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This work presents a net-based structure to model approx-
imate reasoning using fuzzy production rules, the Fuzzy Petri
Net model. The Fuzzy Petri Net model is formally defined as
a n-uple of elements. It allows for the representation of sim-
ple and complex forms of rules such as rules with conjunction
in the antecedent and qualified rules. Parallel rules and con-
flicting rules can be modeled as well. We also developed an
analysis method based on state equations and two fuzzy rea-
soning algorithms. Finally, the proposed method is applied to

an example.

1 Introduction

A fuzzy production rule describes the fuzzy relation be-
tween two fuzzy propositions([4],[1]). Fuzzy propositions
are assertions that the value of a variable is one particular
fuzzy subset in the domain of that variable. For example,
the value high in the proposition The temperature of the
patient is high, can be represented as a fuzzy subset A of
interval of temperatures [0,50]. Stated more formally, as-
sume V and U are variables that take their values in the
base sets X and Y, respectively. The fuzzy production rule

has the form
IFVis ATHEN U is B,

where A and B are two fuzzy subsets of base sets X and
Y.
The most common inference pattern in approximate

reasoning, called the compositional rule of inference, has

the form:

H : VisA (1)
Hy : IFVis ATHEN U is B @)
Uis B (3)

where A’ and B’ are approximations of A and B respec-
tively.

The essential laws to infer further data in this approach
are based upon the theory of approximate reasoning({7]),
according to which the conditional statement (2) induces a
fuzzy relation D on X XY'. A number of possible forms ex-
ist for the representation of D. In [2], a generalized fuzzy
reasoning method is proposed by extending 7-operators!
to conventional fuzzy reasoning methods in which min and
maz operators are widely being used. A general represen-
tation of implication functions is defined by D4 g(z,y) =
f-(A(z), B(y)).

In order to make inferences with fuzzy concepts,the
consequent B’ in (3) is calculated as B’ = A’ o D where
B'(y) = supx(A'(z), Da-p(z,¥)).

We shall refer to cases where the variables range over

finite sets.

2 The Fuzzy Petri Net Model

A Fuzzy Petri net{(FPN) is a bipartite graph which con-
tains two types of nodes: places and transitions, where
circles represent places and bars represent transitions. The
relationships from places to transitions and from transi-

tions to places are represented by directed arcs. Each arc

'In what follows, we shall denote the triangular norm as % and
triangular conorms as s.
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is associated with a weight value between zero and one.
Arcs leaving a place may be attached to each other by a
transversal arc, and are called and arcs. The concept of
FPN([5]) introduced here is derived from Petri nets([3])
and from a different Fuzzy Petri Net defined in [1]. A
generalized Fuzzy Petri Net structure can be defined as a
8-tuple FPN = (P, T, S, F,w,a,,T), where

P ={p1,p2,- -

T = {t1,t3, - ,t;n} is a finite set of transitions,

,Pn} is a finite set of places,

PNT =9, Pand T are partitioned into disjoint subsets
called groups,

S = X'UX?U---UXP*is a union of finite base sets X"
such that X* = {2}, 2},---,zi},i =1, k,
FC(PxTYu(T x P)is aset of arcs (flow relation),

w: F —[0,1] is a weight function, a mapping from arcs to
real values between zero and one,

a : P — [0,1] is a mapping from places to real values
between zero and one,

B: P — D is a bijective mapping from places to elements
of base sets,

I' is a triple (,6, 7) such that v and é are T-norm operators
and 7 is a T-conorm operator.

A FPN with some places containing tokens is called a
marked fuzzy Peiri net. The token in a place p; is repre-
sented by a labeled dot =g and « is called a fuzzy marking
of the FPN.

The inference pattern above can be represented by the
marked FPN in figure 1(a), where a(p;) = A'(2;) = df,
z; € X,i=1,---,n, A and B are fuzzy subsets of the
base sets X = {zy1,z2,---,z,} and Y = {y1,¥y2, " ¥n}
respectively, and D4 p is given by D,;. The set of places
P = {p1,pay** Pnym} is partitioned in P! = {py,---.p,}
and P? = {pns1, " »Pntm}, the set of trasitions T'= 1" =
{t1,--+,tm}, and the arc weights are w(< p;,t; >) = djj,
w(< tj,pay; >)=12=1,---n,5=1,---,m.

The behavior of a fuzzy rule based system can be sim-
ulated by chang ng the state or marking in a FPN, ac-
cording to the transition rules. We define, for each transi-
tion ¢ € T, the input set I{t) and the output set O(¢) as
I(ty={pe P|(pt)e F},O0)={pe P|(tp) € F}
In a FPN, a transition ¢; is enabled to fire if all p; € I{t;)
has a token in it. Each transition in a fuzzy Petri net can
be of one of four 1ypes, depending on the operation applied

to find the new token value. Transitions belonging to the

same group are of the same type and must fire all at once.
A firing of an enabled transition ¢ removes 1/n token from
each input place p of ¢ and add one token to each of its
output places, where n =| O(p) |.

