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Vibration Analysis of Arbitrarily-Shaped Beams
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ABSTRACT

A new method for the vibration analysis of arbitrarily-shaped beams is proposed on the
assumption of imaginary seperation of the beams into prismatic beams and the remaining
portions. The stiffness and mass of the beams are devided into two portions, according to
the seperation. Applying the mode shapes of prismatic beams and Lagrange’'s equations give
new characteristics equation. This equation has a low dimension of matrix with the coupling
terms showing the effect of remaining portions on the vibration of arbitrarily-shaped beams.

1L M2

Qo] Fele] wRg 7ixlE B(olst Yo TR W Ao AN dHg Ad B
(o5t YA wural e} o7 zoiyt FE (o3t Unix Ret o2 FEE ¥ 47 AUtk
olg{gt FES gogH oo Thue] NFFHE ARRNE o oM UY WAL UnA] B
o) NB LY oY 47} Qlom AIAHOR o] TR AFEHYE Wiy £7} gk

sidel A AR Qo wEne] Ykl A4S 93 TRt uA Bel yse A
3 ZHes BEE stz ¢ vdne Royygs 9F duRe REIYLR AAFE Uch
aez 2o EaA oyt Floluy UAE FEE St YA UBHE B8 T &
o wiu el B EAE #EE Uk

459 SPPINS naPt REYNe 240 A4E AW nEAA2H dU
FzA%e S4U3A WelE Wi oyt us nel WFol 4y dHnel RE REyi
WAS T QenT A U 2 spEdAst AN EYAG matrivelch SAURAL IR
chuimel Ulx] Hel A% 28 elulsis %og Rdsol glon Ushs WSS cieivie] ol
= AEE4S welsh] NHAL tlehly) BE7 38 QU 22 HPRPN A4E F
o g7 Bk,

* syl adre
= qguitta Bt Azt

-175—-



A s o umz Be UF chERo] iyt WZu|et du] Bt ohzl sy mEsE W
A Qo TR WFEHYS wefsirR ¥t

2. Yo i BF

a3 13 ¢ do dHEE A5EEE ABNE Y, EI 3 24 Holv H¥, m 2
2 Fof glrt. ol dof WarE I7l 291 ol U WK UmA| HE spgHe s 1%
& st olof whE Az A chet Yol FFHE Utk MAR EAiste UmA] R o
B3, ez A8k 4t UmA] R disids &2 ¥ & E4dch

EI = EI, + Elg
I
m=mp t Ms

8l MojM El¢t EI: Ztzb A widrel x| el ZA4g nsin myet mss= 4z o
3 wharel x| B Aty olulyict R - Uz B $ Mol Zz -EL8 -ms
of st

AA thANe AFERS YA 2 £ 9JoBZ 4% gy Reyas 4o gdre
=Y 4Rtz vector) 22 7H3& et olay HFE vipiA] Ref o3t dF T Ref ozt i
go] Aths 7Hg, & Um] B Zdat Aol 4 dEre] Ilof ujste Hrian 713
olFo] 2} ¢le) whHR Mo glolA REFPAL] AF4E FIMA FL2H 1R
dAE oY 4 v

8 o2

- yelA
v A] N Sk
L — AN T\\\rﬁefeftsi?‘\\-\f>~>~~ T

4y dHE
2" 1L oY Hely & 3 2. 4 wER e Uoja »

ole] whie] AES Uehls o3 4e chi3t gt
Elx) u=+ mix) u=0 @

dF JERe i HA REZAY, o & ol 85t o) Wrine ASHe u= the) gon g
= 24 #Eo|ch '

—176 —



u= ‘Zai di(x)e ™ 3)

Ao whE e gFoux], K 9 XUz, U & t}g3} o] HHCY,
2K-= wz(lz;aiaj mi + ;a‘z) (4
2U = Xold? + Z?:myaxaj of (5)

QAo mgst et 27t Unix] Kol AR TR o} j mEo] BAY AESW AR A5
24 Qo guine AE B4 AR aio|th
9] ouxlof] e}tz PANG FLAIH T 2 2L SuHAe] §E7 Heh

(o} - oHai + JZ,(@%- - @) myaj = © 6)

9l Ag U= Wele EAIShE che} P

(03-0®) +mpy(eh-e?) . . mun(e-02) a
(03-0?) +mz(eh-0?) man(03-0%) az
= 0 (¢))
Symmetric ,;,,
(0%-0%) +mm(0Z-a?)
4. SHYFA N
#e S EAL GitE F2AFN L] WA} ChE HelE w3 QAT njx| 4l oF
& 71E€2E 3o tha} Yol Yuty el ehd 4 Qo)
( [K] - 02 [IVI] )a = 0 8)
A Aol A
of +mueh of +med . . . muet
k=1 - Grmak .. maek )
symmetric . o2 Mo
1+ mu mz e Mia
1+me . . Mz
M = e 10)
symmetric o 1+ mm

-177-



Al @elA2 Al tlZd B ofs 9% DURL BEE Aol Bsiel FAMAAT uiRol
i) ey BAY F4E Yulstd muele A BEo] AR Unix] mel B4l 3
BEW ELol HFH ez AAYcL. EI wjthzbd A ()8 ¥ myegt ik jHxl 2o
BAR B2 AEY Yotk

