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1. Introduction.

We shall define the usual fuzzy distance between two fuzzy points in R, the
set of all real numbers, using the usual distance between two points in R.

Applying the notion of this usual fuzzy distance, we construct the usual fuzzy
topology for R, introduce the notions of lower, stationary and upper cover and
obtain the fuzzy Heine-Borel theorem.

2. Preliminaries.

Throughout this paper, we always denote the closed unit interval [0, 1] by I,
while Iy = ]0,1] and R* = [0, oo].

As is well known, a fuzzy set A in a universe X is characterized by a
membership function yu, from X to I. The set P(X), called the fuzzy
power set of X, is the set of all fuzzy sets in X. The symbol # will be used to

denote the empty (fuzzy) set.
Two fuzzy sets A and B are said to be equal (denoted A = B) if and only if

p(z)=py(z) forall zeX.
The support of A € IS(X ), denoted by S(A), is the ordinary subset of X:
S(4) = {z € X[, (2) > 0}.

The union and intersection of {A4; € P(X)|; € J}, denoted by U,c 7(4;) and
Njes(Aj) respectively, are defined by the membership functions
HujesA; (.’L‘) = V Ha; (:L‘),
JEJ

BnjesA;(Z) = /\,uAj(x) forall ze X.
jeJ

The complement of A, denoted by A€, is defined by
po(z)=1—p,(z) foral =ze€X.
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A is said to be included in B, denoted by A C B, if and only if
p () <pg(z) forall zeX.

When at least one inequality is strict, the inclusion is said to be strict and is
denoted A C B. Obviously, A = B ifand only if A C B and B C A.

A fuzzy point or a fuzzy singleton in a set X is a fuzzy set in X which
is zero everywhere except at one point, say z, where it takes a value, say «, in
Ip. This fuzzy point is denoted by z,, and a and z are called its value and
support respectively, that is, z, is called a fuzzy point with support z and
the value a. The collection of all fuzzy points in X will be denoted by F,(X).

A fuzzy point z, is said to belong to a fuzzy set A or z, is an element
of A, denoted by z, € A if and only if @ < u,(z). Thus, we obtain easily the

following.
Proposition 2.1. For A € P(X) the followings hold.
(1) A =Uzes(a)Tua(s)-
(u) Tua(z) = Vocagpa(2)®s
(’,") Uocagma(@)®r = Yo<acpa(z)®s-
(w) A =Uzes(a)(Vocacua()®:) = Uzesa)(Uocacua(z) Ty )-

3. Usual Fuzzy Metric Space.

For a metric space (X, D), a fuzzy distance D between fuzzy sets A and
B in X is defined using D as

“l”(A,B)(b‘) = v (pa(u)Apg(v)) forall 6€ Rt
6=D(u,v)

([4]). D is a mapping from [P(X))? to P(R™). )
We define a distance function d : F,(X) x F,(X) — P(R") by the restric-

tion of D to [Fp(X)]*. Since each pair (za,yp) in [Fp(X)]? corresponds to the
fuzzy point D(z,y)anrpg with support D(z,y) and the value a A 3, we can define
the usual fuzzy metric as following:

Definition 3.1. The usual fuzzy metric d : F(R) x Fp(R) — P(RY) is
defined by

(I(-’Ba, yﬂ) = II - ylaAﬂ for every (zm yﬂ) € FP(R) X FP(R)'

We call the pair (R, J) the usual fuzzy metric space, or usual fms for short.
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Definition 3.2. For the usual fms (R, d) the open fuzzy ball B(zq4;rs) with
center z, and radius r, is the fuzzy set

B(za;Ta) = U{ys € Fp(R): d(za,yp) << Ta},

where |t — ylanp << ro means that |z —y| < r and a A B < a. By 2.1 we see
that S[B(za;ra)] = Je —r,z 4+ 7] and py(rnir)(y) = @ forally € lz —r,z +1[.
As in the notation of a fuzzy point we denote B(zo;ra) by Jz—r,2+7[s and call
it the open fuzzy interval with the value a. In the followings, we define
the general cases.

Definition 3.3. A fuzzy set A in R is called an open fuzzy interval with
the value o for a € Iy or simply open fuzzy interval if and only if S(A) is
an open interval ]a, b and

a ifze S(A4),
0 otherwise.

uate) = {

In this case, we shall denote it by ]a, b,-
Similarly, we can define the other fuzzy intervals with the value a,

[aa b]m [aa b[m ]a, b]a

where a = —oco and b = oo are admissible. If a = —oo, for instance ,then
[a,b]a means | — oo, blo. Precisely, we call [a,b]a, [a,b]s, and |a,b]q, the closed
fuzzy interval, closed-open fuzzy interval and open-closed fuzzy inter-
val with the value a, respectively.

