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A PATH-SWITCHING STRATEGY BY COMBINING THE USE OF GENERALIZED
INVERSE AND LINE SEARCH

K.K.CHOONG', Y.HANGAI" and TJKWUN"™"

ABSTRACT
A path-~switching strategy by combining the use of generalized inverse and line search is, proposed.
A reliable predictor for the tangent vector to bifurcation path is first computed by .using the
generalized inverse approach. A line search in the direction of maximum gradient ofitotal potential
at the point of intersection between the above predictor and a constant loading plane introduced
in the vicinity of the detected bifurcation point is then carried out for the purpose of obtaining an
improved approximation for a point on bifurcation path. With this approximation obtained, an
actual point on bifurcation path is then computed through iteration on the constant’ loading plane.

1 INTRODUCTION

In order to check whether an engineering structure is prone to bifurcation buckling or not,
we have to i) first determine the location of bifurcation point with respect to limit point on the
equilibrium path and ii) next determine the shape of bifurcation path with respect to the primary
path. The above two steps constitute what is commonly termed as bifurcation - analysis.
Bifurcation analysis is necessary when one wishes to .investigate the imperfection sensitivity of the
load carrying capacity of a given structure. The second step in bifurcation analysis is:commonly
called path-switching or branch-switching which is a computational process of obtaining a point
lying on the bifurcation path. Assuming that the location of bifurcation point has been' detected,
then the associated bifurcation path could be traced as long as a vector representing.the direction
where the path is extending is known. The evaluation of this so-called switching—direction
predictor is one of the core issues in any attempt for path—switching. Another major difficulty is
encountered in the task of deciding the magnitude of this switching~direction predictor in such a
way that a reasonably good approximation for an actual point lying on the bifurcation path could
be obtained(Fig.1).

Fujii and Choongfrefs 1,2] have proposed a line search process for locating an initial
approximation for a point on bifurcation path. Provided that the search direction is appropriately
chosen, this line search approach will yield a good approximation for a point lying on the
bifurcation path. On the other hand, by using generalized inverse, Hangai et al[refs 3-5] have
shown that a reliable switching—direction predictor -could be obtained in a computationally neat
way.

In this paper, the possibility of combining both the generalized inverse and line search
approach to form an alternative path-switching strategy has been studied. After a brief review of
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the available path—switching methods, the proposed strategy will then be described. Results of
path-switching carried out on a numerical example is next presented. Further areas to be improved
will also be pointed out. In this study, only distinct bifurcation problem of geometrically nonlinear
elastic structures subjected to single parameter conservative proportional loading will be treated.

2 PATH-SWITCHING IN BIFURCATION ANALYSIS

Bifurcation path could be obtained by path-tracing once a point lying on it is obtained. An
initial approximation for a point lying on the bifurcation path Xy(={vy, A}7) could be obtained
by adding a suitably chosen vector representing the switching—direction predictor to the detected
bifurcation point Xg(={vp, A5}") as follows

Xp=Xg+Anxy
_aXprab
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where % : linear approximation for switching—direction predictor, %; : tangent vector to the primary
path, b : vector representing the bifurcation mode, @, @, : magnitude of %, and b respectively,
A1 : magnitude of %;, v,A : generalized displacement vector and loading parameter respectively,
(') :d( )dn, n : path parameter and superscript T : notation for transpose of vector or matrix.
Eigenvector corresponding to the smallest eigenvalue for tangent stiffness matrix at bifurcation
point is used in most of the methods proposed in order to compute Xj[refs 6-9]. In [refs 1,2],
alternative strategies whereby no eigenproblem is involved have been proposed. Methods where
second order. perturbation equations for equilibrium equations are used in the determination of
xg[refs 3-5,12,13] are comparatively fewer than those that make use of only linear incremental
stiffness equations together with additional constraints[refs 1,2,10,14). As for the determination of
A 7, trial-and-error approach is the most commonly used method. Methods whereby the A7
could be computed directly have also been proposed[refs 1,2,10]. For attaining a point on the
bifurcation path from the initial approximation, iteration with various special constraints introduced
for the purpose of ensuring convergence onto path other than the already known primary path is
often used[refs 6,8,10,14,17]. A review on various methods for path-switching could be found in
[ref.19].

