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Abstract

"The main purposc of this paper is to introduce and develop the notion of a fuzzy -
measure in separable Banach space. This definition of fuzzy mcasure is a natural
generalization of the sct-valued mecasure. Radon- Nikodym theoreins for fuzzy measure
arc established.
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1 Introduction

The concept of fuzzy set was introduced by Zadeh {1965). Subscquent developments
focused on applications of this concept to patiern recognition and system analysis, among
other areas.

The topic of set valued and fuzzy measures has received much attention in the last
few years because of its usefulness in several applied fields like mathematical economics
and optimal control. Significant contributions in this arca were made by Hiai, {2], {3], Bén
[1], Zhang Wen Kin, Li Teng [10]. In these warks appeared several different definitions
of the notion of set valued and fuzzy casure. The parpose of this paper is to give and
compare different definitions of fuzzy measure whose values are fuzzy sets defined on a
real separable Banach space. One of advantages of this concept of fuzzy measure is that
it enables us to usc the rich mathematical apparatus of the theory of set-valued measures.

2 Preliminary notions on set valued measures

Let (§2,.4) be a measurable space with A a o field of measurable subsets of the set Q. Let
(X, - 1) be a real separable Banach space, (A7) the family of all nonempty subsets of
A" and P,(A’) the set of all convex compact subsets of A7 If A € P(X) the number |A] is
defined by

|A] = sup ||z]].
z2€A
For two closed bounded sets A, 77 ¢ P7(&") denote the Hausdorfl metric of A and B,

H(A,B)=max{sup inf{ ||z - ¢{|,sup inf ||z - .
(4,8) tsup iuflle - vl sup Inf fiz - v}

A set valued, set function M : A - P(AX') is said to be a set valued measure (inultimeasure)
if it satisfies the following two requirements:
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(i) M(-)is countably additive, in the sense that given any sequence {An}nen of pairwise
disjoint clements of A we have that

[o ) n

M(|J 4n) = D M(An),
n=1 n=]

where

S M) =z C X ixm Yooy 3 lleall < o0, 20 € M(4n))

n=1 n=1 nz=l

(1) M) = {0}.

As for single valued measures, wc have the notion of total veriation |M|(:) of M(:).
For A € A we define

MI(4) = p§: M (A,

where the supremurm is taken over all finite measurable partitions {A1,...,4n} of 4. 1f
| M{(82) < 0o, then we say that M () is of bounded vasiation. Tt is casy to geo that in this

[o2a)

case the sums in the definition of 3732 ; M(4,.) arc absolutely convergent. Finally, we say
that M(-) ic o continuous, where jois a single valued vector measure if and only if for any
A € A for which u(A) = 0 we have M(A) = {0}.

3 Fuzzy valued measure

Let F.(X) be a set of fuzzy sets u: A’ -» [0, 1] such that
1. u(1)# @
2. up & {z € X :u(z) 2 a} € Pe(X) (¢ s a-cul of u)

The mapping M : A -» F(A") is a fuzzy valued measure if it satisfies
1. M(B) = Iy where I(o} is indicator function of {0}

2. if {An} C A,A,‘DAJ' = Q,i ?(-_7
M(U?:l An) = E:ozl M(Aﬂ)a

where

S M) = supt \ M(A )z = 3o 2 3 lenll < 00)
n=1 n=1

n=-1 n—1
Theorem 1 If M@ A — T(X) is a fuzzy valued measure, then My : A — P(X), where
Mo(A) = {z € & : M(A)(z) 2 al,
is a set valued measure for all o € (0,1,

Theorem 2 Let My, o € (0,1), be o family of compact, convez set valued measures and let

Mpg(A) € M9,(A) Jorall0< a< <1 and all A C A Then M(A)(z).= S“Pae(o,l]{x €
M (A)Y is a fuzzy valued measure.
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4 Radon‘Nikodym derivative

Hereafter, let (2,4, 1) be a o-finite measure space. Let L (,A4,4,X) = L denotes the
Banach space of measurable functions f: € -+ A such that the nonin |||, = fo [[/(w)l|dp
iz finite and let h be a Hausdoril metric in L. N

K PA) is a measurable multivalued function, then a mesurable {function
f 182 - A is called a measurable sclection of 2'if f(w) ¢ F(w) for all w ¢ Q and

Sp=A{f€elL:f(w)e I'(w)u- ae}.

The set Sp is a closed subset of L. A multivalued function ¥ : @ — P,(X) is
called integrably bounded if there exists g integrable funclion s : @ — R such that
8Upzep(w) [|12]] £ s(w) for all w € §i. 17 s integrably bounded if and only if Sg is nonempty
and bounded.

Let L(Q, A, 1, X) = L denote the space of all integrably bounded multivalued func-
tions.

If Fis a measurable multivalued function F': Q) - » P(X), then the integral of F is
defined by

/QI"d/t = {/Q fdu: e S}

A fuzzy random variable is a function X : 1 -» F(X), where F(X) denotes all
functions (fuzzy sets of A) X (-): & -» [0,1) such that

L {z e X X(w)z) > a} = X,(w)is nonemply, convex and compact for all z € (0, 1).

2. Xo 1 Q= F(A), is & measurable function for all o ¢ (0,1].

A fuzzy random variable X is called integrably bounded if X, is integrably bounded
for all a € (0,1), i.e. of for all « ¢ (0, 1, X.¢e L.

Let A(SL, A, i, &) = A be the set of all imtegrably bounded fuzzy random variables.

The integral [; Xdp of X € A is introduced by

(/ Xdi)y = / Xobi , a€(0,1].
Q 1
and
(/ Xdu)z)= sup {z ¢ / Xadpu}.
0 «€(0,1) 0
ACA,f, Xdyis the integral of the restriction X|A.

A fuzzy valued measure A : A -»> F(A) is of bounded variation if Mgyt A — PX)
is a set valued measure of bounded variation for all a € (0,1) and M is p-continuous if
A e A with u(A) = 0 implies that M(A) : Iy where Iigy is the indicator function of
{0}.

Theorem 3 If X € A, then
M(A) = / Xdp
A

is a p-continuous fuzzy measure of bounded variation.

Theorem 4 If A has the Radon- Nikodym property, X" is separable and M : A — F ()

is a pi-conlinuous fuzzy valued measure of bounded variation, then M has Radon- Nikodym
derivative contained in A.
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Theorem b Let X has the Radon- Nikodyim property, A™ be separable and T sub-a-algebra
of A. If X € A then there ezists IN(X|F) € A(82,F) such that

/ Xdy = / E(X|F)dy Jor all A F.
A A
Theorem 8 Let M @ A — F(X) be a fuzzy measure. Then AM has a unigue Kaedon-
Nikodym derivative contained in A if and only if the following condilions are satisfied:
1. M ts p-conlinuous,
2. M 1is of bounded variation,
8. givenn A C A,0 < p(A) < o0, there exists a B C A

and u cornpact subset € of A% such that p{H) > 0 and 'A:‘(’g,j)'») C C jforall B C B with

p(BY >0
(where Ay(A) = supp M(A) - {w & A" : M{A)(z) > 0}).

Theorem 7 If M" : A — F(X),n+ 1,2, arc furzy mcasures of bounded variation which
are jp-continuous and such that for all ML(A) C ME(A) for all e e (0,1] and all A € A

2
then (figzjl)(w) C (%’:—‘ﬂ W) o = aw.e. where dMOL and dj are Radon-Nikodym derivative of
M? and p, € (0,1].
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