UELREE L1
1993AE FHEUSUEY 2R

Mixed SEHCI FAIZI0 J71X8t JFXRTE JIE HO) Boigs
Transition membrane elements with drilling freedom based on mixed-type formulation
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ABSTRACT

The transition membrane elements with drilling freedom have been developed. The functionals for the
linear problem, in which the drilling rotations are introduced as independent variables, have been presented by
Hughes & Bressi. And 4-node membrane elements with drilling degrees of freedom were developed by
Ibrahimbegovic. The transition clements can be efficiently used in modelling the in-plane structures, in
particular, where the stress concentration exists. A modified Gaussian quadrature adopted to evaluate the
stiffness matrices of these transition elements which have slope discontinuity of displacement within the
elements. Detailed numerical studies show the excellent performance of the transition elements.
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HAY 4 Aot

S AAFE g U AL AFoA go] AstA Bt of71A, AHAFEH 249 FHo|
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7733t WH[15,16,17,18,19]. (3) ILA]E-& o] 431+ yhH[20].
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714, A (1)) 52 42 FP LA, $Y o symmetric 2, WA 2 va THEE= 34 ¢ o
o] W LA S onigit}
2A] Y14 9] Euclidian 2 $t(decompositions)> o3+ 2},

G = symmo + skewo, @
&} 7]

symmac =1(c+c”); skewo =+(c-cT). 3)

Ressiner[16]= Al(1)9 AAIA FAE A% WHEdegol g AAsE AANSAG AAE
e 2dg $£AH Hgole HEHA $Ut Hughes®t Brezzi[21]:= Reissner®] ©]&&

I Ao 8T HF A (stabiliy)E R A Ly jn|skewr|2d994 TS FABIA

7% d %431 Euler-Lagrange $794]01 o8 A 2741)§ W5ad Y 1), F
o] g3to] -2 9] symmetrical & 4§ A 7] 38 Hughes$} Brezzi21]2] A& th&3} Zo] THE

I, (v,0,skewt) = %J.n(.symm Vv) -(symm Vv)dQ
+ fnskeWIT -(skew Vv —® ) dQ) @)

_1ly-t 2 - .
Ly | |skews'dQ- [ y-1dQ,

ANl veV,oe W,te Tt ZtZ JHANS JHAY T27 $H9 F7HE 9ulgit}, o]
HE Ao 7 FA oA B HHS] 02 38 & HAH Y 7]L 7] (displacement gradient)2} §7)
HEAGY Qo AA AFsted AR 753 3 7bol S8 okt gkt

A @l Rddelol 2% F A2 Fe] W2 W74 (variational equation) S 7318 o} 2k,

-9 -



0=DII, (u,y,skewa)-(v,®,skewt)
= jQ(.symva)-C~(.symmVu)dQ
+Inskewtr -(skewVu —\y)dQ+J.n(skew W —e’)- skewod() 5)

-1 T
-y J.nskeW'c -skewcdQ — jnv -£dQ2.

HESH 4] (5)= mixed FENY 2TZALE ST 9 4I3]o) o] &8t

@) (5)9 AR y= FA o) wet HL5E Haeoln TR ©dgHolA Dirchlet
AAAN BAANM y= WA+ 95U gHS P 28y y 2 e 2 9T F4 k=t

$ 32 skew-symmetric -2 199 3+ 2 £ WA= A+ E I

skewt = Z‘t; ©)
¥4 Y E ] symmetric -2 tH&2 Zo] ZEHT

symmVu =B, +Gy, )

=
az

rlr

symm Vu =Bju, +Gjy, +RjAu,, (8)

471 u v, 22T Aui AU WAF HARAR 22900 YY) A5 27H5E w A
W92 Jeps ol £8 oujeict,

gxo 2ZAW Qo] +UAL AT AAML HAAGTY BAD WYT I AH
198 2 (constant strain ficld)o 1A= QgFo] AATIAste] A A ojo} Fch. o] F $15td B-bar
W40 2 deiA Qs 4 Wi ufel He W EPYL the ) o] £4E ok

1

G -G -
QG

jG‘dn ©)

e e 1 e
R°=R -—EJR dQ | (10)

H 9] 3 & 9] skew-symmetric -2 T3} go] THAC

skew Vu—y =bju, +giy, (1)
e
skewVu—wy =b%u, +giy, +rjAu, (12)
B2AE 4% 4] (5)0] AHA 2 o} go] B/ 4 e 229 2HYE LS vt
K‘ =] [BG') C[BG1dQ (13)
25
K= L [BG'R) C[BGR 1 (14)