2.1 Path-switching strategy by using generalized inverse[refs 3-5]
The set of equilibrium equations, first and second perturbation of equilibrium equations could
be expressed respectively as follows

r(v ,A)=f(v ,A)-4p,=0 2
ryrh 5
ry, 1AV 2r, VA1, ,44=0 @

where f : internal force vector, p, : generalized loading pattern, ();=0()/0v;, ()g=0%()/8v;0v,,
()2=06( Y02, ();=6%)6v,0 A. Summation convention will be used throughout this paper
and they will run from 1 to N, where N : total number of degrees of freedom, unless otherwise
specified. Making use of matrix notation, eq.(3) could be rewritten as
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Kv-ip,=0 ©)

where K = N x N tangent stiffness matrix(Ky=r;;}) and p,=-r;,. In order that eq.(5) has at least
one solution, the following

[I-KK]ip,=0 or [I-KK ]Tip,=0 (6)

must be satisfied[see Chapter 8 of ref.20], where I : identity matrix and K™ : Moore-Penrose
generalized inverse matrix for K. From eq.(6), it could be seen that the following two conditions

are possible
i=0
[I-KK]'p,=0 @

which correspond to the condition for the occurence of limit point and bifurcation point
respectively. When eq.(6) is satisfied, the solution for eq.(5) will be given as follow

v=iKp,+[I-K K]é 8

where @ : arbitrary vector representing the scaling factors for the linearly independent column
vectors of matrix [I-KK]. At distinct bifurcation point, rank K = N-1 and rank [I-K'K]=1.
This means that there is only one linearly independent column vector in matrix [I-KK].
Therefore, eq.(8) will become

v=1K'p,+da ©)

where a : linearly independent vector of [I-K'K]. Next eq.(4) will be used in order to determine
the ratio between the two scaling factors d and A in eq.(9). Subsitution of eq.(9) and eq.(7)
into the condition for the existence of solution of eq.(4) will yield

[I-EK JTh=0 (10)

where h={h;}" and h=r,,%%,. For the case of distinct bifurcation point, eq.10 will be reduced to
a quadratic equation as follow

A2 +2Bx+C =0 (11)

where £=A/d and A,B and C : computed constants. Using the suitable value of & (i=1,2)
determined from eq.(11), A n%; in eq.(1) will take the following form

Anx,=(d Kp,,1 ¥ a,0)a (12)

By assigning appropriate value to ¢ in eq.(12), initial approximation for a point on bifurcation
path could then be obtained.
2.2 Path-switching strategy by using line search[refs 1,2]

In this strategy, a line search is carried out on a constant loading plane introduced in the



vicinity of bifurcation point along the direction of a tangent vector t, of curve Q(Fig.2). Curve
Q is defined by replacing equation r;=0(d=1 to N) with ry,,(=A-4,)=0. The purpose of line
search is to locate the point D' which lies sufficiently close to point D(Fig.2). Position of point
D' given as follow

XX, (o b (13)

where Xp,X, : position vector of point D' and A respectively and (', : distance of point D'
measuring from point A, corresponds to the stationary point of total potential Il along search
direction vector t,. Iteration is then carried out on the constant loading plane in order to obtain
point D by using eq.(13) as the initial approximation.

3 PATH-SWITCHING STRATEGY BY COMBINING THE USE OF GENERALIZED
INVERSE AND LINE SEARCH

By using generalized inverse, one obvious advantage is that numerical trouble associated with
the near-critical condition of K when calculating near bifurcation point could be avoided.
Consequently a very reliable switching-direction predictor established in the very vicinity of
bifurcation point could be obtained. By assigning suitable magnitude to this predictor, a point on
the bifurcation path could then be determined. Here lies the possible source of numerical trouble
as there exists no criteria with which selection of & in eq.12) could be based. The choice of
& has to be made on a trial-and-error basis. On the other hand, although the magnitude (. of
switching—direction predictor t, could be obtained through computation when line search approach
is used, there exists an uncertainty in the selection of search direction vector t,.

In this paper, the simplicity of the former approach in calculating a reliable switching—direction
predictor and the characteristic of the latter approach in obtaining an initial approximation for a
point on bifurcation path by searching for a stationary point of II are combined to form an
alternative path-switching strategy as described in the following paragraph.