Let t; be a transition, O(t;) = p, and
1(t;) = {p1,p2.--

fires, is given by:

,Pn}. The token value in p, after t;

1. If t; is a type 1 transition, then
a(p,) = b = supi(ajyd;;)

where d;; is the weight of the arc connecting place p;

to transition t;.

2. If t; is a type 2 transition, then
a(p,) = biz1,n(al,)-
3. If t; is a type 3 transition, then

olp,) = b; = o(p)

where I(¢;) = {p}.
4. If t4 is a type 4 transition, then

alp) =8 =7 _ 1. plal).

The marked net before and after transitions firing for
the conditional rule (2) is illustrated in figure 1(a) and (b).
All transitions are of type 1.

More complex forms of rules can easily be represented

in this approach:

¢ Rules with multiple antecedent - Composite rules of
the form IF V; is A, and V,is A; and --- and V,, is A,,
THEN U is B shall be modeled in the FPN using an
extra group of places and one of type 2 transitions in
an intermediate level, which combine the sets in the

antecedent.

o Qualified rules - rules with quantifiers in the ante-
cedent and rules with certainty qualification can be
modeled when interpreted under Yager’s methodol-
ogy {[6]). Concerning to the FPN model, the same
basic structure used for simple rules can be used to
model qualified rules, the only difference lying in the

evaluation of arc labels.

e Paralcll rules - rules of the form IF V is A; THEN

[/ is B; for i = 1,---.n are called parallel rules. The
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Figure 1: Firing a marked fuzzy Petrinet. (a) Before firing transitions
t1,%2, -, tm. (b) After firing transitions t1,t2, -, im.

overall fuzzy relation D is then given by
D(I, y) = s?:l(DAi—'B.(Iv y))

Given A’, the consequent B’ is calculated as B’ =

A’ o D, where

B'(y) = supx{(A'(z), s, ([~ (Ai(2), Bi(y)))).

The basic Fuzzy Petri Net for this set of parallel rules
has the same structure as a single rule, the only dif-
ference being the value of arc weights. An alterna-
tive way for implementing parallel rules is to perform
each inference A’, A; — B; - B! separately and then
combine the (B!)s. In the second case, we need the
type 3 transition, for making tokens copies, so that
all the parallel rules have their corresponding transi-
tion groups enabled to fire and the type 4 transition,
that applies the aggregation operator on the sets Bj,

i=1,---,n, resulting from each individual inference.

o Conflicting rules - these are the rules possessing the
same variables in the antecedent but different vari-
ables in the consequent, giving rise to independent
reasoning paths. We model this type of rules design-

ing a single place group for the antecedent of both

rules, one place group for each of the consequents
and a transition gfoup for each rule. The antecedent
place group is connected to each transition group by
a set of and arcs. The tokens in the antecedent place
groups propagate their values through only one of the

and arc sets.

Besides describing a rule-based system, FPN are a usefull
tool to analyse the modeled system . We have modified
the well known analysis method of Matrix Equation for or-
dinary Petri nets so that it can be applied to FPN. The
modified method represents only token positions and their
changes and not token values. The basic concepts of In-
cidence Matriz, State Equation and Necessary Reachability

Condition have been redefined and can be applied when in-

vestigating the existence of relations between propositions

(5]

3 Fuzzy Reasoning Algorithms

Two types of fuzzy reasoning algorithms based on the FPN

model have been defined:

1. Foward Chaining Algorithm - the net is initially
marked with tokens representing facts in the knowl-
edge base. The places with an initial token are called
starting places. The algorithm automatically gener-
ates all the reasoning paths from the starting places,

until there 1s no more transitions to fire.

2. Backward Chaining Algorithm - the second type of
reasoning algorithm is performed in two phases: first,
a knowledge tree is built, starting from the goal as
the root and including all the subgoals that have to
be solved in the reasoning process. In a second phase,
the tree is searched from the leaves to the root and

the fuzzy sets are calculated.

4 Application Example

As an application example, we have considered a knowledge
based system consisting of fuzzy production rules with the
objective of analysing the behavior of a flexible machin-
ing cell that consists of a number of machining centers.
This example has been usefull in describing the situations

where the design of the FPN model by combining the basic
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structures requires special attention. The knowledge base
consists of a set of rules relating the variables involved in
the problem in terms of specific linguistic values, such as
IF fabrication batch size is small and transfer batch size is
medium THEN end time is small, or IF transfer batch size
s large THEN utilization of CN-72 is small.

Let us suppose that we know the facts The fabrica-
tion batch size is around 60 and The transfer batch size is
around 15. After performing the algorithm, the final net
state is interpreted as The end time is almost medium, The
CN-72 utilization is small and The medium queuve size is

not very small and not very medium.

5 Conclusions

We have proposed a very general and powerfull net-based
tool to model fuzzy reasoning, where different kinds of
fuzzy reasoning methods can be represented. The FPN
model can be used when the knowledge base is composed
of a great variety of simple and complex rules, like multiple
antecedent rules, qualified rules, parallel rules and conflict-
ing rules. The approach introduced here has been shown

to be usefull for modeling, designing, verifying and imple-

menting knowledge bases and fuzzy systems.
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