Definition 3.4. A fuzzy set A in R is called an open fuzzy set or simply
open if and only if for every z € S(A) and for every 0 < XA < p,(z) there
ezists an € > 0 such that

le — e,z + €[nC A.

Proposition 3.5. A fuzzy set A in R is open if and only if it is the union of
open fuzzy intervals.

By 3.5, we have alternative definition of 3.4.

Definition3.4'. The union of an arbitrary family of open fuzzy intervals is
called an open fuzzy set or simply open.
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Definition 3.6. A fuzzy set is called a closed fuzzy set or simply closed if
its complement is open.

By definition, each open fuzzy interval is open. The empty (fuzzy) set @ is
open since it is the empty union of open fuzzy intervals.

It is straightforward to show that the union of an arbitrary family of open
fuzzy sets is open. In order to prove that the intersection of two open fuzzy sets
A, B is open, we divide our proof into three steps.

1st Step. Let A and B be open fuzzy intervals ]a, b[a, ]c, d[g, respectively.
Then, AN B is either § or AN B =|e, flang, where Je, f[ = ]a, b[ N ]c, d[. Thus,
in this case, AN B is open.

2nd Step. Let A be an open fuzzy interval ]a,b[o and let B be a general
open fuzzy set. Then there exists the index set J such that B = U;jc;Bj, where
B; = ]cj, d;jla; . Thus, we obtain that

ANB = An(UjesB;j)
= Ujes(AN By)
= Ujes( la,bla N ]cj, djla;)-

From 1st step, A N B is the union of open fuzzy intervals, so that AN B is

open.
3rd Step. Let A and B be general open fuzzy sets. Then, we obtain that

ANB = Ujes(AN Iy dilay).
From 2nd step, we see that for each j € J AN Jc;,d;l; is open. Thus AN B

is the union of open fuzzy sets, so that it is open.

Therefore, we have proved the following theorem.

Theorem 3.7. Let 7 be the family of all open fuzzy sets in R. Then 7 satisfies
the followings:
(i) For each a € I, ]oo,00(o€ T, where | — 00, 0[p means the empty set §.
(i5) If {Ajlj € J} C 7, then UjesAj € T.
(ss) If AABe€r, then ANB €.
Definition 3.8. The family 7 in the Theorem 3.7 is called the usual fuzzy
topology for R and the pair (R, 7) the usual fuzzy topological space, or
usual fts for short.

4. Heine-Borel Theorem.
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Definition 4.1. A fuzzy set A in a linearly ordered set X is said to be bounded
above,bounded below, and bounded if and only if S(A) is bounded above,
bounded below, and bounded, respectively.

Definition 4.2. Let (X,7) be a fts. A family G of fuzzy sets in X is a cover
of & fuzzy set B in X if and only if

B CU{A|A € g}).

It 13 an open cover if and only if each member of G is an open fuzzy set. A
subcover of G 13 ¢ subfamily which is also a cover.

Definition 4.3. Let G be a cover of B € P(R) in a usual fts (R,7). An
z € S(B) is called o lower covered point for G if it satisfies one of the
followings:

(3) 1o(z) < pg(z) for allG € G,
(i) if pe < py(z) for allG € G and
if there ezists G € G such that py(x) = pg(z), then there exists an € > 0 such
that
be(y) < po(z) for ally € |z — €,z + ¢[—{z}.

G i3 a lower cover if and only if each member of S(B) is a lower covered point

for G. G i3 called a lower open cover if G is an open cover.
An z € S(B) 1s called a stationary covered point for G if and only if

pe(z) S pg(z) foralGeg

and
po(z) = py(z) for some GE€G

which is not the type of (1i). G is a stationary cover of B if and only if each
member of S(B) ts a stationary covered point for G. G is called a stationary
open cover of B if G i3 an open cover.

An z € S(B) is called an upper covered point for G if and only if there
exists G € G such that py(z) < pe(z) if py(z) < 1. In case ugy(z) = 1, of
cause, py(z) = pg(x) for some G € G which is not the type of (ii). G is an
upper cover of B if and only if each member of S(B) is an upper covered
point for G. G 18 called an upper open cover of B if G i3 an open cover.

Definition 4.4. The fuzzy set K in a fts (X, ) is called a fuzzy compact if
and only if each upper open cover of K has a finite subcover.

Lemma 4.5. In a usual fts (R, 1), the followings hold.
(i) If U is open, then S(U) is open.
(3) If F 1s closed, then S(F') is closed.
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Lemma 4.6. Let G be an upper open cover of K € P(R) in the usual fis (R, 7)
and let z € S(K). Then there ezist an € > 0 and G € G such that

].’E —6T+ E[uK(:r:)C G ‘f I‘lk(x) <1
]I -6+ e[ux(z)g G if ﬂk(x) =L

Heine-Borel Theorem. If a fuzzy set K in R is bounded and colsed in the
usual fts (R, 1), then it is fuzzy compact.
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