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1. Introduction

In 1978, T.E. Gantner, R.C. Steinlage and R.H. Warren[2] construct one-point a-
compactification of an L-fuzzy topological space, and in 1980, H.W. Martin[5] con-

structed a Stone-Cech ultra-fuzzy compactification for any fuzzy topological space whose
induced topology is completely regular and he obtained some interesting properties of
his compactification in a weakly induced fuzzy topological space. In this talk, we in-
troduce a notion of an ultra-extension of a fuzzy topological space and construct such
an ultra-extension via the existence of extension of a toplogical space. Moreover we
show that the ultra-extension of a fuzzy topological space inherits some interesting
properties of the given space. As examples, we obtain an ultra H-closed extension, an
one-point H-closed extension and an ultra compactification. We note that these results

are generalizations of those obtained by H.-W. Martin[5,6,7]

2. Basic notions

For a topological space (X,T), we have a fuzzy topological space (X,w(T)), where
w(7) is the set of all lower semi-continuous maps from X into I. Let I, be the unit
interval I with the right open topology. For a fuzzy topological space (X, ), we have
a topological space (X, ¢(d)), where ¢(8) is the initial topology on X with repect to the
family {A: X — I} aes.

Let Top denote the category of topological spaces and continuous maps and FTop
the category of fuzzy topological spaces and fuzzy continuous maps. Then we have the

following two functors



w: Top — FTop

where w(X,T) = (X,w(T)) and w(f) = f, and

¢: FTop — Top
where ¢(X,8) = (X,¢(6)) and ¢(f) = f. We note that : o w = id and Top is a

bi{co)reflective subcategory of FTop via w.

Definition 2.1. Let (X, §) be a fuzzy topological space. Then

(1) For A€ I, Ais dense in (X,68) if A = X.
(2) Aisan ultra-densein (X, 8) if A~!((a, 1]) is dense in (X, ¢(4)) for every a € [0, 1).

Proposition 2.2. A fuzzy set A in X 1s ultra-dense in (X, 8) if and only if A is dense
in the induced space (X,w(c(4))).

Corollary 2.3. If A is ultra-dense in (X, 4), then A 15 dense in (X, 4).

Definition 2.4. A fuzzy topological space (X, 8} is fuzzy ultra-Hausdorff if (X, :(6)) is

Hausdorff space.

Proposition 2.5. If(X,4) i3 a fuzzy topological Tz -space, then (X, 6) is ultra- Hausdorff.

3. An ultra extension

Definition 3.1. Let (X,4) and (X*,4*) be fuzzy topological spaces and e : X — X*
a map. Then the pair (X*,e) is called an eztension of (X, é) if e is a dense embedding.
In the following by an extension of (X, ) we mean a fuzzy topological space (X*,d*)

of which (X, ) is a dense subspace.

Theorem 3.2. Let (X,8) be a fuzzy topologscal space and (X*,T*) be a topological

space which contains (X,:(8)) as a dense subspace. Let §y- = {G|G : (X*,T*) —



I Ls.c. map 3.t.G|X € §}. Then (X*,b7+) is a fuzzy topological space and (X,4) is an
ultra-dense fuzzy topological subspace of (X*,87+).

Definition 3.3. Let (X,4) and (X*,46*) be fuzzy topological spaces. Then (X*,8*) is
called an ultra-eztension of (X, §) if there exists an extension (X*,7™*) of (X, ¢(§)) such
that d7+ = 6*.

Remark. Let (X, §) be a fuzzy topological space and let §. be the set of all characteristic
maps in §. Then §, is a fuzzy topology on X. Define 6> = {4 C X|14 € §.}. Then

(X,48%) is a topological space.

1

Definition 3.4. A fuzzy topological space (X, d) is said to be an induced fuzzy topolog-
1cal space ( or an induced space) if § is the collection of all lower semi-continuous maps

from (X,6}) into I. i.e. & = w(é2).

Definition 3.5. A fuzzy topological space (X,48) is said to be a weakly induced space
if, whenever G € 4§, then G : (X,4}) — I is a l.s.c. map. i.e. § C w(d}).

Theorem 3.6. Every fuzzy compact Hausdor[f space is a weakly induced space.

Theorem 3.7. A fuzzy topological space (X, 6) i3 an induced space iff (X, 8) is a weakly
induced space in which every constant maps from X into I belongs to §.

Theorem 3.8. Let (X,4) be a fuzzy topological space and (X*,87+) an ultra fuzy ez-
tension of (X,8). Then the following holds.

(1) The constant maps from X into I belong to § iff the constant maps from X*
into I belong to §r1+.

(2) The members of & are characteristic maps iff the members of é1+ are character-
istic maps.

(3) The space (X,4) is weakly induced iff (X*,87+) ts weakly induced.

(4) The space (X,6) is induced iff (X*,87+) is an induced space.
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