=2 HXA U X5 Al2HES oTdE EAEENE =28

SEMI-SEPARATION AXIOMS IN FUZZY TOPOLOGICAL SPACES
JiN HAN PARK AND YONG BEOM PARK

DEPARTMENT OF APPLIED MATHEMATICS, PUKYONG NATIONAL UNIVERSITY,
DAEYEON-DONG. NAM-KU, PUSAN 608-737, KOREA

ABSTRACT

In this paper, certain fuzzy semi-separation axioms are studied in terms of the notions of
quasi-coincidence, fuzzy semi-q-neigborhoods and fuzzy semi-f-closure operators. Fuzzy semi-
T,, fuzzy semi-Urysohn and fuzzy s-regular spaces are defined, and fuzzy spaces satisfving these
axioms are characterized.

1. INTRODUCTION AND PRELIMINARIES

Using the concept of fuzzy set, Chang [2] first introduced fuzzy topological space (fts, for
short). Subsequently many authors [1.5,6,9- 12] continued the investigation of such spaces. The
concepts of fuzzy semiopen and semiclosed sets were first introduced in a fts by Azad [1]. Using
these concepts, Ghosh [4] introduced fuzzy semi-T; spaces (: = 0,1.2) and studied these spaces
under fuzzy semi-continutty. In this paper. we study certain fuzzy semi-separation axioms in
terms of the notions of quasi-coincidence, fuzzy semi-g-neighorhoods and fuzzy semi-f-closure
operators. Fuzzy semi-Ty, fuzzy semi-Urysohn and fuzzy s-regular spaces are defined, and fuzzy
spaces satisfving these axioms are characterized.

We now explain some concepts and notations to be used frequently in the sequel. Throughout
this paper, by (\\'.7) (or simply X) we mean a fuzzy topological space in Chang’s [2] sense. A
fuzzy point in .\ with support £ € X and value a (0 < o < 1) is denoted by r,. For a fuzzy set
Ain X, Cl(4), Int(A), 1 — A and {A); will respectively denote the closure, interior, complement
and support of A. A fuzzy set A in X is said to be g-coincident with a fuzzy set B, denoted
by AqB, if there exists ¢ € X such that A(z) + B(z) > 1 [10}. It is known in [10] that A < B
if and only if A and 1 — B are not gq-coincident. denoted by Aq(l1 — B). A fugzy set A in a fts
X is called fuzzy semiopen (semiclosed) if there exists a fuzzy open (resp. fuzzy closed) set B
such that B < 4 < CY{B) (resp. Int(B) < 4 < B) [1].

A fuzzy set 4 in X is said to be a fuzzy semi-nbd {4] (fuzzy semi-q-ubd {4]) of 7, if there exists
a fuzzy semiopen set {7 in X such that 2, € {7 < 4 (resp. r,ql' < A). The fuzzy semi-closure
of a fuzzy set 4 in X. denoted by sCl(A}, is the union of all fuzzy point z, such that every
fuzzy semiopen semi-q-nbd of z, is g-coincident with 4. equivalent sCIl(4) is the intersection of
all fuzzy semiclosed sets containing 4 [4]. 4 is fuzzy semiclosed if and only if 4 = sCI(A). The
union of all fuzzy semiopen sets contained in fuzzy set 4 in X is called the fuzzy semi-interior of
A, denoted by shut{4). A fuzzy point r, i said to be a fuzzy semi-6-cluster point [11] of a fuzzy
set. A in X if the [nzzy semi-closure of every fuzzy semiopen semi-q-nbd of r, is q-coincident



with A. The union of all fuzzy semi-f-cluster points of A is called the fuzzy semi-f-closure of
A is denoted [A],.¢ [11]. A fuzzy set A is called fuzzy semi-f-closed [10] if A = [A],.4. and
complement of a fuzzy semi-f-closed set is fuzzy semi-f-open. Obviously, every fuzzy semi-0-
closed set is fuzzy semiclosed. For other definitions and results, not explained here, we refer to
the standard papers [4,7,9,10].