The switching-direction predictor Ax(Fig.3) extending from bifurcation point B is first
computed through the use of generalized inverse approach, i.e

Ax,=(x {Kp, IV Ha,0) )& (14)

£ in eq.(14) will be computed by using eq.(11). The still undetermined d is then computed by
first extending Ax, until it intersects with point D' which is located on a constant loading plane
introduced in the vicinity of point B(Fig.3). Since £=2/d and by approximating A=2,-1p, d
could be computed as

&=Ag, /x , k#0, Adg,=A,-2, (15)

In cases where % =0 which corresponds to symmetric bifurcation point, & could be specified to
be the same as the size of path parameter used just prior to reaching bifurcation point during the
path tracing process. Using point D' as the first approximation for a point lying on the bifurcation
path, a search for a better approximation D" is then initiated by carrying out line search on the
constant loading plane. In this paper, instead of t,(Fig.2), direction corresponding to the maximum
gradient of total potential at point D'(i.e. t, in Fig.3) is used as search direction. The maximum
gradient of total potential at point D' will be given by the residual vector ry, of eq.(2). Hence
search direction vector t; could be evaluated as follow



Ty’

ty/~——
D Iyl (16)

During line search, a series of points Q lying along the direction of t; computed.as follow
XXy ly by 7

where { : distance of point Q measuring from point D' along the direction t,, will be examined
in turn in order to obtain point D". As a criteria for judging the encounter of point D"(Fig.3),
the stationary condition of II along t;, is used. The derivatives of Il along t at.point Q could
be written as follow[see ref.1]

%H‘; )T, (18)

During line search, the vanishing of t,r, is used as the criteria for terminating the search. The
detected point D" could then be used as the approximation for a point on bifurcation path.

4 NUMERICAL EXAMPLE

A 3D reticulated truss dome(Fig.4) has been analysed using the proposed strategy. The
occurence of bifurcation point is judged by monitoring the change in the number of negative
diagonal elements of diagonal matrix D which is obtained during the triangulation of K, i.e.
K=LDL', where L : a lower triangular matrix. The equilibrium path is traced using the modified
Riks' normal plane-constraint arc-length method[ref.21].

Three bifurcation points B,, B, and B, are detected before the encounter of the first limit point
L,(Fig.5). Since the number of negative diagonal elements changes in the sequence of 0-1-2-3
when traversing the three bifurcation points, all three of them are distinct bifurcation points. By
checking the computed values of 4, and & ,(Table 1), it can be concluded that both B, and B,
are symmetric bifurcation points whilst B, is an asymmetric one. Table 1 lists the values of {
where stationary point of II are encountered in all three attempts of line search. Using the
detected point D" as first approximation, bifurcation path associated with B, and ‘B, could be
obtained successfully. Tracing by using point D" detected for the case of B, is however not
successful and the path obtained is the same as the bifurcation path associated with B,. This
failure is possibly due to reason that both B, and B, are very closely spaced as can be judged
from their respective loading parameter(Table 1). Path-switching in the case of such type of
bifurcation point requires further research. Fig.6 shows an example of the variation of dII/d{
along search direction ¢, for line search carried out in the vicinity of B,.

5 CONCLUSIONS

A path-switching strategy by combining the use of generalized inverse and line search has
been proposed and tested on a 3D reticulated truss dome where three bifurcation points have been
detected. The obtained numerical results show that the strategy works well in the case where the
bifurcation point is distinct and isolated. Both symmetric and asymmetric bifurcation point could
be dealt with successfully. Cases where bifurcation points are closely spaced together will need
further research. Applicability of the strategy to other types of structures such as rigid frame,
plate, shell etc. will also need further investigation.
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Table 1 Result of path-swiching

B.P. i K2 Aa As o a
B, |402519) 0.000| 25.937| 25.957| -0.658 | 0.050
B, |-82354( 0928 28.695{ 28.718] -0.908 | -0.025
B, | co | 0.000| 28745| 28.770| -0.129 | 0.050

Note: 1.B.P.=Bifurcation point

2.00=very big value

-100-




7 Which dircction

bifurcation point
and how far to proceed

detected

Bifurcation path

Fig.1 Swiching from
ASSUMED

primary to bifucation & CONSTANT-LOADING g
path PLANE 1, (= A-A)=0

Fig.2 Concept line search

Bifurcation path

Constant loading plane ( A=1, )

Fig.3(a) The concept of the proposed path-swiching strategy

Fig. 3(b) The search for stationary point of total potential

D” in the direction of ty
— 101~



6 REFERENCES

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Fujii F. and Choong K.K. Branch-switching in Bifurcation Problem of Structures. EM, ACSE,
Vol.118, No.8, 1578-1596, Aug., 1992