2(5)9) TR FL THe 3 go] AT 4 ek
h* = [, <bg>" d 5

w
ac

el

h* = jn,<b';g';r' ST dQ (16)

ol A ER £7) WHE o] g3te], XBZALE ST mixed FEIS BB BES FHR o
Zo] ZAY + At

~10-



Sl iy
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B AFolA Austnal s A7Y Wolast IW 1904 ABE + YEol 229 Wol
WYg e Ak

8 & « :comer nodes

x : mid-side nodes

1 5 2
Fig. 1 Configuration of transition element
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{"1}=“;. =§":NI(§’TI)“I + Nydu,
=

L}

4 n
+Z'zl¥(1m NIS my; — 1, NFSm )y, "‘Z%’opstnop‘Vl (13)

1=1 I=5
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u n n
{u‘ } =u* =) N, (&, mu, + Y, NIS,;Aut,; +NyAu,
2 I=1 I=1

4 n
+Z%(1K1NIS1“1<1 -, NFSm )y, +Z%10PNS1“0P‘V1 (19

I=1 1=5
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n cosa L —sina. , "
B = = sty = = A= - + - (3
Y {"2} {Sino"u} Y {tz} { coso w = (O —xn) + (X = ¥n)") (20)

283 4 (18),(19),20)90 4 AH4-H HAH= TEH ¢lojo] BEHA) S o] 43519 4] @y} Zh
J=mod(/,4)+1; K=1-1+4xaint(l/1); O=1-4;, P=1-3; 0<n<7 @1)
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Ny :%(H'léxml(é_mx”é')(l""nx|T1K"1"|E.:K”'ﬂ|)s (23)
1=1234;, J=aint(l/7)*4+7/+3;, K=1+4 (29

WY 229 Hef Aol 511]6}11 Ae A, EAGA ot AH Ui AT+ 99 A
TRV, =0 =& N, =0 EE N, =0). 22|12 4 22)% 23)1 XS] HAs TES °4°M 2EYA S
A58 A A oS gol EHET. 4 183 (19 FEPY serendipity FAUFE Ha 3} 2o]
2 Bkisd
n4-47 82
NIS, = NFS, =1(1+£,£)0-n'); 1=13
NIS, = NFS, =1(-&gH)(-nm); 1=24 25
NS, = NS, = NS, =0
2)5-3H 84 4-8H 229 AFNA NFS, NLS, 282 NS o] BRI oA AT
NFS, = (E-E)(1+§)(1-m)
NIS, = 3 (EHE)(1-E)(1-T) 26)
NS =-E(1~-EhH(A-m)
3)6-HH Q4 5-HH 8.2 ZFolA NFS, NLS, LB 3 NS, & J8#+7H diAd
NFS, = 3 (1+5)(Inl-n)(1+m)
NISy = +(1+E)(Im[+n)(1-n) @7)
NS =-(1+EM-InD)
H7-HY 84 6-8H 22 A NM NFS,, NLS, 1EII NS, & F Ao A8,
NFS, =1 (I1+8)(1-§)(1+mn)
NIS, = 3 (EI-E)(1+E)(1+m) (28)
NS, =E(1-g])(1+m)
A 18)2 (19)9) %718 hierarchical bubble 74 4] o532 2o
Ny =(1-8%)(1-7") (29)
o] 7Pl A bubble =2 F712 F7HE FE2 249 YoM HH$5HE Tl £AEH.
4. QAHBAO| £X|&E

SulMAREQ Sof o%h Q2 A YD L ARHEA FO2 A4
7H9- 2 HEgol o s AL A, Holg 4 WA At HE
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A& S o]F 22 5ol Y E(singular integral)ol B}, mebr] ¢ HEL A4 By z 8o}
ok 3 E A FAHES AR AAAREA Ao HEH L S A= ¥ 13 g

E1LTEE 72 HEH D IEA.

Point . Weight
1 -0.887298335 0.277777778
2 -0.500000000 0.444444444
3 -0.112701665 0.277777778
4 +0.112701665 0.277777778
5 +0.500000000 0.444444444
6 +0.887298335 0.277777778

4. OliKioHA

Muke W WHola o EFAE AFSr A HWiHA JEAHY AAE SN
234 9] A3} Mol 2= Spurious zero-energy mode”} WA A okttt