T A 10yl M ol e 12 FI3HY z Ry AE onisin] asle] ¥
ReEYAgo] BAD oA Rl Asrg oujyich EY djcizid 3l (1,1)‘”3‘“ o jo} jHz|
BEyPito] BAY Unjx] Bl A ‘% Lepdic,

A @ diHFd 5YUEA FelE 7HHER NS dA ¥ 4 ook ot YR E YA
7171 slsto] B REYALS Mol vl Aol Fosich Iy dF whrel e
TSR] BE Jole A of A oS VAV GHSIEE Fitas} sk BREe Jyy 43 ©A

¥ BEE EEAA WYY FHYE YA 49} Atk

FhE Al ()l FILte] REQE Mo XA SHE 2GAESE ¢} ¥ g Ae}
alo] o} thga ¢ Aoz ¥yo] Hrl

o + my ok
@ = (11)
1+ mg

9 e Qe xhEEol tiRt Unlx 2e) g¥o] Ag wl Hgo] Hek

5. ol ” sf4f

B =RoM §ET QY wary B9 Y ZAAE fiese A% AL
& 223 Agsted $dshe AAE AW ool FHUY Aztet & 4 Avh)eh wlastdch
e 2e 12 33 39 o] B & o © Ayt o] 2 BRIt €2 K&, A
2 28 I3 49 o] ¢ Y&l 7k= RE Hsidrh

DI e . |
| EE——
EIs=P EIp
93 Sux Me=p ms 93 e
¥
I s T
_ EIs= -p EIp
L] B w8 s= —p Ms
IH 3 s =gy 3% 4 %M 2y 2

-178-



Y By lolde & FEY Z R Ay H4E IY oAy go] M4 » § 27 0,
03, 06 22 3o a}é— #—E—«l zhe o) Azral pAzte] BAS dAstAct  EY 2Y 300
EAYG U 9F JERE Ao BES Unz| B Aysigdon Ho THEHE BE 4,8
£ 1, 3, 58 WA fgasgo) e %451} v sstlch

E lollA9} ol 943 YRR 13} REo chgEe oo wERe 13 15UFsre] WU
g w4 winol ulet Ay Holeh M4 5 & 18 ¥ Bfele A (11)% o]-g3lgl.en 33 5%
Aols A (8)F sfMstadch A Wi AL FPojt sy RESF FIMIIA ot

A7t s Vgteu Ay uspg & 3% 64 RE —r% ST BH o) $78}A)
U 23E U ¥ 4 dled 3¥ 39 RdojM ERo] £& & o] @yl vz mel A
g Y + A& & A REE WYl ZHAFIA 933171 zfEolch.

s B 20 17 49} o] UF iR L}uizl B2 pHea A ExsiA] ¢ U
w2 Kol g Awe] §I3E 4= stgdon He p § 7427 01, 03, 06 22 #H3AA 2
ZHE E 2 of viebdlich oAl Y 1zks e Y BRE4E ZURA £5 £8XF Uehlo
a2 Beef ko] F2siths A& o 71 glth o AMS Unjr] B} Fodell 91X 5l
a2} moote] AL FIA AN o), I 59 fofA 5 = 5 guje REFHAS dA
TR e 2t uayt Aeg 7 B2 Unjx] Bo) xjolg Qlsle] REJL WHil: RS o
+ oo 34 ndo] tiAl TAR 22 Bof W= A glglch

Atd By FEM Alete why FEM
5 i 3 5 5 1 3 5
P 4
0.1 | 1769 | 1.769 | 1.769 ] 1,769 0.1 | 1771} 1.770 | 1,769 | 1,769
0.3 [1.728) 1.728 | 1.v28 | 1.733 0.3 {1728 | 1.718 | 1712 | 1.710
0.6 | 1.672 | 1.672 | 1.672 | 1,689 | 0.6 | 1.651 | 1.600 | 1,557 | 1,552

E 1 29 TR RVES(RD iy 1) F I U9 TR T80 (2 Y 2)
El-o

rad/sec 2l rad/sec

\ /sﬂzﬂ zd

-0.4

K

(=]

sj 2

O

(=]

I3 5. 3N BY 29] 15 RE 3% 6, WY 2y 29] 3% =

-179-



6. d&

4o Fejo & Ad B AT NS A A2 PYS AUsiach. A2 Fejo B
dFY SEE Ad Rep 799 FEOR FEE U v 4T PHE Ad R R=EFY
de] Pelo B REPYL R S sto] FPWHAE RESHAACh S9UEAS o
54434 Felg olFa 9oy Fd}axl st A{FAFSo] AFY Renkg g
BN 2A4F A WE 4 glo] At IHUS AY 47t Adrk. YR F=E 59UA
Soled ool Pele] HE o]F= FEHYU XU HFIAEE ol 71 olrh

2 o nu

7. A8

1. Blevins, R.D., "Formulas for Natural Frequency and Mode Shape“, Chapter 8, Straight
Beams, Van Nostrand Reinhold Co., NY., 1979.

2. Thomson,W.T., “Theory of Vibration with Apphcaﬁons", Chapter 7, Lagrange’s Equation,.
Prentice-Hall, Engelwood Cliffs, NJ,1988.

3. Wolfram, S., “Mathematica: A System Doing Mathematics by Computer”, Addison Wesley,
NY. 1991.

-180-