Fujii F. and Choong K.K. Branch-switching in Symmetric/Asymmetric Bifurcation Problems of
Elastic Structures. Journal of Structural Engineering, Japanese Society of Civil Engineering,
Vol.37A, 343-352, March 1991

. Hangai Y. Application of the Generalized Inverse to the Geometrically Nonlinear Problem. SM

Archives, Vol.6, Issue 1, 129-165, Jan., 1981

. Hangai Y. and Lin X.G. Geometrically Nonlinear Analysis in the Vicinity of Critical Points by

the Generalized Inverse. Int.J.of Space Structures, Vol.4, No.4, 181-191, 1989

. Hangai Y. Numerical Analysis in the Vicinity of Critical Points by the Generalized Inverse.

Bulletin of the IASS, Vol.XXVIII-3, No.95, 23-26, 1987

. Skeie G. and Felippa C.A. Detecting and Traversing Bifurcation Points in Nonlinear Structural

Analysis. IntJ.of Space Structures, Vol.6, No.2, 77-98, 1991

. Wagner W. and Wriggers P. A Simple Method for the Calculation of Postcritical Branches.

Engrg.Comput.,, Vol.5, 103-109, June 1988

. Kouhia R. and Mikkola M. Tracing the Equilibrium Path Beyond Simple Critical Points. Int.J.for

Numer. Methods in Engrg., Vol.28, 2923-2941, 1989

. Stein E., Wagner W. and Wriggers P. Nonlinear Stability~Analysis of Shell and Contact

-Problems including Branch-switching. Computational Mechanics, 5, 428-446, 1990

Kroplin B, Dinkler D. and Hillman J. An Energy Perturbation Applied to Nonlinear Structural
Analysis. Computer Methods in Applied Mechanics and Engineering, 52, 885-897, 1985
Nishino F., Ikeda K., Sakurai T. and Hasegawa A. A Total Lagrangian Nonlinear Analysis of
Elastic Trusses. Proc.of JSCE, No.344/I-1(Structural Engrg./Earthquake Engrg.), 39-53, April
1984

Nishino F., Hartono W., Fujiwara O. and Karasudhi P. A Study of the Stability and Behaviour
at the Critical Point by the Taylor Expansion. Proc.of JSCE No.380/17(Structural
Engrg./Earthquake Engrg.), Vol4, No.1, 27-35, April 1987

Hartono W., Nishino F. Fujiwara O. and Karasudhi P. On Tracing Bifurcation Equilibrium
Paths of Geometrically Nonlinear Structures, Proc.of JSCE(Structural Engrg./Earthquake Engrg.),
Vol.4, No.1, 37-43, April 1987

Riks E. An Incremental Approach to the Solution of Snapping and Buckling Problems.
Int.J.Solids Structures, Vol.15, 529-551, 1979

Riks E. Bifurcation and Stability, a Numerical Approach. Proc. of WAM Symp. on Innovative
Methods for Nonlinear Problems, New Orleans, Nov.1984

Riks E. Some Computational Aspects of the Stability Analysis of Nonlinear Structures.
Computer Methods in Applied Mechanics and Engineering, 47, 219-259, 1984

Rbeinboldt W.C. Numerical Methods for a Class of Finite Dimensional Bifurcation Problems.
SIAM J.Numer.Anal., 15, 1-11, 1978

Choong K.K., Fujii F. and Kitagawa T. Access to Bifurcated and Isolated Equilibrium Branches
of Structures. Proc. of Pacific Conference on Computational Mechanics, Vol.1, 463-468
Choong K.K. and Hangai Y. Review on Methods of Bifurcation Analysis for Geometrically
Nonlinear Structures, Bulletin of the IASS, Vol.34, n.2, n.112, 133-149, August 1993(Issue
dedicated to Seiken Symposium)

Hangai Y. and Kawaguchi K. Keitai Kaiseki : Ippan Gyaku Gyouretsu to Sono Ou You.
Baifukan, 1991

Ramm E. Strategies for Tracing the Nonlinear Response Near Limit Points. Nonlinear Finite
Element Analysis in Structural Mechanics, Proc. of the Europe-Us Workshop, Ruhr-Universitat
Bochum, Germany, eds. W.Wunderlich, E.Stein and K.J.Bathe, 63-89, July 1980

-102 -