4.1 X2fA|& (Patch test)

A Wolg £Fo] UQHPE Y ul(constant strain state)& TV 5 U=71E AT
Z2AAEE At 2AAH-L 29 29 Zo] R2F WAt +3Yeict A& T A
ZE oo LE ceHY A tE 2A4AHE T3
BAAZA;, u=103(x +y/2), v =103y +x/2)

oJZ8 ; e, =¢,=y=10" o,=0,=1333; 1, =400
y

4 3
a
1 21

@ ® ® ©
I 2 ZZAYE B4 a=0.12; b=0.24; E=1.0 x 105, v=0.25; Location of inner nodes:

X y

1 0.04 0.02
2 0.18 0.03
3 0.16 0.08
4 0.08 0.08

4.2 th=H HAE

<8 AHoMe 229 AFE AR Y3t Zojikoly nlEo]l 10% Gedl
A Astgch e Mo HHe LR TUYIY HiFhe TEHERAL Y AlsY H3F
B A$ E=100 22| 3 Xol&u] v=0 ojc}, X 20] Vel S| EHE dujn 7}1%@ FHEgs
13} Type 2= Ibrahalbegowc[23]-'—} Iura[26]° &3] LA AHAFEE 713 48 Q29 WA
ol Zo] o8 AlAE = A 2] 15 9 FH ] S HHS 069 g YA AE BAL)

rlo to

)
uzﬁ

I 10 :
P 3 =P
!
P~ - P
(a) 4-node (b) 5-node
P=1
(c) 6-node (d) 7-node

J83ge 9 ed
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Exact | Ibrahimbegovic | Iura Typel Type2
[23] [26]
Node num. - 4 4 4 5 6 71 4 5 6 7
Vert. displ 1.5 1.5 1.5 [15[15])]15[15}15]15]15] 15
End. rot. 0.6 0.6 06 106]106106[06]06106][06]0.6

4.3 HEYHH g HAE

Adstge] peiA= 19 49 A Y 5l 4759 HEHS HRlste dEFHY
odojt}, mdeo] B4 o]2AQ d27)= 035530tk TR FERAL AHHALS
439t FAAHFEE 717 Ibrahaibegovic[23] # Iura[26]2] HHL 49 v] 23 Type 271 7+
$2 AYE HAh Holg o] HAAFo] b2 HAYE AR ¢HH249 BT Type 13 Type
2004 4x 122 Aled AL W 5HHY FeRY ohd J® Halg Bk o= Wela L E
ol g3t} A e Z 9, sHH € 78HNE D] 6HHLR AT Aol 11 4olA AnE
F Axo] Bl FAle] tdte] Aot sio] WMAHEHe AR 2AIA ¥y el F,
HHH O 9 Aol mpatA A Aafo] tha 2bolrt yehd £ 35S Sulgit

7
E=30000
121 Y4O
v=0.25
48 N
(a) 4-node -
(b) 5-node
(c) 6-node
(d) 7-node

D4 N Y 2d

%3 09 ¥ HEEH £337

Mesh | Ibrahimbegovic | Iura Typel Type2
[23] [26]
Node 4 4 4 5 6 7 4 S 6 7
4x1 0.3445 0.3494 | 0.3415 | 0.3453 | 0.3428 | 0.3502 | 0.3493 | 0.3507 | 0.3462 | 0.3547
8x2 0.3504 0.3515 | 0.3495 | 0.3519 ] 0.3533 | 0.3534 | 0.3516 | 0.3536 | 0.3548 | 0.3549
16x4 0.3543 0.3543 | 0.3538 | 0.3548 | 0.3548 | 0.3550 | 0.3543 | 0.3550 | 0.3552 | 0.3554
5. 3 B

B Ao NE HAHAY skew-symmetric FEH 5H3|H Wsjo] oY FYES& T
$]3te] Lagrange multiplier® -3 H &AM 9] skew-symmetric &% 0] 3H= mixed Fef2) HE W20
o3t JAl3lo] 7]27t A AFEE A= PHLLE ML AHEE W92 Allman FE 9
He Aol o ~wio] HMwtgke] gt BT =) F71 oo whe} Type 13} Type 28 249
YAL Rofsigct TE HE Lo o5 HA5E AT SlojH Fr1E BE g9 o 7o w2}
FEsAh A Type 13 Type 2 &) oo 4t 220 AFEAL AR S8 ErtA 71823
AN S B3t 229 ElFAo]l AU, Type 2 227 7F Type 190 vlste] $& H52
etk LA W] PFHQ 2= Wo] FHa 29} Fjts o] AAF 67 AFEE JHAL: HE 4
Q428 FAG 0o W Q o] e} Q49 A FE ¢ AT A2 FH (folded plate)
olg} FARE L2 E o] RE o Rl AHLE 5 1S Aol
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