Lemma 1.1 [7]. If A is any fuzzy set and B is a fuzzy semiopen set in a fts X such that
AgB, then sCI(A)qB.

Lemma 1.2 [7]. For a fuzzy semiopen set A in a fts X, sCA) = [A],.o.

Lemma 1.3. For any fuzzy subset A in a fts X,

[Als.e = /\{[U],.g | U is fuzzy semiopen and A < U}.

2. Fuzzy sem1-T, AXIOMS

Definition 2.1 [4]. A fts X is said to be fuzzy G-semi-T; if for any two distinct fuzzy points
z, and yg, the following conditions are satisfied:

(a) when 2 # y, z, and ys have fuzzy semiopen semi-nbds which are not g-coincident;

(b) when z = y and a < f§ (say), £, has a fuzzy semiopen semi-nbd U/ and y; has a fuzzy
semiopen semi-q-nbd V such that U/qV’.

Definition 2.2. A fts X is said to be fuzzy semi-T if every fuzzy point is fuzzy semi-8-closed.

Theorem 2.3. A fts X is fuzzy semi-Ty if and only if for any two distinct fuzzy points z,,
and y3: when x # y, there exist fuzzy semiopen sets Uy, Uy. V) and \, such that v, € U,
yaqVh. U1qVy and z,qU,, yg € Vo, UpqVe; when £ = y and o < 3 (say), there exist fuzzy
semiopen sets U and V such that x, € U, tgqV and Uql.

Theorem 2.4. A fts X is fuzzy semi-T, if and only if for every fuzzy point x4, r, =
A{sCHU )} | U is fuzzy semiopen semi-nbd of z,}.

In the first case (when = # y) of necessary part of the Theorem 2.3, fuzzy semiopen semi-nbd
can be replaced by fuzzy semiopen semi-g-nbhd.

Theorem 2.5, If a fts X is fuzzy semi-T4, then for every two distinct fuzzy points z, and
ys In X: when r # y, z, and yg have fuzzy semiopen semi-q-nbds U and V respectively such

that U'¢V; when 2z = y and o < § (say), x, has a fuzzy semiopen semi-nbd U and yp has a
fugzy semiopen semi-g-nbd V such that [7q\".

As a partial converse of the above thieorem we have the following:



Theorem 2.6. Ifin a fts X, the necessary condition of the above Theorem 2.5 hold, then
every fuzzy point z, {(a < %) is fuzzy semi-6-closed, and z5 ¢ [2,]s.0 If B > a, for any o € (0, 1).

Theorem 2.7. A necessary condition for a fts X to be fuzzy semi-T, is that for any fuzzy set
Ain X, A= A", where A* = \/{z, | there exists y € ([zo]s.0)0 such that ([z,],.6)(y) < A(y)}.

Remark. The converse of the above theorem is true if it would so happen that for two fuzzy
points z, and yg, ¢4 € [ygls-¢ if and only if ys € [z,];.0. But we observe that this is not true
(see Example 2.8). Nevertheless, it is true that if for every fuzzy point z, in X, z, = (z,)",
then for any fuzzy point yg,

Yp ¢ [ya]s-o if 3> a.

In fact, since yo € (yo)* = Yo, there exists z € ({y,]s.0)0 such that ({ya],.0)(z) < (ya)(2). Then
z =y so that ([ya]s-ﬂ)(y) = .

Example 2.8. Let X = {a,b}. Consider the fuzzy topology 7 = {lx,0x,A}, where
A(a) = 3’; and A(d) = 0. Then 1x.0x and C are fuzzy semiopen set in (X, 1), where C is fuzzy
set in X defined by -;—S Ca) < % and 0 < C(#) < 1. Now consider two fuzzy points a ; and
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bs. Then ly is only fuzzy semiopen semi-g-nbd of a ; . Hence a ;€ {bs],.s. But we consider
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fuzzy set D defined by D(a) = % and D(b) = % Then D is fuzzy semiopen semi-q-nbd of b4
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and a GsCI(D). Hence by ¢ {a 1 ],.6.
12 5 12

Theorem 2.9. A fts X is fuzzy G-semi-Ts if and only if X is fuzzy semi-T, and forz, y € X
with r # y, there exists a fuzzy semiopen semi-nbd U of z,, such that y & (sCI{L')),.

