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I. Introduction

Kandil[5] introduced and studied the notion of fuzzy bitopological spaces as a natural
generalization of fuzzy topological spaces. In [10], Sampath Kumar introduced and studied the
concepts of (z;,r;)-fuzzy semiopen sets, fuzzy pairwise semicontinuous mappings in the

fuzzy bitopological spaces. Also, he defined the concepts of (r;,r;)-fuzzy a-open sets,
(z;,z;)-fuzzy preopen sets, fuzzy pairwise a@-continuous mappings and fuzzy pairwise

precontinuous mappings in the fuzzy bitopological spaces and studied some of their basic
properties.

In this paper, we generalize the concepts of fuzzy A-open sets, fuzzy A-continuous
mappings due to Mashhour, Ghanim and Fata Alla[6] into fuzzy bitopological spaces. We first
define the concepts of (r;,7;)-fuzzy B-open sets and then consider the generalizations of
fuzzy B-continuous mappings of [6] in the fuzzy bitopological spaces. Characterizations of
fuzzy pairwise fA-continuous mappings is obtained. Besides many basic results, results
related to products and graph of mapping are obtained in the fuzzy bitopological spaces.

II. Preliminaries

For definitions and results not explained in this paper, we refer to the papersll, 4, 7, 11]
assuming them to be well known.

A system (X, 1, 7y) consisting of a set X with two fuzzy topologies 7; and 7; on X

is called a fuzzy bitoplogical space (briefly, fbts)[5). Throughout this paper the indices ¢
take values in {1,2} and 7#j. f=j gives the known results in fuzzy topological spaces.
Let ¢ be a fuzzy set of a fbts (X, 1y, 15). ¢ is called a (r;, r;)-fuzzy semiopen (briefly,
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(z;,z)—fs0) set of X if there exists a v in 7; such that v<u<r;-Clv. The
complement of a (r;,z;)—fso set is called a (z;,r;))-fuzzy semiclosed (briefly, (z;, ;) —fsc)
set[10].

A mapping f: (X,r1, 1) — (Y,7,7,) from a fbts X to another fbts Y is called a
fuzzy pairwise semicontinuous (briefly, ffsc) mapping, if f '(v) is a (z;,7;)—/fs0 set of X
for each 7;—fo set v of Y. fis called a fuzzy pairwise continuous, briefly, fp¢ mapping,

if and only if the induced mappings f: (X,ry) — (Y,7) (k=1,2) are fuzzy continuous
mappings[10}.

let u# be a fuzzy set of a fbts (X, r,1). ¢ is called a (r;,7;)-fuzzy @-open
(respectively (z;, r;)-fuzzy a-closed), briefly, (z;,7;) —fao (respectively (r;,r;) —fac) set of
X, if u#<r-Int (r;~Cl (z;~Int )) (respectively 7;-Cl (r;-Int (z;~Cl p)) < g). And, p# is
called a (z;,r;)-fuzzy preopen (respectively (rz;,7;)-fuzzy preclosed), briefly, (z;,z;)— fpo
(respectively (r;, ;) —fpc) set of X, if p<r-Int (r;-Cly) (respectively ©;~Cl{z;~Int

) < p).

let f: (X.r,.0) — (Y,7,7) be a mapping from a fbts X to another fbts Y. fis
called a fuzzy pairwise a-continuous (respectively fuzzy pairwise precontinuous), briefly, fpac
(respectively fppc) mapping, if f (1) is a (r;,r;) —fao (respectively (z;,7;)—fpo) set in

X for each 7,—fo set vin Y.

1. Fuzzy pairwise A-continuous mappings

Definition 3.1 Let u a fuzzy set of a fbts (X, 7, 79). u is called
() a (z;,z;)-fuzzy PB-open (briefly, (z;,z;)—fBo) set of X if u< 7;~Cl (z;~Int (r;~Cl

),
(i) a (z;,7p)-fuzzy B-closed (briefly, (rz;, ;) —fBc) set of X if zy-Int (z;~Cl (z;-Int u))

< u.

From the above definitions it is clear that every (r;,r;)—Jfso (respectively (r;, r;)—fsc)
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set or every (r;,r;)—fpo (respectively (z;,z)—/fpc) set is a (r;, r;)—fBo (respectively
(z;,t;)—fBc) set. The converse of the implications are not true as the following examples

show.

Example 32 Let u# and v be fuzzy sets of X={a, b} defined as follows;
u(a)=0.5, u(b)=0.3,
Ua)=0.5, Lb)=0.6.

Consider fuzzy topologies 7;={0x,1x} and r;={0x,#,1x}. Then, each fuzzy set of X

is a (r;,r)—fBo (respectively (z;,z;)—fBc) set but not a (r;,r;)—fso (respectively

(z;, ) —fsc) set. =

Example 3.3 Let # and v be fuzzy sets of X as in Example 3.2. Consider fuzzy
topologies 7;={0x,v‘,1x} and 7,={0x,#,lx}. Then, vis a (z;,7)—fBo set but not

a (r;,r)—fpo set, and V°is a (r;,z;) —fBc set but not a (z;,7;)—fpc set. ®

Theorem 3.4 (i) Any union of (r;,7;)—fRo sets is a (r;, r;)—fBo set,

(ii) any intersection of (r;,z;)—f8c sets is a (z;, ;) —fBc set.

