R.
(3 R-RSR.

Theoreme 3.2. Let Re F(XxX) be a t-fuzzy equivalence relation on X. Then

Ri={(x,y) | R(x,» > t} is an ordinary equivalence relation on X.

Proof. Firstly, for each x€ X, since R is t-reflexive, R(x,%2) > ¢, and so (x,2) € R,
which implies R’ is reflexive. .

Secondly, let (x,m) R Then R(x, ) > ¢ Since R is symmetric,
R(v,x)=R 7 x,%) > ¢t and so (1,%) & R’, which implies R is symmetric. Finally, let
(x,v) € G, and (3,2) € R". Then R(x,%)>t and R(»,2) ) t. By transitivity of R,
R(x,2)> ¢, and so (x,2) € R', which implies R' is transitive. Therefore, R’ is an

ordinary equivalence relation on X.

Theorem 3.3. Let Re F(XxX) is a t-fuzzy equivalence relation on X, and let
(2] zg={ve X|R(x,»)> t}, xe X

Then {[x] % |x€ X} is an ordinary partition of X.

Proof. For each x€ X, since R i. t-reflexive, R(x,%)> t and so xe& [x] &, which
implies X & v\.L&JX[x] il

We claim that [a] = 03], 0 L], M ] 7F @. Suppose that [x] & M [ D,



then there exists z2€ X such that z€ [x]  My] jm. This implies that R(x,2) > ¢ and

R(», 2) > ¢
By transitivity of R, R(x,» > ¢t If 2'€[x] i, then R(x,2) > t. Combining R(x,v) > ¢t

and R(z,x) >t which implies R(Z,3> ¢, Thence [xlz& [¥) 5. Similiarly,
interchanging the roles of x and v, we get that [ S[x]l 4. Therefore,

[x] i [¥] e

Definition 3.4. Let Re F(XxX) be a t-fuzzy equivalence relation on X. For each
x€X, we define a fuzzy subset Pry,: X—1 by

v R(x.2)>¢t R(x- Z) if ze [x] i

Pry P(Z)={ 0 if z& [x] &

Theorem 3.5. If [x] 7 () [y] z+@, then Pg(2)=P,; (2, z€ X.

Proof. Let v€[x] . We show that Py (=P, (2), z€ X. If z2&[x] 5, then
R(x,z) > t. By transivity of R, z€ [»] z which implies Py (2)= P, .(2). Otherwise,
since ve€([xlg,z& [y, which implies Py (2)=0=Pp,(2). Therefore,

Py (2)=Py(2) forall z€ X.

DR

Theorem 3.6. P={P(y.lxe X} is a t-fuzzy partition of X.

Proof. Firstly, for each ze X, Since R is t-reflexive R(z,2)> f, which implics
Pia Ru_(z) = R(z,2)) ¢

Secondly, for each Py, € P, we have Pry L2 ¢,

Finally, we show that [x] (N [¥] z=@ implies Py (D) APy (2) st ze X. 1If
ze< [4] 3, since {{x] w ! x= X} is an ordinary partition of X, then z€& [y] %, and so
Py (2)=0, which implies P (AP (=0.1f z€ [»] %, then z& [x] 3 and
so Pry(2)=0, which implies Ppy (AP (2)=0. If ze[x]5 and ze& [v] 5.
then Ppy (2)=0=Pp(2), and so Py () APp(2)=0. In which case, we have

P[.\-] F(Z)AP[)']P(Z) <t forall ze X.

Theorem 3.7. Let P={P,e F(X)|7e I} be a t-fuzzy partition of X. Then there

exists the correspondent  t-fuzzy equivalence relation on X.



Proof. Define a fuzzy subset R: XxX—17 by

R(x,3) =V P{OAP(», (x,v) e XxX.
We show that R is a t-fuzzy equivalence relation on X. Firstly, let x€ X. Since P is
a t-fuzzy partition of X, there exists a P;€ P such that P(x) > t. This implies that

R(x,x) = V ,P(x)AP{x) = V/P{x) 2 P(x) > t. Therefore, R is t-reflexive.

Secondly, by definition, R(x,y)= R(v,x).
Finally, R- R(x,3 =V ,ex R(x,2)AR(z, )

=V zex (VAPDAPL) N\ VP (2)\PL)))

SV ex (VL (P APLINPL))

SViVex (PA(R)APL)

=V, (Pi(0)APL3)=R(x,y) for all (x,5) € XxX.

Therefore, R is transitive. Consequently, R is a t-equivalence relation on X.

Theorem 3.8. Let R be a t-fuzzy equivalence relation on X and let £>s, 0=s<].

Then R is a s-fuzzy equivalence relation on X, and PSP, where

P,:{P[ﬂi\J xe X}, Ps={P[,\.]leE X},

Proof. To show that R is a s-fuzzy equivalence relation on X, it suffices to show
that R is s-reflexive. For each x€ X, since R is t-reflexive, R{x,x) ) f, which implies

R(x,2) > s. Therefore, R is s-reflexive. The rest is clear. If y€& [«] 7. Llhen
R(x,» >t Since t>s, which implies ‘R(x,,\‘)>s and so y€ [x]m, thereflore,

[x] 7 = [x] 7. Consequently, we have PSP,
R R
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