Theorem 2.10. If X is fuzzy semi-T,, then for any two distinct fuzzy points z, and yg
with ¢ # y or else r = y and % < a < 3, there exist fuzzy semiopen sets U and V such that
Toql, ygqV and U AV <L %

The couverse of above theorem is not true as following example shows.

Example 2.11. Let X consist of a single point ¢ and the fuzzy topology T on X consist

of all fuzzy sets such that A(a) < % together with 1xy. Consider the fuzzy points a 7 and
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ag . Then lx is the only fuzzy semiopen semi-nbd of @ 7 and thus there cannot exist a fuzzy
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semiopen semi-nbd U of a 7 and a fuzzy semiopen semi-q-nbd 1" of a 8 such that UqV. Hence
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by Theorem 2.3, (X, 7) is not fuzzy semi-T,. But for any two fuzzy points a, and ag with

;— < a < g, putting U/ = V = ay, then ' and V are fuzzy semiopen semi-q-nbd of a, and as

[EIeTE

respectively such that U AV <

In [4]. Ghosh showed that a fts X is fuzzy semi-T, if and only if every fuzzy point in X
is fuzzy semiclosed. Since every fuzzy semi-f-closed set is fuzzy semiclosed, it follows that a
fuzzy semi-T, space is fuzzy semi-T;. But the converse is not necessarily true is shown by the
following example.



Example 2.12. Let X be an infinite set. Suppose 7 consists of 0x and all those fuzzy sets
in X whose complements have finite supports. Then (X,7) is a fts. Clearly, (X, ) is fuzzy
semi-T;. But, for any fuzzy semiopen set '/ in X, I/(x) = 1 for all but finitely many points z
of X. Thus any two non-null fuzzy semiopen sets in X are q-coincident. Hence (X, 7) is not
senii-Ty.

Definition 2.13 [7]. A fts X is said to be fuzzy s-regular if for each fuzzy point z, in X
and each fuzzy semiopen semi-q-nbd V of z,, there exists a fuzzy semiopen semi-q-nbd U of
T, such that sCl{U) < V.

Theorem 2.14. For a fts X the following are equivalent:

(a) X is fuzzy s-regular.

(b) For each fuzzy point z, in X and each fuzzy semiclosed set F with z, € F, there exists
a fuzzy semiopen set U such that z, ¢ sCI(U) and F < U.

(c) For each fuzzy point z, in X and each fuzzy semiclosed set F with zo € F, there exist
fuzzy semiopen sets U and V such that z,qU, F <V and UgV.

{d) For each fuzzy set A and each fuzzy semiclosed set F with 4 £ F, there exist fuzzy
semiopen sets I/ and V such that AqU, FF <V and UqgV.

(e) For each fuzzy set A and each fuzzy semiopen set U with Aql/, there exists a fuzzy
semiopen set V such that AqV < sCI{V)} < U.

Theorem 2.15. A fts X is fuzzy s-regular if and only if sCI(A) = [A],.e for each fuzzy set
Aimn X.

Definition 2.16. A fts X is said to be fuzzy semi-Urysohn if for any two distinct fuzzy
points x, and yg in X:

(a) When z # y, there exist fuzzy semiopen sets Uy, Uz, V; and Vi such that z, € Uy, ygql7
and sCHU,)gsCl(V1), and z,qUa, ys € V3 and sCI{(U75)qsCl(Vy);

(b) When z = y and a < B (say). there exist two fuzzy semiopen sets [/ and V such that
Tq € U, ygqV and sCI(U)gsCHV ).

Every fuzzy semi-Urysohn space 1s fuzzy semi-To.

Theorem 2.17. A fts X is fuzzy semi-Urysohn if and only if for each fuzzy point z, in X,
o = (x4)"", where (z4)** = A{llUs.4]s.6 | o € U and Uis fuzzy semiopen}.

Theorem 2.18. Every fuzzy s-regular and fuzzy semi-T, space is fuzzy semi-Urysohn.
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