It is clear that the intersection (respectively union) of any two (z;, ;) —fBo (respectively
(r;,7;)—fBc) sets need not be a (z;,7;)—fBo (respectively (z;,7;))—fBc) set. Even the
intersection (respectively union) of a (r;,7;)—fBo (respectively (r;,r;)—fBc) set with a

r;—fo (respectively z;—fc) set may fail to be (z;, ;) ~fBo (respectively (r;, ;) —fB8c) set.

Example 35 Let g and v be fuzzy sets of X={a, b} defined as follows;
wa)=0.4, u(b)=0.7,
Aa)=0.7, Lb)=0.3.
Let r;=1{0x,#,1x} and = {0x,v",1x} be fuzzy topologies on X. Then x and v are
(r;,7)—fBo sets but A v is not a (z;,7;)—fBo set, and £V v is not a (z;,7;)—fBc
set in fits (X, 1, 7). =

Theorem 36 If uxis a (r;,r;)—fB0 and (r;,r)—fsc set of a fbts X, then u is a
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(r;, 1) —fs0 set.

Corollary 3.7 If uis a (r;,z;) —fBc and (z;,z)—fs0 set of a fbts X, then p is a

(z;, ) —fsc set.

Theorem 38 If pis a (z;,r)—f80 and (r;,r;)—fac set of a fbts X, then p is a

r;—f¢ set.

Corollary 39 If uis a (r;,r;)—fBc and (z;,r;)—fao set of a fbts X, then p is a

r;—Jo set.

Theorem 3.10 Let (X, r,zy) and (Y, 1, 75) be fbfs’s such that X is product related
to Y[1]. Then the product gXxv of a (z;,r)—fBo set p in X and a (7;,7;)—fBo set v
in Y, is a (o0;,0;)—fBo set in the fuzzy product space (X xY,qy,0,), where o, (k=1,2)

is the fuzzy product topology[11] generated by 7, and 7%,

Definition 3.11 Let f: (X,7, 1) — (Y,7,7) be a mapping from a fbts X to
another fbts Y. Then f is called a fuzzy pairwise S-continuous (briefly, fpSc) mapping if
F N v is a (z;,r;)—fBo set of a X for each 7;—fo set of Y.

From the above definition it is clear that every ffs¢ mapping or every fPpc mapping is a
fpBc mapping. The converse of these implications are not true as the following examples
tllustrate.

Example 3.12 Let ¢ and v be fuzzy sets of X as in Example 3.2. Consider fuzzy
topologies 7, ={0x,1x}, 7={0x,z.1x)}, m={0x,z,v, e, v, 1x} and 7,={0x,v,
1x } and the identity mapping ix: (X,r,13) — (X,7,7). Then iy is a fpSc mapping

but not a fpsc mapping. ®

Example 3.13 Let u# and v be fuzzy sets of X={a, b} defined as follows;
w(a)=0.7, u(6)=0.3,
Ua)=0.7, £b)=0.7.



Consider fuzzy topologies ;= {0x,v",1x}, ro={0x,2£,1x}, 721={0x.,pe.1x}, 7={0x
4, V,,1x} and the identity mapping ix: (X,7;, 1) — (X, 7,,%,). Then ix is a fp8c

mapping but not a fppc mapping. ®
The following theorem provides several characterization of fpfc mappings.

Theorem 3.14 Let f: (X,7,, 35 — (Y,7,7;) be a mapping. The following statements
are equivalent:
(i) fis a fpBc mapping.

(ii) The inverse image of each 7;,—fc set of Y is a (z;,z;)—fBc set in X.
(i) z-Int (7;~Cl (z;~Int (f “2(V)))) < F U(9,~Cl V) for each fuzzy set v of X.
(iv) f(r;i-Int (z;-Cl (z;~Int p))) < 9,~Cl (f(w)) for each fuzzy set ¢ of X.

Theorem 3.15 Let (X,,7,0), (X;, @, @), (Y,,7.7) and (Y,,0,0,) be fbis's
such that X is product related to X3[l1l. Then the product f1xf; : (X)x Xy, 6,6y —
(Y; x Y, p1,04), where 8, (respectively p,) is the fuzzy product topology generated by r,
and @, (respectively 7, and p,) (k=1,2), of fpBc mappings f;: (X, 1, 19) —

(Y,,m,m) and £, : (X,, @y, w3) = (Y,,0,0,) is a fpBc mapping.

Theorem 3.16 Let (X,r, 1), (X;,7,%) and (X,, @, @;) be fbts's and m,:
(X;xX,,6,,8) = X, (k=1,2) be the projection mappings. If f: X = X;xX, is a

fpBc mapping, then so is m,° f.

Theorem 3.17 lLet f: (X, 0,15 — (X3, 7,7,) be a mapping from a fbts X; to
another fbts X,. Then, if the graph g: (X, 7,155 — (X, xX},, 6,,8;) of f defined by

g(x)=(x,f(x)) is a fpBc mapping then fis a fpSc mapping.
That converse of above theorem is false, is established by following exampie.

Example 3.18 Let u# and v be fuzzy sets of X={a, b} defined as in Example 3.5.
Consider fuzzy topologies z;={0x,z.,1x}, ={0x,v",1x}, 7 ={0x.,v,1x} and
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73=={0x ,u,1x } and the identity mapping 7x: (X,7r;,1) = (X,7,7). Then f is a
fpBc mapping, uxvis a (8;,68,)—fo set of the fuzzy product space (X xX,8,,8,), where
8, (k=1,2) is the fuzzy product topology generated by 7, and 7, But its graph g is not

fpBe, since g pex)=pAf ' (W=puAvisnota (r;,r;)—fB0 set of X. m
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